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DEFINITIONS AND NOTATION 
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When a = 5, 6=3, c= 10, m=4, andn=1: 
10 a= 10-5 = 50. 6. 5em? = 5-10-4-4 = 800. 
2 ab = 2-5-3 = 380. 7, 2a% = 2-5-5-3 = 150. 
3 cm = 8-10-4 = 120. 8. 3 bm? =3-3-4-4 = 144. 
6 be = 6-38-10 = 180. 9. 3 a8b = 8-5-5-5-3 = 1125. 


amt = 5-4-4-4-4 = 1280. 
(ab)? = (ab) (ab) = (5-8) (5-8) = 15-15 = 225. 
at? = aabb = 5-5-3+8 = 225. 

./2aen = ./2-5-10-1 = ./10-10 = 10. 

3 Ben? = 8-8-3-10-1-1 = 270. 

a —B2=5-5—3-3=2%-9=16. 

(a — dP = (5 — 82 = V2=IQW=—4. 


(nm + 18 = (1 + 1) = & = 2-2-2-2-2 = 82, 


m+1=1841=1-1-1-1-14+1=14+1=2 
3/f am = 3/4-5-10-10-4 = 3/2-2-5-2-5-2-5-2-2. 
= 3/2-2-2 x 5-5-5 x 2-2-2=2 x 5x 2=20. 

c+ 2m _10+2-4_ 10+8 _ 18_g9 
c—2m 10-24 10-8 2 

2m 2A eae: Sicathy = 
Oem eta rm Tas Wee: (ee es a aaa 
ae = 53-10 = 5-5-5-10 = 1250. 
me-> = 45-8 = 42= 4.4 = 16. 
(bm)*-® = (bm) - 3 = (bm)? = (bm) (bm) = (8-4) (8-4) = 12-12 = 144. 


SUBTRACTION 
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{a+4a+b—2y—(@#+y)} 
{e+4a+b—2y—2-y} 
{La+b—3y} 
4a—b+38y=3Y. 
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$3. 


84, 


36. 


37. 


38. 


39, 


40. 


4l. 
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es sae ee 


= ab — {ab + ac—a—2a+ ac + 2a — 2ac} 
= ab — {ab — a} 


=ab—ab+a=4a4. 


a+[y—{5+4a—-(6y + 3)} —(7y—4a—1)) 
mid re sro ee 
=—a+[—6y— (2+4a-—6y}+4a+ 1] 
=a+[—6y—2—44+ 6y+4a+1] 
=a+ —1j=a-1. 


4m—[p+38n—(m+n)+8—(6p—3n—5m)] 
—~4m—[p+3n—m—n+38—6p+3n+ 5m] 
=4m—[—5p+5n+4m+ 3] 
=4m+5p—5n—4m—3=5p—5n—-3. 


a+2b+(14a—5b)— (a+ 6b— (5a—4a— 4b)} 
=a+2b+14a—5b— {(6a+ 6b— (ba—4a+ 4d)} 
= 15a—38b— {(6a+ 6b—(a@+ 4d)} 
= 15a—3b)— {6a+ 6b—a-— 4d} 
= 15a—3b— {5a+4 2d} 
=15a—3)-—5a—-—20=10a-— 5d. 


12a — {[f4-—33—(664+380)]+5—8— (5a — 25 —6)} 
= 12a— {{4-—3b—6b—3c] + b—8—5a+ 2d + 6} 
= 12a—{4—8b—6b)—3c+6—8—5u+ 20+ 6} 

= 12a@— {2—6b—38c— 5a} 
—12a—2+6)0+8c+ 5a 

=17%7a+604+ 38c—2. 


BT Oe a oe eee ee 
=a+b—{—-|[a+b—-—c—2]—Ba—c+2x-—a—d]+ 4a} 
=a+b—{-a-—b+cec+a—2a+e—2+b)+ 4a} 
=a+b— {a+ 2c} 

=at+b—a-—2c=)—-2e. 


a — [v2 — (1 — 2)] — (1+ [e? -(1—2)+ 2 
=e— a+ Pogni see a oy Pam } 
=e—2?+1—a—1—2?+ (1—2)— 2 
SE PN Sa 
= —2e—e+1—e=1— 2a—-— 22%. 


4— ([By — (8 —3e—9)] — [e+ (5y—a+ 8))) 
=4—[5y — (8 — 2a — 2)] + [w+ (y —2@ + 3)] 
=4—5y+4+(8-—2¢-—2)4+27+ 6y—2+4+ 38) 
=4-—5y+3-—2¢7—-—24+274+5y—2+3 
=7-—2¢a-—24+2a—2+3 
=7—2%7+2+a—ae¢—-—8=6 — 2z. 


ab—{5+e—(b+c—ab+a)}+[e—(b-—c-1% 
oe ee eee ] 
=ab—5+4+64+c—ab+e—b+e¢4+7=24 2%c4+a. 


a? — 0? — {ad + a® — (@ + a? — 3?) — 0} + Bad —(@+ 8a 
=a — BR - aa en ee eee = 
=@~R—ad+2+ 2%ad—ew=a* — + ad. 
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42. 


43, 


44, 


45. 


, 46. 


47. 


48. 


49, 


50. 


51. 


52. 
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SUBTRACTION 


a—(b—c)—[a—{b-c—(b+c—a) + (a 


ee eee ee 


=a@—b+e— 


+ 


6) + (> a}, 
Cc— a 


@+b+e—a)=a—b+c—b—c=a-— 2b. 


— (8 ax — [Bay — 32] +2-— (4ay 4+ [624+ Taa] + 32)} 


daz —Say+42—4ay —92-— Taz} 
— {—4av —9ay —52} =4ar4 Yay + 5z. 


Se aS ee re 


1—a@-— (1-—¢—f1—2-(1—2)—(#—-1J-—a+} 
Se ee Ga 


=1—¢e-{1—e#-—|[—2#+4+1])-—27+1} 
=1l—#—{l—#+e2-1-2#+4+1]} 
=l—#—{-#4 1s =1-—e7+2-1=0. 


1—¢e#—(1—[e—-1+(@—1)—(—2—-—2]+1-2} 
UGG Spy ae ek pei Pe Ce 


=1—e-—({1—2%7+3+41-2} 
=1—a7—54+38¢=24-4. 

Z— Ee uate 
=2— +a2+ x} — 22] 
=v—[—22—- 22] 
=a+4a= 52. 

(a — 8) — (—a—(@-a) + @—d)} 
=a—b+a+(b—a@) — (a—b) 
=2a-—04+0=-a-—a+0=2b. 

a—%t—[—{—a—(—a—a-—8)} 
=a—T%T—!—{—a—(—a—a+ 3)} 
Sy GOR, i aka 2 a 8) | 
=a—T—[—a@4+3 
=a—7+a-—3=2a—10. 


a—«a2—[—{a+(@—a)—(@—4a)}] 
=a—2—[—-{a+ae2—a—2+ 4a}] 
=a—a— — 4a) 


=a-—a+4a=5a—-Uz. 

Say — [— {(y? — ay) — (ay — y® — 2 ay)}]) 
= 5ay —[— {y? — ay — (zy — ¥* + 22y)}] 
= day —[— (y— ay —8ay+ 3] 


‘= 5ay—[—2y¥ + 4ay] 


= bay + 24% —4ay = ay + 2y*. 

2a —[a— {b — (8b — 2a—3)}] —(6—@) 
=2a—a+ {(0— (8)—2a—0)} —b+a 
=2a+b—(8b—2a—-0b)—b 


=2a-—304+2a—5 


=2a—304+2a—b=4a- 40). 


a= — (m—a) — {a —(m—2m-+ 6a)}] 
=a—[—m+a—{a—(m—2m— 6a)} 
=a—f[—m+a-—{a—(—m-—6a)}] 

a—[—m+a—{a+m+ 6a}] 

a—f—m+a—Ta—m] 


a+2m+6a=Ta+ 2m. 
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a (aire — ~[-d+ (-26-@=9)] 
sm Oe paneer ed ([2e- 449) : 


=2a+2b+ 38c-e. 

54. a + 5 — [2ab — (— (7 — 8 ab) — ab + 2a? — 2} — (3a —2)] 
=a+5—[2ab—{—7+8ab—ab— 2a? +2} —3a+4 2] 
=@+5-—[2ab+7—2ab+ 2a—2-—3a+4 2] 
=@+5—7-204 84a=—a+4+ 34-2. 


55. 22+ By — (2e—[y+4a— (By —a] —2y}—-2z-y) 

=2a7+8y— (2e—[y+4e—3y+2]—2y}—-a+y 
Q@2+3y—(2e—[—2%y+ 5a]—2y}—-—e+y 
r+4y—{2%+2%y—5a—2y} 
w+4y+38u=4e4+4y. 


Holl Ul 


56. 1-—(- {(-[—- (—a@-4—1) — 3] — 2} —a)—- [a—- (a—-1)] 
=14+{(-[-(—a-—a—T)—3]-—2}+a—-a+(a—-}) 
=1+ {-[-(-a—a+1)—3]—2}+a-1 
=a+{—[+2a—1-—3]—-2 
=a+{—2a4+4—-2=a—2a42=2—-a. 

MULTIPLICATION 
Page 59 

29, Let 22 = number of votes A received. 

Then, z + 500 = number of votes B received. 

By the 1st condition, 2a + (« + 500) = 8000; 

st = SO008 
whence, 22 = 5000, 


n x + 500 = 3000. 
Hence, A received 5000 votes and B 8000 votes. 
1st condition : 5000 + 3000 = 8000. 
2d condition: 3000 is 500 more than 4 of 5000. 


30. Let 3 a= number of dollars A had. 
Then, zx + 10 = number of dollars B had. 
By the 1st condition, 3a — (# + 10) = 40. 

3a —a2—10=40; 


a 


@ = 26, 
38a = %5, 
and «+ 10 = 35. 


Hence, A had $75 and B $35. 
1st condition: $75 is $40 more than $35. 
2d condition : $35 is $10 more than 1 of $75, 


Page 60 
$1.. Let « = number of years in Mary’s age. 
Then 3 (« + 1) = number of years in her mother’s age 


By the 1st condition, 3(z + 1) —#= 25. 
3su+3—a2= 25; 

sp. =a 

and 3 (a + 1) = 86. 


60] MULTIPLICATION 7 


Hence, Mary is 11 years old and her mother is 86. 
1st condition: 11 years is 25 years less than 86 years. 
2d condition: 11 + 1, or 12 years, is 1 of 36 years. 


32. Let x = number of marbles Clarence has. 
Then, 3a — 8 = number of marbles John has. 
By the 2d condition, z + 3x— 3 = 41; 
5 Citic Kd bs 
and 3z — 3 = 30. 


Hence, John has 30 marbles and Clarence has 11. 
1st condition: (80 + 3) marbles = 8 times 11 marbles. 
2d condition: (11 + 30) marbles = 41 marbles. 


33, Let 2@ = number of cents the second had. 
Then, « — 50 = numberof cents the first had. 
By the 1st condition, 27 + z— 50 = 820; 
oid 290s 
whence, 2a = 580, 
and z — 50 = 240. 


n 
Hence, the first boy had $2.40 and the second had $5.80. 

1st condition: $5.80 + $2.40 = $8.20. 

2d condition: $2.40 is 50 cents less than 3 of $5.80. 


34, Let # = the number. 
Then, 38(2¢—5)=5a—-9. 
6z2—15=52¢—-9; 
.. & = 6, the number. 


Condition 3(2-6 — 5) = 5-6 — 9; 

that is ele le 
35. Let 5 2 = number of years in B’s age. 
Then 32 = number of years in A’s age. 


Since 8 years ago A’s age was (3 # — 8) years and B’s (5 2 — 8) years, 
by the 2d condition, 2(8¢—8)=ia—-8, , 
6x—16=52 — 8; 


7.0.8) 
whence, ' 82 = 24, 
and 5a = 40 


Hence, A is 24 years old and B is 40. 
1st condition: 24 years = 3 of 40 years. 
2d condition: (24 — 8) years = + of (40 — 8) years. 


36. Let x = number of years in A’s age 
Then, t+2=2(@—2 
e+2=—27—4; 
se Lie= 0; 


Hence, A is 6 years old. 
Condition : (6 + 2) years = 2 times (6 — 2) years. 


37. Let | «= number of hours occupied in making the trip. 

Then, 2 — 3 = number of hours the first rode, 
and z — 1 = number of hours the second rode. 

Since the first wheelman rode 10 miles an hour, the number of miles from 
A to B may be expressed by 10 (a — 8); since the second rode 8 miles an 
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hour, the distance may be expressed also by 8(@ — 1). Equating these two 


expressions, 10 (# — 3)= 8 (w — 1), 
or 107—30=82—-8; 

.. a = 11, the number of hours, 
whence, 10 (e—8)= 80, the number of miles. 


1st condition: The first wheelman makes the trip of 80 miles by riding 
10 miles an hour for 8 hours and resting 3 hours. 

2d condition: The second wheelman makes the trip of 80 miles by rid- 
ing 8 miles an hour for 10 hours and resting 1 hour. 

3d condition: They make the trip in equal times, the first in (8 + 3) 
hours, the second in (10 + 1) hours. 


38. Let 2 a@ = number of sheep left in 1st flock, 
and 8 2 = number of sheep left in 2d flock. 
Therefore, 2 a+ 100 = number of sheep in 1st flock at first, 
and : 3 @ + 20 = number of sheep in 2d flock at first. 
By the 1st condition, 37+20 = he + 100; 
ARGH ito UE 
whence, 22+ 100 = 260, number in 1st flock, 
and 3 z+ 20 = 260, number in 2d flock. 


1st. condition: There were 260 sheep in each flock. 
2d condition: 260 — 100, or 160, is to 260 — 20, or 240, as 2 is to 3. 


39. Let xz = number of apples at 5 cents each. 
Then, 17 — x = number of apples at 3 cents each. 
By the 1st condition, 52+ 8(17 — z) = 61, 
5¢+ 51—3¢7=61; 
Paes hie 3 
and 17 — 2 = 12. 
Hence, Mary bought 5 apples at 5 cents each and 12 apples at 8 cents each 
1st condition: 5 apples + 12 apples = 17 apples. 
2d condition: 5 times 5 cents + 12 times 8 cents = 61 cents. 


40. Let x = number of years in son’s age. 
Then, 2 = number of years in father’s age. 
By the 2d condition, 3 (e — a) = 2% —a, 
8e¢—8a=22-a; 
er Bie 
and 2%2=4a. 
Hence, George is 2 a years old and his father 4 @ years old. 
1st condition: 2 @ years is 4 of 4 a years. 
2d condition: (2 a — a) years is } of (4 a — a) years. 


41. Let x = number of feet in width of rug. 
Then, z+ 38 = number of feet in length of rug, 
x + 4 = number of feet in width of floor, 
and x + 7 = number of feet in length of floor. 


By the 3d condition, 
(w@ + 4) (w+ 7) —a(a@ 4+ 8) = 172. 
a+ 11a@+ 28 —a2?—82= 172; 


B18; 
whence, a2+4= 22, 
and a+? = 25 


Hence, the floor is 25 feet long and 22 feet wide. 

1st condition: The rug is 21 feet long and 18 feet wide. 

2d condition: The floor is 25 feet long and 22 feet wide. 

3d condition : (25: x 22). sq. ft. — (21 x 18) sq. ft. = 172 sq. ft. 


$1. 


82. 


33. 


$4. 


35. 


42. 


43, 


44. 


45. 
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(—5—2b)(—5n+ 2b) =(—5n)? — (28) = 2 nt — 402. 
(—2-2y)(—e+ 29) =(—o-Qypaar— 4p 
(—5—8m)(—5+ 8m) =(— 5)? — (8m)? = 2% — 9 m2. 
(a+@z—y)a—2+y) 
=(a+@-y)}[a-@-y) 


= a — (— y) 

pe as 
(@+e—da)(a@—c 
eee Nee c= a) 

ni d)? 

Ty ees 


=PT 


pP— Or =p +9) 
= a] 2 Oo" on 


= 18 p+ Bpq— of 
(r+p+gQ(r—p-@q 
=F Oar? Go} 


36. (y¥+e+da)(y+e—d) 
zie a aly + oa 
eee a 

37. (@+a+y(a+a2-—y) 

[(a+2)+y][(a+2)—y] 

(a+ a? —¥ 

a + 2am + a — x. 

38. ie ba) Ilr 2a) 
= [(@? + 2a) +1] [(a? + 22)—1 

= (2 + 2a)? — 12 
= a+ 408 + 402-1. 


39. (a? + 2 2 — 1) (@* — 22 4 1) 
= [a2 + (227—1)] Ce 1)] 


=P (p+) sa og 2a — 
Bog eee ia he oy 
EE SAV al 
ee NE Oe 40. (2? + 3a — 2)(a? — 32 + 2) 
=[#+ (0+ n)| [a —(04+ n)] = [a?+ (8a— pide ce 2)] 
= a — (b + n)? meee (8a — 2) 
= 7? — 2 — 2bn — ni? ee 
en be ee era 
(y+e+ d)(y—c—d) 41. (A 480% 2) — Fae 2) 
=ly+(c+a@\[y—(€+ 9] Sea a ae 
=f -(c+ a = (eo? + 28 — 
=f—C—2cd—-@# aa ARGS Psa i sey 
= a — 5a? + 4, 
(m*t — 2m? + 1) (m* + 2m? + 1) 


= [(m* + 1) — 2m? [(mt + 1) + 2 m?] 
= (mt + 1)? — (2 m2)? 
= m8 + 2m*+1—4m4 


=m — 2m* + 1. 
(22+ 38y —42) 


(Qa + 8y + 42) 


ee ne eae 
(20 + 84)? — (42) 

=42 4 18ay + 94 — 162. 

(2a? — ay + By’) (2a? + ay — 3y’) 

[222 — (ay — 8 y)) [228 + (ay — 3’) 
(2 22)? — (ay — 3y*)? 

= 4 at — (ay? — 6 ay? + 9) 

= 4at — ay? + Gay —9¥. 

(a? + ay + y°) (2? — ay + ¥*) 


= [(a? + y*) + zy] 


= (2? + 97)? — (ay) 


STM aa 
at + x22 + 9, 


(la? + 92) — ay) 


ary? 
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47. 


48. 
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[(a + apa pee ea a (e + 4@)] 
= (a + b? —(¢ + a 
=@+2ab+R2—2—2cd— @. 
Grbt et yar) 2 —» 

= (a + b)?—(@+ yf? 

= a2 + 2ab + 0 — a — 2ay — x. 
(OEE) a0 VE ea 
= (a + b)? — (m — nj? 

= a+ 2ab+ 02 — m2 + 2mn — n?. 


(2@—m+y—n)(@—m—Yy+N) 
(2 — m)? — (y — np 

2 2ma + m— y? + 2ny — n?. 
(p—q+7+8)(p—g—r—3s) 
= (p — 9? — (r + 8? 

=p —2pq+ @—r2—2Q7s— &. 
(a—m—b—n) (a+ m—b+ n) 
=(a—b—m—n)(a—b+m+4+n) 
= (a — b)? — (m + n/? 

= a? — 2ab + B — m2 —2mn — ve. 


(a+a+b—y(a—x+)+y) 

=(at+b+a—y)a+b—a@+y) 
= (a+ BF — (@— 9) 
=a*+ 2ab + W — a? 4+ 2ay — x. 


31 x 29 = (30 + 1) (80 — 1) = 302 — 12 = 900 — 1 = 899. 


42 x 88 = (40 + 2) (40 — 2) = 1600 — 4 = 1596. 

69 x 71 = (70 — 1) (70 + 1) = 4900 — 1 = 4899. 

48 x 52 = (50 — 2) (50 + 2) = 2500 — 4 = 2496. 

57 x 63 = (60 — 8) (60 + 3) = 3600 — 9 = 3591. 

95 x 85 = (90 + 5) (90 — 5) = 8100 — 25 — 8075. 

98 x 102 = (100 — 2) (100 + 2) = 10000 — 4 = 9996. 
99 x 101 = (100 — 1) (100 + 1) = 10000 — 1 = 9999. 
95 x 105 = (100 — 5) (100 + 5) = 10000 — 25 = 9975. 
98? = (98 + 2) (98 — 2) + 22 = 100-96 + 4 = 9604. 
962 = (96 + 4) (96 — 4) + 42 = 100-92 + 16 — 9216. 
932 = (98 + 7) (98 — 7) + 72 = 100-86 + 49 — 8649. 
972 = (97 + 8) (97 — 8) + 82 = 100-94 + 9 = 9409. 
58? = (58 + 2) (58 — 2) + 2= 60-564 4 = 3364. 
492 = (49 + 1) (49-1) 4+ 12= 50-484 1—= 2401. 
87? = (87 + 18) (87 — 18) + 182 = 100-74 + 169 — 7569. 
792 = (79+ 1)(79— 1)+ 12= 80-784 1 = 6241. 
68? = (68 + 2)(68— 2) + 2= 70-66 + 4 = 4624. 


74, 1292 = (129 + 9) (129 — 9) + 92 = 188-120 + 81 = 16641. 


[66 


68, 69, 70] MULTIPLICATION 11 
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(a + b)? + 7(@ + db) + 10 
@+2ab+P4+7a+ 7b + 10. 
(a — 6)? + 6 (a — b) — 40 
@—2ab4+0?+ 6a— 6b — 40. ° 


35. (@+5+ 5) (a+b + 2) 


36. (@—b—4) (@—b + 10) 


37. (@+y—1)@+y+2 a+yP+1(@t+y)—2 


=@i2ayt Prety—2 

88. (@#—y— 2) (@#—y-—8) = (w — y)? — 10 (a — y) + 16 
=e—2ey+y?—102+4+ 107+ 16. 

(a? + vw)? + 2 (a2 + x) — 8 

+2434 a+2a74 20-8 

+ 222+ 3a%+ 2a — 3. 

m 


40. (2m+n—3)(2m+n+ 4)=(2m+ n+ 1(2m+ n) — 12 
=4m?+4mn+n?+ 2m+ nm — 12. 


89. (@? + @ — 1) (2? + a+ 8) 
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5. Selling price of grain, hay, and potatoes, (a + 6 + c) dollars. 
Amount deducted, (« + y) dollars. 
Hence, B owed A [(a + 6 + c) — (a + y)] dollars, 
Since this was to be taken from 100 dollars, the amount due in return 
was 
100 — [@+ 6+ c)—(@+ y)], dollars 
= 100 -—(@a+ b+ c)+ (@+ y), dollars. 


11. a times 0 miles, or a miles. 
If he stops ¢ of the @ hours to rest, he will ride (a — c) hours, and 
hence (a — c) times 5 miles, or b (a — c) miles. 


Page 70 


17. The length of each side of the square part of the field will be that 
of the shorter side of the field, or 4 rods; hence, the area of the square 
part will be 0? square rods. 

Since the area of the square part is 6? square rods and the area of the 
whole field is ab square rods, the area of the other part is (a — 8?) square 
rods. 

22. ab = number of miles he rode the first @ hours. After the first 
(a + c) hours he rode (6 + 2) miles an hour for 10 — (a + ¢) hours; hence, 
during this interval, he rode (10 — a@— ce) (6+ 2) miles, or (100 — ab — 
be + 20 — 2a — 2c) miles; therefore, the whole distance, or z miles, is 
equal to 

(ab + 106 — ab — be + 20 — 2a — 2c) miles 
= (10d — be + 20 — 2a — 2c) miles. 


23. am = number of miles he rode the first @ hours. 3(m — 5) = 
number of miles he rode the next 3 hours. 6 (m+ 2) = number of miles 
he rode the last } hours. Hence he rode in all (am + 8m—15 + bm + 
26) miles. If a = 4, } = 2, and m = 10, the whole distance is (4-10 + 3-10 
— 15 + 2-10 + 2-2) miles, or 79 miles; and the whole time occupied in 
making the journey is (4 + 3+ 0) hours = (4 + 3 + 2) hours, or 9 hours 
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DIVISION 


Page 77 


12. amt — 4am? + 38m? |am—1 
am — am am? — 3 m* 
— 8am? + 8m? 
— 8am? + 3m? 
Trst.— Let a = 1, m= 2. Then, the dividend becomes 16 — 382 + 12, 


or — 4, the divisor 2—1, or 1, and the quotient 8 — 12, or — 4. Since 
—4+1= —4, it may be assumed that the quotient is correct. 


Page 78 


17. aa — arg? — ba? + 0? | aw — bd 
az — ba? a2 —ax—b 
2 azx2 oe 1623 
— atx? + abx 
— abxr + 02 
— abz + b? 


Trst.— Let a = 1, b=1,z=5. Then, the dividend becomes 125 — 25 
— 25 + 1, or 76, the divisor 5 — 1, or 4, and the quotient 25 — 5 — 1, or 19. 
Since 76 + 4 = 19, it may be assumed that the quotient is correct. 


22. a — 4082 + 6 a22? — 4aa3 + at | a? — 2ard 2? 
at — 2a8u+ ara? a* — 2av+ a2 

— 2 ax + 5 atx? — 4.028 
— 2a8¢ 4+ 4022? — 2a2% 


ate? — 2 axz3 + at 
a*z? — 2az3 + at 


Trst.— Let a=1,7=10. Then, the dividend becomes 1 — 40 + 600 
— 4000 +- 10000, or 6561, the divisor 1 — 20 + 100, or 81, and the quotient 
also in Since 6561 + 81 = 81, it may be assumed that the quotient is 
correct. 


Page 79 
26. me + nb m+n 
m® + mtn | mt — m8n + mn? — mn? + nt 
— min 
SY enn mn? 
msn2 
mn? + mens 
— mens _ 
— mn’ — mn4 


mnt + 5 
mnt + n& 


79] 


DIVISION 
27. a 4+82 le+Q a 
| a + 2at a — 248+ 4a2-82+16 
— 2a 
— 2at — 42% 
42 
443 + 82? 
— 82? 
fat eed ULAR 
16a + 382 
162 + 82 
28. a + of a2 + 2 
a + aty? [at — xy? + 
pak ax 
ays + of 
ays + 


29: a+ 5ab 


—@+2a+8/a-—1 a 
C= Le a> + Gat + Ga + 5a? + 5a 474 
6 a> 


a@—1 
Seip OO AI GE RIE 1G Se NGS PS a TTT 
6 at — ad 
deena Es 
5 a8 
Bat — bat 
5a? +2a 
5a? — da 
Ta+3 
Ovi. 
10 


a 2nb—4nt— 3n8 + Tn? -8n+ 2 


n—2 
—3n8+ Tn? | 


n? — 8n 
Per One | 
—n+2 


—n+2 
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31. a — Saye + y+ 2 gt+y+e2 ie 
w+ wy+ oe oe ay — ae + yet 
— ary — x2 — 3 xyz 
— ay — xy?— awyz 
— 222 + ay? — 2 aye 
— x2 — «yz — 2H 
ay2— wyz+ a+ y 
xy? +t¥2+y¥ 
— wye+ «222 — yz 
— myz — yP2 — ye 
Mid +y@+ 2 
xe +y@+ 2 


32. m? + 8m2n + 8mn? + n3 + 28 m+n+e 
m+ mn + max m? + 2mn + n? — mz — ne + 2? 
2m2n + 8 mn? — max + n8 
2 mn + 2mn? + 2mnx 
mn2 + n® — ma — 2mnx 
mn? + ne + n2a 
— mx — 2mnx — n*x 
—m2z— mnx — mz? 
— mnxz — na + ma? 
— mnzx — n2x2 — na? 
ma? + na? + 2s 
mx? + na +28 


33. a&—6a?+ 12a—8—8 |a—2—6 
OP = Bae OR eS ee eee 
—4a?+ 12a+ab—8 
—4a?+8a+4ab 
4a—8+ a2 —4ab 
4a—8—4)d 
ab —4ab+ 4b 
ah — 2ab — ab? 
—2ab+ 40+ ab? 
—2ad4+ 404207 
ab? — 2b? — 38 
av? — 20% — 8 


34, P+ B+ Fy + SP + By +5 ly+1 
2 + ys aa 


247+ 27 
By+ 38y 
Sy 8 oS 


79] DIVISION 15 


35. Dee ue wee ee @+ i 


amt ee peg ent esfe ees 
sii wtpn opr Sig 89 — 54 
Bab + gh 
8 26 + 3.25 
— 2a°+4 22% 
— 2% — 22% 
4 at 
4at + 423 
— 423 — a3 
— 478 — 423 
3 2? 
8a2+ 38a 
—3a@+5 
ahaa’ 
36, z+ 2a — 2at+ 2a2—1]a+4+1 # 
al + a8 e+ af — ot — 8 + a+ w— 1 
ri 
xz + x 
— wv — 224% 
—a— at 
— at 
=. a — 
x8 + 2 a2 
x 4 hid 
72 
e+e 
—xa-—1 
—x-—1 


37. a —2a%e + 4ac? —aa? —4cx + 2ca®|a—-2 


@ — ara @ + ax—2ac— 2ca+ 42 
aay — ax? 
— 2a%c+ 4ac? — 4 cx, 
— 2a2¢+ 2 aca 
— 2acx + 4ac? — 4 c8x + 2 cx? 
— 2acx ‘ + 2 ca? 


402 — 40 
4 act — 4 x 


88, a+ 8abe — 08 + CB @+ab—ac+B?+be4+ 2 
a + a*b — arc + ab? + abe + ac? a—b+e 
— wb + ae — ab? + 2abe — act — 3 + 
— arb -—ab?+ abe — 08 — Be — be? 
ae + abe — act + be 4+ be? + 68 


We + abe — ac? + be + be? + 3 


16 


39. 


42. 


43. 


KEY TO ACADEMIC ALGEBRA [79, 80 


w+ y" + j 
an t+ ans ty | g-gn dy 4 gn-8y8 — gr-ty8 4 gn- 
— arly 
— vy — a Uf 
Genes 
a= 22 + ar 88 
— gn-8 
— gr 8y8 — gr—4yA 
an 444 
eS + ae 
Remainder, lh a ll 
Page 80 
1+0+04+0+0+0+0+4+8+7| 14241 
1+2+1 134 8-44 §=6347 
~ 3842 
3+64+3 
—4-— 3 
—4—8-— 4 
5+ 4 
6+10+ 5 
— 6— 5+ 8 
— 6—12-— 6 
7+1447 
7+14+7 
+2 


eer =a —2at + 4a5— 8a? + 16046 
4 
4+8 
—8 
ees 
16 + 38 
16 + 32 
6+ 12 
6+ 12 


14040401926) 1429 
1+2 ee eee 


ee = m4 —2m§+ 4m2—8m—8, 
4 
4+8 
—8-—19 
—8— 16 
a ='§ 


80] DIVISION 


44, 14+0+0+0+0-—82—448]/ 1-2 
gt! Peo 448 160 4 
2 4 =m +2m>+4mt+8mF+ 16 m?2— 
4 
4—8 
8 
8 — 16 
16 — 32 
16 — 32 
—4+8 
—4+8 
45. 124+040 404.37 9-10.) 1-845 
1—3+45 1+3+4+4-—3-2 
38—5 =a+3a+4a—8a—2, 
8—9 +15 
4—15+4 27 
4— 124 20 
— 3+ %-— 9 
— 8+ 9-15 
— 24+6-—10 
— 2+6—-—10 
46. 21— 29—8+6+4 38 —2 
21 — 14 Vb -6i— 2 
—15— 8 = 703 — 52% — 6a — 2. 
— 15+ 10 
—18+ 6 
— 18 +12 
— 6+4 
— 644 


2— 3 


47. 2—11+ 16—12+9 fas 
(Rete, See tie 


=—8'+ 16 ee 8 
age Seale 
4—12 
4— 6 
— 6+9 
— 649 
48. 80 — 62 + 60 — 36+ 8 5— 2 
80 — 12 6—104+8-—4 
— 50 + 60 = 623 — 1042+ 8a —4. 
— 50 + 20 
40 — 36 
40 — 16 
— 20+ 8 
— 20+ 8 


Key Acad. Alg. —2 


17 
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49, 27 — 33+ 46- 119+ 55 | 9-5 
27-15 8—24+4-11 
—18 + 46 - = 323 — 2¢24 44 — 11, 
— 18+ 10 
86 — 119 
36 — 20 
— 994 55 
= _ 99 + 55 
50. 1+0—2+0—-14+0-—10—36|] 1—92 
122 1424244474 14418 
9 = a+ 225+ 2at+ 47847924 149418. 
2—A4 
2 
2—4 
4h 
4—8 
7 
7— 14 
14 — 10 
14 — 28 
18 — 36 
18 — 86 
1. 1—4+5§—44]7 1—1+1 
1—1+1 1—3+4+1.- 
: ae ~—-84+4-—4 = 2 — $e 41. 
—34+3-—3 
Seay 
1—141 
52, 1—1-104 74 15 1—2-383 
1—2— 3° 1+1-—5 
1s yi = i ’ 
L— 33 ; 
= BSS SST 
— 5+10+4 15 
53. 2+ 7-27-84 16 14+5-—4 
2+10~ 8 2-3-4 
3 = 19258 = 222 — 39 — 4 
— 8—15+4 19 
— 4— 20+ 16 
= 4—= 204-16 
54, 88 pi Ork OB 8 lied teaeg 
28 + 144 14 imesh te | 
= (Si CRG SSI Oy Mes Jp. 


— 8-4-4 
—4=9- 2 
—4~2-2 


80} 


55. 


56. 


58. 


59. 


60. 


DIVISION 


Seite See de OU Ge hoo 
PB SND =o eh a ae 


12+ 4-1 =~ + 227-1 
124+ 10+ 4 

— 6—5—2 

no — 5 — 2 


3—20+ 254+ 16-6 | 8-842 
BieeSar er kes jie 


— 12+ 23 + 16° =v?— 42-3 
dO 89 == 8 
— 9+ 24—6 
i — 9+ 24-6 
3+74+6£3—1 t+141 
8+3+4+3 8+4-1 
443438 = 8a2 4 4da— 1 
4+444 
SS ee! 
tert t 
6— 23 + 30 — 18 + 4 2—54+2 
6—15+ 6 8—4+2 
— 8+ 24-18 = 3a? — 47 + 2. 
Ra See en Oe 
4—10+44 
4— 10+ 4 
4.4.82 “efe- 2 —4 | 62 1—4 
Oe Wee OATES 4+641 
386+ 0— 25 =47? + 6a + 1. 
SO = ees 
6— 1—4 
SN el 
fe ah te ase ee 
iat ee a fart ae ea 
a as =at—tgi— 2ar— sa —- 
—242 
ee NT 
ee oe 
STO. 
es 
Se ipcle 
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61. +e sighs Sigh 7 ain Pe 3 eee ee Ue 
a | —$+4-3+ 


BOS ER ce 
¢—# 
ays 
— ¢+ 
4-2 
bs drat 2 
62. Lee — Hi acts ee eae 
Lt 1+3+%-t+ys. 
tile = xt + 428+ ga2— Jat yy. 
$—-t+ 
is rd hs 2s SS 
~4+8 4 
anh wee AG Saal = Ae Se 
m—¥twe 
mots 
68. $ a8 — Zaye + yy + 2 oa Baad 
tet wtyt+ tee | tak —day—fas+ hyf—tyet 2 


— yey — 7 Pe — faye 

pos 1 ary ee aes xy? _= dayz 

— 3 W2+ pay? — } aye 
2 


— 5 v2 — 4 ayz — ia 
ys ty? — § tye + 4 a2 + sos 
ry’ +$ye2+ + ¥ 


= $ aye + ae? — 1 yz 
SOS Se tee 
ye +iye+e 


Eee +ty2+ 2 


64. 1 1l+2 
1+2 1—2+4+ 2?— 284 at 
—z 
— 2 — 2 
aq 
a2 + 2 
— x 
— 2 — gt 
at 
at + a 


Remainder, — @ 


80, 83] DIVISION 21 


65. 1 1-2 
pea 1+ao+at+ at + at 
z $$$ $$ $ 


a2— a 
g2 
a? — g3 
as 
a — at 
at 
at — ab 
Remainder, a 


66. gsn-3 ain yrs ; gnr-l aE yt 
g8n-8 4 g2n—2ymtl [ae aye + ynta 
— gan-2yntl 
ns geiacerl ee. gr lyant2 . 
gr-l 2Qn+2 ais n+ 
gn—ly2nt2 Be yonts 
Page 83 
Proor oF PRINCIPLE 3 


Performing the division of x* + y” by x — y to any number of terms ot 
the quotient, the remainders obtained are: 


ist remainder, gly yy"; 
2d remainder, gr-2yr 4 yr; 
3d remainder, gr -8y8 + y"; etc. 
Hence, it may be inferred that the n” remainder is 
a AL 2 y + y” 
= Oy + y" 
§ 108, H=ytyarzy. 


Hence, 2 — y is not an exact divisor of a” + y”. 


PRooF OF PRINCIPLE 4 


Performing the division of 2” + y” by e + y to any number of terms of 
the quotient, the remainders obtained are: 


1st remainder, —ar-ly +y"; 
2d remainder, gr -2yX+4 ym; 
8d remainder, —gr- sos 4+ y"; 
4th remainder, a -4yt + y”; etc. 


The remainder that reduces to 0, if there be such a remainder, must 
reduce to the form — y* + ¥”. From the above examples, and from as 
many more as can be written, it may be inferred that no remainder oc- 
curring after an even number of terms of the quotient can reduce to 
— y" + y", or 0, since the sign of the first term is +. Hence, if n is even, 
a” + y” is not divisible by 2 + y. 

If n is odd, the n remainder evidently becomes 

CeO Ye 


§ 103, =-y'+y=0. 
Hence, if n is odd. 2” + y” is divisible by 2 + y. 


22 KEY TO ACADEMIC ALGEBRA (84, 87 


Page 84 


23. Since a + 0 = . (a2) + (0%), it is divisible by a? + 0? (Prin. 4). 
24, a7 + a’ is divisible by x + a (Prin. 4). 

25. Since al? + blo = (w2)> + (8%), it is divisible by a? + 0? (Prin. 4). 
26. Since a!0 + b5 = (a2) + B, it is divisible by a? + 0 (Prin. 4). 

27. Since a!2 + }2 = (at)8 + (04)3, it is divisible by at + 5+ (Prin. 4). 
28. Since a? — 27 = a? — 33, it is divisible by a — 3 (Prin. 1). 

29. Since a — 27 = (a?)® — 83, it is divisible by a — 3 (Prin. 1). 


30. As the difference of the same powers of a and 3, and also of a? and 
v2, at — bt is divisible by a — b and by a? — 0? (Prin. 1). 

As the difference of the same even powers of a and 0, and also of a? and 
22, at — bt is divisible by a + 4 and by a? + 2 (Prin. 2). 


Gh — Lis divisible by a — 1 (Prin. 1) and by a + 1 (Prin. 2). 
Since x — 1 = (a3 — 13, a® — 1 is divisible by a? — 1 (Prin. 1). 
Since a6 — 1 = (a)? — 12, a — 1 is divisible by a® — 1 (Prin. 1). 
Since a® — 1 = (a)? — 12, a — 1 is divisible by a? + 1 (Prin. 2). 


32. a® — 38 is divisible by a — 6 (Prin. 1) and by a + 6 (Prin. 2). 

Since a8 — 08 = (a?)4 — (0)4, a8 — Bis divisible by a? — 0? (Prin. 1) and 
by a? + 0? (Prin. 2). 

Since a’ — 68 = (a+)? — (04), a8 — 28 is divisible by a* — 04 (Prin. 1) and 
by a4 + 0* (Prin. 2). 


33. — 6 is divisible by a — 6 (Prin. 1) and by a + 3 (Prin. 2). 

ey 0 — B10 = (q2)5 — (03)5, al0 — 910 is divisible by a? — b? (Prin. 1). 

Since a0 — $l0 = (a)? — (05)2, qo — $10 js divisible by a — 6° (Prin. 1 
and by a® + 0° (Prin. 2). 

34, a6 — 016 is divisible by a — 6 (Prin. 1) and by a + 6 (Prin. 2). 

Since a6 — 516 = (@?)8 — (22)8, al6 — 616 is divisible by a? — 0? (Prin. 1) 
and by a? + 0? (Prin. 2). 

Since a6 — 516 = (a#)* — (d4)*, a6 — 38 is divisible by a* — d* (Prin. 1) 
and by a* + 44 (Prin. 2). 

Since al6 — 516 = (a8)? — (08)?, a6 — D!6 is divisible by a® — 28 (Prin. 1) 
and by a + 08 (Prin. 2). 

— b¥ is divisible by a — 6 (Prin. 1) and by a + 6 (Prin. 2). 

Since i — J = (a%)8 — (52/8, ai2 — dl is divisible by a? — 2? (Prin. 1) 
and by a? + 0? (Prin. 2). 

Since a? — 6% = (a) — (08)*, a2 — 6! is divisible by a? — 28 (Prin. 1) 
and by a® + 63 (Prin. 2). 

Since a? — 62 = (a4) — (d4)8, a2 — $12 is divisible by a4 — 0* (Prin. 1). 

Since ai? — 62 — (qa)? — (8)2, a2 — Bb js divisible by a — 0° (Prin. 1) 
and by a® + 68 (Prin. 2). 


= 


REVIEW 


Page 87 


8. ( yan -{ 2 Ai Ope ae yr) (a2 ae D) oy + y) 
= (an + yn ote 2 ay y”) (ae a yn ae 2 ary") 
= (an ab yrn)2 (2 anyny2 
= ging 9 yanyan aie yf rans 4 q2ng2n 
— gin __ 9 yenyen se y. 


87, 883] REVIEW 23 


9. (ho? + day + $y) (bat — Fay + by) 
= Ga + ey t pay) (ee + oy" — § 2) 
=G%+ oy)" — Gay)? 
Hat + 7 oye t Ay — pay? 
= pet — poy t+ Ay 
10. .2— .8 + 1.6 
14.44 .8 
02 — .08 + .16 
.08 — .382 + .64 
eS Be #18 OE TS 
.02 1.28 
= .02 at + 1.28. 
31. (a —d) (a + D) (a? + 0) 33. (Pew) (i at = 2) 2) 
= (a? — 0?) (a + 0?) = (1 — 2?) (1 — 2’) 
ees = 1— 22? + a 
32. (1—2) (14+ 2) (1+ 2?) os +a*) 84, (m+n) (m+n) (m—n)(m—n) 
= (1 — a2’) (1 + 2%) 1+ = (m+n) (m— Nn) (m+ n) (mM—N) 
= (1 — at) (1 + a4) = (m? — n2) (m2 — nr?) 
=1—24'. = mt — 2 mn? + nt. 
Page 88 
e 
35. By observing 1, § 110, it will be seen that 
(at fait at+at i) (a—1l)=a—-1. 
36. By observing 1, § 110, it will be seen that 
(a8 + aty'+ ay? + 98) (@ — y) = at — y', 
37. By Se 2, $110, it will be seen that 
(a — at + a8 — a2 + a—1)(@+1)=2% -1. 
38. By observing 1, § 110, it will be seen that 


(a® + 2at + 408 + 8a? + 16.4 + 32) (a — 2), 
or (a5 + at-2 + a8-22 + a®-28 + a@-2* + 2%) (a — 2) 
Wie Toe G8 6h. 


54, (a + y) (@ — y) (2 + ¥*) (a + y*) @ + 99), 
= (a — y?) (a? + y?) (a4 + y) (2 + 9) 
== (2* —9). (a + 9) (2° 4-9) 
Sa as y) (a + y?) 
= gis = Ae 


55. (m8 + 1) (m* + 1) (m? + 1) (m+ » ue i) 
= (m8 + 1) (m* + 1) (m? + 1) (m2? — 
= (m8 + 1) (m* + 1) (m* — 1) 
= (m8 + 1) (mB ~ 1) 


56. (16 a+ 1) (422 + 1) (2a + 1) (2@—1) 
= (16 at + 1) (402 + 1) (42? — 1) 
= (16 2 + 1) (16 24 — 1) 
— 256 28 — 1. 
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59. a — 4525 + 45 at — 1822+ 92—1|e*§-—407+ 382-1 
w— 4a%+ BA— oh 2+ 424 + 182% —42%—62+41 
4a7— 3a6 — 442° + 45 a4 
427 — 1626 4+ 1225— 42% 

18 26 — 562° + 49 at 
13 26 — 5225 + 39 zt — 13 22 
— 425 + 102¢ + 18 23 — 182? 
—4a54+ 162*— 1223+ 42? 
— 6at + 2523 — 2222+ 92 
— 6at + 2423 — 18224 62 
w—4e74 32—1 
zw — 4074+ 32—1 


60. a? —12a2—a+12 a@—2a2?+4a—8 
a’ — 2a8+ 4a°— 384 | @4 4 2Qa8—5a—4 
2a®—4a°+ 3at 
2a —404+ 8at—6a 
—bBat+’ 6a2—12a— a 
—da*t+ 1043 — 20a?4 15a 
—4a3+ 8a?—16a+ 12 
—4a?+ 8a? — 16a+4 12 


61. 8 —1002—554+4 |8—2024 35-1 
B— 207 + 3 —0 [554 0044+ 8 —BR-—7hb-—4 


207-8 + Bw 
207 — 408 + 6 D5 — 204 
8 — Fo + 208 
8 — 205 + 8 d+ — 08 
—385— B+ 8 — 102 


—30+60— 933+ 322 
— 74+ 108—1382— 5d 
— TH+ 1408-2124 76 


— 48+ 88212644 
— 404 83212544 


62. m—6mi+5m — 2 mt + 2m —3 m—2 
m0 + 2m® — 3m! — Poem pyr eee 
—2m9+ 38m7+ W%més 
—2m9—4m+ 6mo+ 45 


4m8 + 3m7— 4m6— 4m5 


4m8 + 8mi —12m>5— 8m 
—5mi— 4mo+ 8m'+ 8mi— Bm 
— 5m’ — 10m + 15 m* + 10 m8 
6m + 8m — Tmt — 16 més 
6m + 12 m5 — 18 m®’— 12m? 
— 4m— Ymt+ 2m +12m?24+5m 
SS See a ee a Oe 
mt + 2m8 —8m—2 


m+ 2m _  —3m-—2 


88, 89] REVIEW 25 


63, Or ee, ey tee 26 a—6a2+ 5a—4 
a — a&+ 5a— 4at at +603 + 31a2—4 
6aS— 5a> — 156 a4 + 12748 : 
6aS— 360° + 30at*— 242 
81a — 186 at + 151 a* — 100 a? 
81a5 — 186 at + 155 a? — 12402 
— 40+ 24a?—20a+ 16 
— 408+ 24a?—20a+ 16 
64. G10 + 29 d¢ — 170 03 — 6122 + 210 d— 22 |044 20?9—5b—11 
b0+ 28-— Soi — 110 U6 — 2144. 503+ 150220542 
— 208+ 60674 1126+ 2904 
— 2U— 458 + 1005+ 2204 
- Sb7 4+ 1506—1008+ TU4— 17008 


5 07 + 1005— 254— 5508 
15 0 — 2005+ 8204 — 11508 ~~ 6127 
15 28 + 3804 — 7528 — 165 0? 
— 2005+ 24— 4003 + 10422 + 2106 
— 2005 — 4063 + 100 2? + 2200 
2 bt + 48— 100 — 22 
2 Ut + 42— 105b— 22 
65. 6a? + 32 a% — ssa + 2ly? |a@+ia@y—iaPtiy 
6a? + 3 aly — 3 wy? + 3 wy! 6at— 8ady + 8a2%y—8ay+ BY 
ig aby a8 g ey? — 3 aty 
— 8 aby — 3 aby? + 8 aye — 3 ayt 
3 aby? — 3 aty® + § abyt + $3 ary? 
8 ady2 + 3% aty® — 2 abyt+ 3 ary? 
| — 8 aly + ¥ aly + $5 ay — tha 
8g 83 


ys 
ae 8 ary? Bis: aby* is 3. ay — 8 ayp 
aL aby! + BE ays — Bh ay? + 
a abyt + #1 ays — hay + 

66. Divisor, ac — 02+ cd — @? Quotient, a —b—ce 
ae — ab? + acd — ad? — abe + 08 — bed + bd? — ac? + Be — ed + cd? 
ac — ab? + acd — ad? 

— abe + 3 — bed + bd? 

— ac? + be — c?d + cd? 
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68. hat + 302 — (2a? — 802) — (71? — 2 a*) — (— a? — 3?) 
=4a?+ 8382 — 202+ 8R—724+ 207404 P=50% 

69. at — (8 — 2) — (2 + 2 — a2) + (PF? — B — a?) — (PF —B— 0) 
—-@—-BR+A8—-B-C4+ 04+ C—-R4+R-HP+P 40 
= 2a? — 2b? + 2c? 

70. 2 (2ay— x) —(@+ay—yY)—P—Bay— YP + FY 
=—Qayty—e@—at+yY—eP—2ay+ P+ 5¥ 
= —a—5ay+ 87. 

71. m+ {2m—[n+8p—(4p—8n) —5n+ 2m] — 7p} 
=m+ (2m—[n+ 8p—4p+3n—5n+ 2m) — Tp} 
—m+2m—[—n—p+2m]—Tp 
=m+2m+n+p—2m—Tp=m+n— Gp. 


KEY TO ACADEMIC ALGEBRA [89, 92 


. i. ober ee ae 


73. 1—{1—[#%—8— (222% — 4) + 822+ 1])—-@-—4}-1 
— {1 — [42 — 2 — (2a — 4)] — (@ — 4)} 

—{1— [402 2 — 307 + 4J—27 + 4} 

— (5 — [222 + 2] — 2} 

— (5 — 2a% — 2 — a2) = 8a? — 8. 


74, a— (26+ 5a) —2b—[8a— (6b — 5a) —a]+ 124 
a—2b—5a—2b—[8a—66+4 54a—a]+ 12a 
8a—4b— (Ta — 6) 

8a—4b—Ta+ 6b=a+ 20. 


75. x —{m— [e+ (Bm — 22) + 5a — (2e2+ m)] — 22+ m} 
a—{2m—2uw—[w~+3m—2xvx+ 5a—2x—m)} 

z— {2m —2u—[2e%+ 2m]} 

x— {2m— 2% —2%x— %m} 

a—{—4a} =52. 


76. w«—{ S'e¢—[6a%—(7e— 82 —92z)— 102] + 1lliz}+9z2 
v—{ 5a—[6a—(VTa+ z7)—102]+112}+92 

= 10a — {16a — [62 — 82 — 102]} 

=10%— {162+ 122} 

=10%— 28a2= — 182. 


LC 3 — {ec — [5 — (2e — 7 — 3c — 11) + 5c] — 6c — 20} 
= 3— { — de — 20 — [5 — (2e — 7 + 8c — 11) + 5e}} 
=3—{—5c — 20 — [5 — 5¢+4 18+ 5e}]} 
= 38 — { — 5c — 20 — [28]} 
=3+4+ 6¢4 20 + 23 = 46+ 5e. 


78. u+ {y+ [4ea—(2y—7T2)—3y] —(10¥+42)4+ 8y} 
=a+3y+4u—(2y—Tx)—8y—(10y¥y+42)4 By 
=5@+8y—(2y—72)—(10y+42) 
=d@+ 8y—2y+t7@—10y—4¢27=82—-—4y. 


HL Holl Wt Al 


1 


a 


79. 1 — 2 a eee ee 
=i! _ 1+ a—1)— 1} — {2@—7—5+ 382} 
=1—{1—2%+1—1})—524 12 
= 12 —42. 

FACTORING 
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4, am — an + ma — ne Mi ay — by — ab+ 
=a(m—n) + 2(m —n) = y (a — b) — b(a — d) 
= (a + 2) (m — n). = (y — db) (a — 8). 

5. be ~ bd + cw — dx 8. w—ey—S5e+dy 
=d(e—d) +a(e—d) = 2(v—y) —5(@—y) 
=(0 + #)(¢ =a), = (a — 5) (@— y) 

6. pa — per—rq+re 9. 0? — be + ab — ae 
= p(q—2)—-r(g—2) =b(6= ¢) 4+ w= &) 


= (p — r) (q—2). = (6 + a) (6 —c). 


92, 93] 


10. 


11. 


ee 


18. 


14, 


FACTORING . 27 
a + ay — an — ay 16. «w+ at tay 
=2(e+9)—a@+y) eee ae 
= (e — a) (@ + y). = (@? + 1)(@ + 1). 


—-4ce+ac—4a 
=c(e— 4)+ a(c — 4) 


17: Pry—38y—8 
=#o +) by +0 


= (¢ + a) (e — 4).- (7? — 8)(y + 1 
18. e+ a4 y+ y 
2a—y+ 44% — 2ay = a (a2 + 1) + y (a 4+ 1) 
Saadeh dle = (#8 + y) (a + 1). 
se ae Le 19. 2—-2n—n® +n! 
1—m+n—mn = 2(1 — n) — (1 — n) 
=(1—m) +n(1-- m) = (2 — n*) (1 — n). 
= (1+ n) (1 — m). 20. a%—a4—at ae 
= g—a7e — 
2p+ q+ 6p? + 3 pg ee trea i) 


oe ae = (@ + a) (a — 1). 


=(1+ 3p)(2p+ Q). 


21. 3 a8 — 152+ 10y — 2ary 


ar — rs — ab + bs = 348 — 15a — 2a%y + 10y 
= 7 (a — 8) — b(a—8) = 8a (@ — 5)— 2y(@ — 5) 
= (r — d) (a — 8). = (Ba — 2y) (a — 5). 


12. a8 — 8 ab — 8.04 + 20% = 4a (8.0? — 2d) — a2 (Ba? — 20) 


= (4a — a’) (Ba? — 26) 
= a(4 — a) (3.2 — 20). 


38 m?n — 9 mn? + am — 8an = 8mn(m — 3n) + a(m— 38n) 


= (8 mn + a) (m — 8 n) 


15 ab? — 9 be — 85 ab + 21 bc = 30? (5a — 3c) —Tb(5a — 8c) 


= (302 — 7b) (5a — Be) 
=b(8b —7) (5a — 80). 


16 av + 12ay —8ba—6dby=4a(4u+ 8y)— 2642+ 3y) 


= (4a — 26) (42+ 3y) 
= 2(2a— 0) (4a + 3y). 


a ee ayes ne Ge 


(az — ay + 1) (@ 


eg a ee eS aa, eee 1) 


=(¢—38y—-4Y+ 


es a ree ee a ee Ae 


= (a —b—c)(@— 1). 


Ti le aay RAT Hd eee UD) ag I oh 


(w — y) (m — n — 1). 


a eee a. « Bh mia iyee Nace ea an) 


mp’ 


= (a — b — 2c) (a — 1). 
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aa np? + mq —ng +m — n= pi(m— mM) + g(m—n)+ (m —n) 
= (p? + q+ 1)(m—n). 


ee ee eh 


= (a —x#+ 1)(@a— 


28 KEY TO ACADEMIC ALGEBRA (93, 94, 95 


33. 2 mz? — na®+n+ 2ne—4ma—2m 
— 2 mat — 4ma — 2m — n+2ne+n 
= 2m (22 — 2a —1) —n(a*# — 22-1) 
= (2m — n) (@ — 2a —1). 

34. ba®?§—b—ay—y t+ yr? — ba = ba? + ya? — ba — ay —b—-y 
St fe eae oe (6+ y) 

= (2-2-1) +y). 

35. @e—ay—ay—yt+urt+ar=@x—Wy+ar—ay+@u—-y 
=@@—yta@—y+@e-y 

=(@ +a+1)(@—y). 

36. 2—3) + 8ab—2a+ 4a? — 60% = 2 — 3b — (2a — 38ab) + (4a? — 6a%d) 
= (2 — 30) — a(2 — 8d) + 2a? (2 — 30) 
= (1— a+ 2a?) (2 — 3d). 

37. m+ mn+mnt+n?+tmin=m(mt+n)tn(m+n)t+ (mt n) 
= (m+ n+ 1) (m+n). 
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$8. 2+ 2a(@—y)+ (@—y) 37. 16 —24(@—b)+9(a— bd)? 
=(@+a—y)(@+e-y) =[4-—3(@—4] 4-8-9) 
Pe LO Take = (4— 8a + 80)(4— 8a + 8d). 
34, —4da(a—1)+4(a—12 = 88 + 25(YF — 2 + 102 (y? —2) 
oa D} ta 8 <1) = a2 4 10.2 (y8 — 2) + 25(y8 — ap 
= (a—2a+2)(a—2a+ =a ae 
= (2 — a) (2 — a). = (5 y — 42) (by — 42). 


39. 14a(a—y) + (e@— y)? + 49 a? 


85, —6c(a—0) + 9(a— of = (e—y? + 1dale—9) + 49.0? 


= (e's. Sar e)h Lees ae or =(@—y+ 7a) (@—-y+ 7a). 
esa besa TF 40. 10m(m—4)+ 25m? + (m —4)2 
: = 25m? + 10m (m — 4) + (m— 4)? 
36. m?%+ 2m(m—n) + (m—n)? = [5m + (m— STE at 4)] 
=(m+m—n) (m+ m— vn) = (6 m — 4) (6m 
= (2m — n) (2m — n). Stee bee 
Page 95 
41, (a + 6)? —2(a@ + 5) (6+ c) + (b+ oc)? 


=O Oe ae ee 
=(@+b—b-—c)(a+b—b-—c)=(a—c) (a— oc). 
42. RR hn RRS 
= [a — 2%+4+ 2(2e%—d)] [a — 2a + 2(22— B)] 
=(@— 24+ 4a — 2d) (@— 224 4x — 2B) 
= (@+ 2a — 26) (@+ 2H — 2d). 


43. 16 (a — a) + 88 (a — a) (t + d) + 16 (@ + 8) 
= 16|[(@ — 2? + 2(a — a) (@ + db) + (a + BY] 
=16(@a—w+ 2x4 6) (a—xv2+2+4 Dd) 
= 16(a + 8) (a + 3). 


44, am Piney Neary (3b — 2c) + 4(8b — 2c)? 
= - —2 3d) — 2(8b — 
=e LB 0b + 4a ee oe As a 
= (@~- 86+ 4c) (@a—8b4 40). 


95, 96] - FACTORING 29 


45. (a? + 2+ 1)? +2(a + 1) G+ 241) + @+ I 
=(@+e+1+24+ 1) @+27+14+241) 
= (a + 2u+ 2) (a2 + 2x 4+ 2). 
46. (a+b+ecP?+2a+b—c)(a+b+o/+(a+b—c) 
=(@+b+cec4+a+6b—-c)\(a+b+cec+a+5—- C0) 
= 2(a + b)-2(a + d) 
=4(a + bd) (a + 4). 


47. (x8 — a)? + 2 (a8 — a) (w@ + 1) + (a? + 2e4 1) 
= (a3 — a7)? + 2 (a3 — a?) (@ + 1) + (@ + 1)? 
= (28 — a? 4+ 2+ 1) (2? — a2 +4 + 1). 
11. at— 81 13. at— U4 
= (a? + 9) (a? — 9) = (a? + 0?) (a2 — $2) 
= (a + 9) (2 + 3) (vw — 8). = (a? + 6) (a + db) (a — B). 
12. at—16 14, a6 — o8 
= (a? + 4) (a? — 4) = (a8 + BY (a8 — 04) 
= (@ + 4) (a + 2) (a — 2). = (a8 + D4) (at + 0) (at — 02) 


= (a8+ U4) (at + 0?) (a? +d) (a2—D) 
18. m*— 1674 


= (m? + 4n*) (m? — 4 n?) 
= (m?+4 n*) (m+2 n) (m—2 n). 
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20. 81m*—1 32. 8a5—3a 
= (9 m2 + 1) (9 m? — 1) = 8a (at — 1) 
= (9 m? + 1) (8m + 1)(8m—}). = 38a (a + 1) (a* — 1) 
25. 40022 — 10072 =8a(@+ 1)(a@+ 1)(@—1)). 
= 100 (4a? — 7) 3. 3 2 
= 10024 + 9) @a—y). cg a ane 
26. 2a8 — 208 = a(at+ y) (@ — y). 
= 2(a — 0 ; 
= 2 (at + 04) (a — 4) 34. 5aby — day 
= 2 (at + UA) (a? + 22) (a? — 22 Ae nee f 
= 2(at + BY) (a? + 8) (a +d) (a—D). mys ae on , 
27. 4mt— 464 = Say(? + I)(a+ 1) (@—1). 
= 4(m* — i 36. gin +1 _ gyn 
= 4 (m? + 3?) (m? — = 2 (a — y2r) 
= 4(m? + b?) (m + b) (m — 5). = a (a + y”) (a — y”). 
28. 3at—3y6 38. a2 — (a+ 0 
= 38 (at — ¥) =(a+a+b)(a—a—bd) 
= 8 (a? + y?) (a — 9’). = (2a + b) (— d) 
29. Sat — 5 y0 = —b(2a+4 3d). 


=F NGp eek ie) . B-Qa+ db) 
= 5 (a? + y°) (a — y). x Ge Le day 
30, 820 — 84 (2a + 20) (— 2a) 


“= 8 (a0. yf) —4Aa(a+ 8). 
= = 8 (2 + 2) (ve — y). 40. a®—(b+c)? 
21, es} =(4+b+c)(a—b—c), 
+ 1) (@*—1) 41. 4c?—(b+c)? 


+ 1) (a + 1) (2 — 1) = (2¢ + b+ ¢)(2e—b—e) 
41) (a+ 1) (24-1) (01). =='(b + 8¢) (c — B). 


WoW Au 
Sesr orc 
REE 


30 KEY TO ACADEMIC ALGEBRA [96, 97 


43, 9 @ — (2a —.5)? 48. 
= (84+ 2a —5)(8a—2a+5) a — 3b)? — (a — b)? 


(5 ) 
5a-—5 5 = a = Behe 
mae ioe 56 3b+a—b)(5a—8b—a+0) 
=4 


a— 
(3a — 20)-2(2a —B) 

44, at — (3a — 2y/) (3a — 26) (2a — d). 

= (#748022 y) (2? —322+2y) 

= 2(2a2 — y)-2(y — 2) 49, 

= 4(22? — y) (y — 2). (22 + 5)? — (5 — 82) 
45. 49 a2 — (5a — 40)? = (2@+54+5—82) (22+5—5+32) 

= (Ta+5a—40)(7a—5a+4d) = (10-2) Ge) =52(10 — 2). 

= 4 (3a — b):2(a + 23) 

= 8(8a — b) (a+ 20d). 50. 
47 (a — 2b)? — (a — 5)? 


(Qa +302 — (a+ dP = (a — 20+ a—5)(@—2d—a+d) 
Qa+3b+a+b)2a+3b—a—b) =(2a—2b5—5)(5— 2d). 
(8a + 45) (a + 20). 
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51. (2@— 3y)?— (by + 2? 
=2¢—8y+3y+22e2-3y—38y—-2 
= (2a + 2) (2a — 6y — 2). 
52. (56 — 4c)? — (Ba — 2c)? 
= (5b —4c¢+ 8a — 2c) (5b —4c — 8a +4 20¢) 
= (5b — 6¢ + Ba) (5b — 2c — 8a). 
53. (4a —3y)? — (2a — 3a)? 
=(4@—3y+ 2@-—8a)(4e—38y—22r+4 8a) 
=3(2a@—y—a)2a—s3y-+ 8a). 
54, ee (4a —3y) 
=(9%+ 6y+4a—S3y)9x+ By—424 By) 
= (18a + 3y)(5@ +94). 
55. (v8 + a)? — (2a+ 2)? 
= (a + a + 2a + 2) (w+ 2? — 2a — 2) 
= [a (@ +1) + 2(@+4+ 1) [e®@+ 1) —2@+)] 
= (@ + 2)@+ 1)@— 2)@+ 1). 
56, (a+ 6+ c)?—(a—b—c) 
=(@+b+c+a—b—c)\(@+b+e—a+bd+0) 
=e 8a: 26+ ¢c)=—4a(b+ 0). 
59. a? — 2ae@ + 22 — n? 63. 
== (Oise) te = 
=(@—ew+n)(a—a—.n). = 
60. 0? + 2by + y? — n2 = 


9 ab — 6 ab? + b8 — 4 dc? 
b(9 a? — Bab + 0? — 4c?) 
b[(8a — dP — (2e)] 

b(8a—b+4+ 2c) Ba—b—e). 


= (b+ yP—n 64. 4a + 12abe + 9 D% — 403. 
=O+y+n)(b+y—n). =c(4a2 + 124) + 90? — 42) 

61. 1—4¢4+4@-a@ =c[(2a + 3b) — (2¢)?] 
= (1 — 29)? — a = 6 (2 4+36+42¢) (2a438b— Qe). 


= (129+ a)(1—29—a). 65. Ba%y—1 
: — 12 2y2+ 1248 

62. r— 2re+a2— 162 Preis 
= (r — a)? — (41)? =sy[@—2y)? — (a%)?] 
=(r7—a+ 4t)(7—a@— 42). = 8y(@—2y+a8) (w—2 y—24). 


\ 


97, 99] FACTORING 31 


66, 4an4*— 16 a?n?4+16a3—4an® 71, a? — ae — 402 — dade 
= 4a (nt — 4an? + 4a? — n') = @ (a — a? — 4ab — 422) 
= 4a [(n? — 2.4)? — (n8)?] = @[2? = (a + 20) 
= 4a(n?—2a+n3)(n?@—2a—n’), =U(@+ a+ 2b) (a@—a — 25) 
20) goh) = pa 
617. Gt gtr 119 ap 72. Ne ee = 68 Gas 
= 6(c? — 9 a* — 6 abd — 32) 
=  — (a? + 2ab + 32) SM pelee: 2 
Oe By = b[e — Ba + 0)?] 
= GU = (G+ 8a +b) (63a —2), 
ae ’ 73. ab? — 4a® — 12 a? — 9ae 
68. b2 — a — y+ Qay = a (0? — 4a? — 12. ac — 9c?) 
= 2 — (a2 — 2ay + 9?) = a[P — (2a + 8e)?] 
= 2 — (x — y)? = 4(b+2a+38c) (b—2a-8 0). 
=(6+2—-—y)(6—a+y). 74, 27 ce? — 12 a? + 36 ad — 272 
: = 3 (9c — 4a? + 12 ab — 9 02) 
69. 4 — af — oP — 2oy = 8[ (80? — Qa — 3d)] 
= coe M cee +e") = 3 (8¢+4 2a—35) (3 e—2a+8d). 
Bes Me eae 75. @—2ab+R—8242%cd—-@ 
=(2e+a+y)(2c—2—y). Si C 
70. 9c? — a — 2 + Qay = (a—b+e—d) (a—b—c+d). 
= 9c — (a? — 2ay + y?) Ss x? — 2ay +y? —m2+10 m—25 
= (3 6) “(p= yy Sa ae eg 
=(8¢+e—y)(Bc—2x+4+y). = (w@—y+m—5S) (a—y —m+5) 
“lie 78. 
4a?+9—122%+10 mn —m2—25 n2 a — a+ oy? — 024 2Qay — 2ab 
= 4a —12 +9 —m*+10 mn — 25 n?2 =a + 2ayt+ 42 — a? —2ad— PB 
= (2a — 38) — (m— 5 n)? = (0+ y — (a + oP 
= (2a—3+m—5Hn)(2e—-3—m+5n) =(@a+y+tat b+)(@+y—a—Dd), 
. Page 99 
18. +60? =(+ 2a) x (+84) and + 5a =(+ 2a) + (4+ 8a); 
+ 5ax+ 6a? = (4 + 2a) (w@ + 8a). 
19. +5a?=(—a) x (— 5a) and (— a) + (— 5a) = — 6a; 
“. @ — 6ax + 5a? = (a — a) (x — 5). 
20. — 120? = (+ 25) x (— 66) and —- 4b =(+ 28) + (— 60); 
 y — 4 by — 120? = (y + 2b) (y — 6d). 
21. — 28n? = (+ 4n) x (—7n) and — 8n =(+ 4n) + (— Tn); 
“PP —dsny — Bn? = (y+ 4n) (y—T7n). 
22. — 2a*n? = (+ an) x (— 2an) and — an = (+ an) + (— 2an); 
“. 2 — ane — 2.a?n? = (2 + an) (¢— 2an). 
23. + 90c? = (+ 9c) x (+ 10c) and + 19¢ = (+ 9c) + (+ 100); 
*. a + 19 cx? + 90 c? = (2? + 9c) (22 + 100). 
24, + 20a%=(+ 2a) x (+ 10a) and + 12@=(+ 2a) + (4+ 10a); | 
; “. 2 + 12.428 + 20 a% = (a8 + 2a) (a? + 104). 
25. + 244 = (— 3 8?) x (— 80?) and — 112 = (— 38%) + (- 82); 
-. @0 — 11 ba + 24 b4 = (x — 3d?) (2 — 802). 
26. 5 na? — 5d nav + 150 = 5m (a? — 112 + 80) 
=5n(e@ — 5) (a — 6). 
27. 3 a*ba® — 3 arbx — 6 a% = 8 wd (a? — a — 2) 


= 8 a% (x + 1) (@ — 2). 


82 KEY TO ACADEMIC ALGEBRA [99, 101 


28. 12 m2? — 60 mbar + 72 mb? = 12 m? (a? — 5 ba + 6 6) 
= 12 m? (x — 2b) (« — 3 4). 


29. 4ax+ 2aa* — 48a = 2a (a? + 2a — 24) 
= 2a(a — 4) (@ + 6). 


80. llate— 55ax+ 662 = 112(a — 5a + 6) 
=1la(a — 2) (a—8). 


31. 20d¢ + 1022 — 6802? = 10 (2? + 2 ba — 68 a?) 
= 10(0—72) (0+ 92). 


82. —ab=(+d) x (— a) and 6—a=(+ 6)+(—@); 
“. a2 + (b— a) % — ab = (@ + BD) (@ — a). 
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5. First factor, try2¢+ 1,2¢— 1, 27+3,2¢—3, 2745, 227-5. 
Second factor, try «w—15, +15, w—5, r+5, 2-3, #43. 


Products, 2d terms, — 292, +292, —72, +72, — 2, + 2. 
“. 2024 a@— 15 = (2a — 5) (@ + 8). 


6. 9a? — 427 +4 40 = (82)? — 14 (8 2)+ 40 
Put m for 32, = m— 14m-+ 40 
= (m — 4) (m — 10) 

Put 32 for m, = (82 — 4) (8a — 10). 

7, First factor, try Sa+1, 52+2 5243,... 
Second factor, try a+ 6, a+ 3, Le Eee 
Products, 2d terms, +810, +¥1%@, + 182,.. | 

. 5224+ 18¢+6= (52 +4 8) (@ + 2). 

8. First factor, try 8a2— 1, 8a—-—2,... 

Second factor, try a—10, w—5d,... 

Products, 2d terms, —3laz, —1%2,... 


“ 8a2—17@ + 10 = (3a — 2) (ew — 5). 


9. 2a2+ 157+ 2= (52)? + 8(52)4+2 
Put m for 52, =m+38m+2 

= (m + 1) (m+ 2) 
Put 52 for m, = (5a + 1) (5a + 2). 
10. 16 22 + 202 — 66 = (42)? + 5 (42) — 66 
Put m for 42, = m+ 5m — 66 

= (m — 6) (m + 11) 
Put 42 for m, = (4a — 6) (4a +4 11) 

= 2(2@— 8) (4a +4 11). 
11. 36 22 — 48% — 20 = 4 (9 a2 — 122 — 5) 
Put m for 3 2, = 4(m? — 4m — 5) 

= 4(m + 1) (m — 5) 
Put 3 2 for m, = 4(3@+4 1) (8a —5). 


12, Since ./92®, or 82, is not exactly contained in 482, the factors of 
92? are not 32 and 82, and hence are 92 and 2. 


First factor, try 9z2z— 1,: 9e%—2,.,.. 
Second factor, try z+ 10, a+5,... 
Products, 2d terms, +89a + 482, 


902+ Be—-10=(92—2%(@+5). 


101] ' FACTORING 33 


18. 25 a2 + 26a — 24 = (Ba)? +. 5(5 a) ~ 24 
Put m for 5 2, = m+ 5m — 24 

= (m — 8) (m + 8) 
Put 52 for m, = (5a —3) (50+ 8). 
14, 49 2 — 42a — 55 = (7 a)? — 6 (7 a) — 55 
Put m for 7 2, = m* — 6m — 55 


= (m + 5) (m — 11) 
Put 72 for m, = (7a + 5d) (7x — 11). 


15. 16.2? + 50% — 91 = ES + Be — 84 82)? + 25 (8 2)— 84 
4 
= G23) 8u+ 28 = (8a — 3) (22+ 7). 


16. DORR ec Sie 
Put m for 2 2, =m —2m—3 
nes (ee 
Put 2 for m, = (2a + 5) (2a — 7). 
1”. Oat — 1002 — 16 = ROS — TE _ Ooi? — 1019 08) — 1 


= GPa WO +S — 2) 00+ 8) 


18. 87 — 82 14 SE IBM 2 _ (OP — 19) — 40 
anne} B 
= GPO OF) gr+H7@R-7, 


19. 10 2 — 228 — 44 = 2 (52% — a8 — 22). 

To factor 5 2° — #8 — 22, try 5 a — 22,503 — 11,. 
multiplied by gt Ay ae Ow, 

Product, 2d terms, — 17 23, —z,.., 


*, 1026 — 2.23 — 44 = 2 (a3 + 2) (5 2 — 11). 
20. First factor, try 22+y, 2+ 2y. 


Second factor, try a+ 2y, 2 : At 
Products, 2d terms, + Say Y. 
52 a + 5ay+2y= ee) ae BL 
21, First factor, try 2a+y, 2e—y. 
Second factor, try B= 2Y, . wt ry. 
Products, 2d terms, — 8 ay. + 8 ay. 
. 2a24+ 8ay—-2yY= Bey (w@+ ae 
22. First factor, try 8a—y, B8a-—3y, 
Second factor, try 2—3 " v— Y. 
Products, 2d terms, 102 — 6 zy. 


. da — 10ay + 39 = eae (w—3y). 


oer a _ (62 — 11 dale) 
_(@2410(62— 2) _ 2 (G2 +5)-8 (2 — 7) 


re 6 
(Ba + 5) 20 — 


23. 6a2— 112-3 


i 


Key Acad. Alg.—3 


24. 6a% —- 1874+ 6= 
_ (6% —4) (6a—9) 


36 2? — 78 a + 36 
6 


ae 
i — 
25. 1522 —14¢%—8= 225 x 2102 120 


_ (de + 6) (15. — 20)_ 
15 
= (54+ 2)(8e — 4). 
225 a? + ae — 60 


(5910522 0) _ 


I} 


26. 15224 1%@—4= 


KEY TO ACADEMIC ALGEBRA 
_ (6a)? — 13(6 2) + 86 
Orne . 
_ 2(84— 2)-8 (24 — 8) 
6 
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_ (15 2) Bea! 


Sho 2 ah 5 (82— 4) 
15 


_ (15 2)? + 17 (15 2) — 60 


15 
3 (52 — 1)-5 (82 + 4) 


28. 18 22 — 8a” — 36 = — 


S 128, 
Sg 132, 133, 


15 
= (6a— if ae 4). 


21 at —a —10 — SG = 21 a — 210 _ (21 a)? — 1(21 a) — 210 


21 21 
\ ~@la+14)Qla—15)_ 7 Ba + 2)-3 (7a — 5d) 


21 21 
= (8a + 2) (7a— B). 
WE RSS = UZ es 


_ W218) (6a — 9) Bere. 3 (2 z — 3) 
2 
=3(8a+ HQe—8). 
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af — of = (a8)? — (99) 
= (2° + 9°) (28 — 99) 
= (@+ y) (@ — ay + YP) (@— y) (2 + ey + y?). 
a — 1 = (#8)? — (1)2 
= (a8 + 1) (a — 1), or (a + 18) (a8 — 18) 
= (e+ 1)(@—2@+4+1)(@@—1)@?+ 2+ 1). 


4. § 128, aS — 8 = (at + b4) (at — Ot) 
128, = (at + b4) (a2 + B®) (a? — 22 
128, = (a + 5B) (a + 0?) (a + 8) (a — 0). 
5. § 128, at — 16 = (a? + 4) (2? — 
§ 128, = (a + 4) (@ + 2) (w — 2). 
a = 128, a — 81 = (a? + 9) (a2 — 9) 
§ 12 = (a + 9) (x + 8) (w — 8). 
7. s 128, at — 625 = (a? + 25) (a? — 25) 
§ 128 = (a? + 25) (@ + 5) (a — 5). 
8. 1 — 06 = (1)? — (88/2 
ae ae (1 — 68), or (13 + 38) (18 — 88 
Be 18 132, 133, =(1+ md —bd 2 b2) ti aa tes d ey 
9. 64 ~ 9 = (8)? 


§ 128, 
SS 132, 133, 


=18 WB — 99, or 3) (28 
=2+y4—2y¥+ ¥)(2 Ces $4 ¥). 
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10. 
§ 128, 


18. 
§ 132, 


23. 
§ 182, 


24. § 128, 
§ 132, 


25. § 128, 
§ 133, 


26. 
§ 188, 

27. § 123, 
§ 128, 


28. - 
§ 182, 


8. 
Substituting 1 for z, 


FACTORING 


1 — a8 = 12 — (a4)? 

= (1 + a4) (1 — at) 

= (1 + at) (1+ 2%) (1-2 

= (1 + a4) (1 + a?) (1 + 2) (1 — a). 
7S 4 g6 — (72)8 4 (52)8 

= (77 + 87) (rt — 7262 +4 58), ¢ 
1 + 26 = (1)8 + (22)3 

= (1 + 2?) — a? + at), 
a(1 + a5), or 2 (15 + 25) 
w(1+2)(1—2@ + a? — 23 + ac). 


32 n — n& = n (82 — n°), or n (25 — nb 


x + 28 


=n(2—n) (164+ 8n+4n? + 2n8 + nf), 


m3 — x® = (m)® — (x2)8 
= (m — 2?) (m? + ma? + zt), 


“4 — bt — (1 — a 
= (1+ a)(1 — a). 


125 + a8 = 53 + a8 

= (5 + @) (25 — 5a + ad). 
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we — 9a + 23a —15 


and x — 92? + 23a — 15 = (@ — 1) (a — 8a + 15) 


35 


=1—9+ 23—15=0; ..2—1 is a factor, 


§ 180, =: = (w — 1) (@@ — 8) (@ — 5). 
9. wW— 1842+ 47a — 35 
Substituting 1 for a, =1-—13+4 47—35=0; .. ¢—1isa factor, 


and = a8 — 18 22 + 47 @ — 85 = (x — 1) (a? — 12a + 35) 


§ 130, = (@ — 1) @ — 5) (@ — 7). 
10. a — 1442 + 85a” — 22 
Substituting 1 for 2, =1—14+ 85 — 22=0; ..c@+1lisa factor, 


and a — 142? + 85a” — 22 = (a — 1) (ae — 18 @ + 22) 


§ 130, = (a — 1) (@ — 2) (w — 11). 

il ve —4a%—Tax+ 10 

Substituting 1 for z, =1—4—7+4+10=0; .. 2 —1isa factor, 
and vs — 492 — Ta + 10 = (a — 1) (2 — 3a — 10) 
§ 180, = (@ — 1) @ + 2) (@ — 5). 

12. xv — 642 — 9x7 + 14 

Substituting 1 for 2, =1-—6-—-9+4+14=0; .. #—1isa factor, 
and 2 —622?-—92+ 14 = (@ — 1) (@ — 5a — 14) 
§ 130, = (@—1)(@+ 2) (@— 7%). 


13. 
Substituting 1 for 2, 


a — 12a?+ 412 — 30 


and z — 122? + 41 2 — 30 = (w — 1) (a? — 11 @ + 30) 


=1—12+41-—30=0; ..2 —1isa factor, 


§ 1380, = (@ — 1) (w — 5) (w — 8). 
Pe a — 1102+ 81¢— 21 

Substituting 1 for z, == 1-11 +4 81—21=0; ...2—1 is a factor, 
and 28 — 11@2 + 81a — 21 = (@ — 1) (@ — 10% +21) 


$ 130, 


= (@ — 1) (w@ — 3) @ — 7). 
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15. x8 — 10 a? + 29 @ — 20 

Substituting 1 for 2, —1—10+ 29—20=0; ..¢@—1isa factor, 
and a — 10a? + 29 a —20 = (w — 1) (a? — 9a + 20) 
§ 180, =@-)@—4 @— 5). 

16. 2 — 162? + 712 — 56 

Substituting 1 for a, —1—16+ 71 —56=0; ...%—1isa factor, 
and 2 — 16a? + 71a — 56 = (a — 1) (2 — 152 + 56) 
§ 180, = (a — 1) (@ — 7) @ — 8). 

17. 2 — 57a + 56 

Substituting 1 for z, —1—57+56=0; ...2—1is a factor, 
and x — 61a + 56 = (2 — 1) (a? + w — 56) 
§ 130, = (e@—1)(e—1 @ + 8). 

18, vw — 212+ 20 

Substituting 1 for 2, —1-— 21 + 20=0; ... ¢—1 is a factor, 
and a — 21a” + 20 = (x — 1) (a? + @ — 20) 
8 130, = (w — 1) («@— 4) (w+ 5). 

19. 28 — 31a” — 30 

Substituting — 1 for 2, =—1+ 31 — 380=0; . @ +1 is a factor, 
and x — 317 —~ 30 = (w+ 1) (® — a — 30 
§ 180, = (a+ 1) (w+ 5) (@— 6). 

20. w—18x%+ 12 

Substituting 1 for 2, =1—134+12=0; «. «—1isa factor, 
and wv —13a@+4 12 = (@ — 1) (2 + 2 — 12) 
§ 180, = (w — 1) (w — 8) (@4+ 4). 

21. a—T2+6 

Substituting 1 for 2, =1-—7+6=0; ..2—1isa factor, 
and ve — Ta + 6 = (# — 1) (22+ #— 6) 
§ 180, = (@ — 1) (w — 2) (#4 38). 

22. ' xv — 192+ 30 

Substituting 2 for 2, = 8 — 88 + 80 = 0; .°. a — 2is a factor, 
and z — 192+ 80 = (a — 2) (22 + 2a — 15) 
§ 1380, = (@ — 2) (w — 8) (@ + 5). 

cat aoe xv — 67 a — 126 

Substituting — 2 for 2, = —8+4 1384—126=0; .-. e+ 2 is a factor, 
and x8 — 67 @ — 126 = (@ + 2) (a2 — 2a — 63) 

= (@ + 2) (w+ 7) (@ — 9). 

OS Ok sy Ie xv — 392 — 70 

Substituting — 2 for 2, =—8+78—70=0; «. 24+ 2 is a factor, 
and x — 392 — 70 = (w + 2) (2? — 2a — 35) 
§ 1380, = (@ + 2) (@ + 5) (w — 7). 

20a Ne a&+ 4a2— 11a —380 

Substituting — 2fora, = —8+ 16 + 22—30=0; ..a+42 isa factor, 
and a§+ 4a? — 11a — 30 = (a + 2) (a? + 2a — 15) 
§ 180, = (a + 2) (a — 8) (a + 5). 

26. a+ 9a2+ 6a 4+ 24 


Substituting — 2fora, = —8+ 36— 524 24=—0: .. a4 2isa fact 
and a® + 9a? + 6a+%=(a+2%)(a2+%a+4+12) he 
§ 180, = (4+ 2)(a+ 8) (a + 4). 
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m?> — 6 m2? — m + 30 
— 8— 24+ 24 30=0; ..m+2is a factor, 


27, 
Substituting — 2 for m, 
m + 2) (m* — 8m + 15) 


and m?— 6m? — m+ 30 


§ 180, = (m + 2) (m — 8) (m— 5). 
28. b? — 5 02 — 296 + 105 
Substituting 3 for 8, = 27 — 45 — 87 + 105 = 0; ». b— 3 is a factor, 
and 03 — 52? — 296+ 105 = (6 — 8) (0? — 2b — 35) 
§ 180, = (b — 8) (b + 5) (0 — 7). 
29. a + 10a?— 17a — 66 
Substituting —2fora, = —8+40+ 34—66=0; ..a@+2 is a factor, 
and a+ 10a? — 17a — 66 = (a + 2) (a? + 8a — 38) 
§ 130, = (a + 2) (@ — 8) (a + 11). 
30. m + 7m + 2m — 40 
Substituting 2 for m, =—8 + 28+ 4—40=0; .. m — 2is a factor, 
and m3 + 7m? + 2m — 40 = (m — 2) (m2 + 9m + 20) 
§ 130, = (m — 2) (m + 4) (m + 5).. 
31. 63 + 160? + 738d + 90 
Substituting — 2ford, “= —8 + 64— 146+90=0; «b+ 2is a factor, 
and 0? + 1622 + 730 + 90 = (6 4+ 2) (0? + 140 4+ 45) 
§ 130, = (b + 2) (6 + 5) (0 + 9). 
32. n® + 122+ 41 + 42 
Substituting — 2 for 2, = —8 + 48 — §2 + 42 =0; n+ 2isa factor, 
and =n? + 122+ 41” + 42 = (n + 2) (n? + 10” + 21) 
§ 180, = (n + 2) (n+ 8) (nm + 7). 
33. at — 1522+ 10% + 24 
Substituting — 1 for 2, =1—15—10+ 244=0. 
Substituting 2 for 2, = 16— 60 + 204 24=0. 
Hence, # + 1 and z — 2 are factors. 
. a — 15 22 + 10 2 + 24 = (w + 1) (@ — 2) (2 + & — 12) 
§ 1380, = (@ + 1) (w — 2) (v@ — 8) (@ + 4). 
34, at — 2522 + 602 — 36 
Substituting 1 for z, = 1— 25+ 60 — 36=0. 
Substituting 2 for 2, = 16 — 100 + 120 — 36=0. 
Hence, x — 1 and 2 — 2 are factors. 
, at — 26 a + 60 a — 36 = (w— 1) (@ — 2) (a2 + 8a — 18) 
§ 130, = (w — 1) (a — 2) (w — 8) (@ + 6). 
35. a+ 18 22 — 54a + 40 
Substituting 1 for 2, =14138-—54+4+ 40=0. 
Substituting 2 for 2, = 16 + 52— 108+ 40=09. 


Hence, w — 1 and @ — 2 are factors. 
gt +1802 — 54a + 40 = (w — 1) (w@ — 2) (@? + 8a +4 20). 


36. at +,22 a2 + 27a — 50 
Substituting 1 for 2, = 14 224 27-50=—0. 
Substituting — 2 for 2, = 16 + 88 — 54 — 50=0. 


Hence, # — 1 and z + 2 are factors. 
ae at + 22 a2 + 27 @ — 50 = (ew — 1) (w+ 2) (@* — w+ 2B). 


37. at — 9 ay? — 4 ay? + 1244 
Substituting y for 2, =y—9y—4y4+ 12y7=0. 
Substituting —2yforz, = 1644 — 8644 + By + 124 =0. 


Hence, « — y and z + 2y are factors. 
o. A—9 aypP—Aayr+12 yt = (@ — y) (@ + 2y) (a? — xy — 69) , 
§ 130, = (e@—y) (e+ 2y) (w@t+2y) (@— By). 
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38. at — 9 wy? + gE as a 
Substituting y for z, © =y—9y+ Ry-—4yY7= 
Substituting 2 y for 2, SNe ie Ee ae 


ea “«—yand # — ay are factors. 
. H—9 242 +12 ay8—4 yt = (x —y) (w@— 2y) (2 + Bay — 2y’). 


39. eae ie tat 
Substituting 1 for z, =1—1-—74+1+6=0. 
Substituting — 1 for z, =14+1-—-7-1+6=0. 


Hence, z —1and2-+ 1 are factors. 
a — a8 — Ta? + 2+ 6 = (x — 1) (@ + 1) (2? — 2 — 6) 


§ 180, = (@ — 1) (w@ + 1) (@ + 2) @ — 3). 
40. a — 923 + 2127+ 2— 30 
Substituting — 1 for 2, =14+9+ 21 —1—30—0. 
Substituting 2 for 2, = 16— 72+ 844+ 2—30=0. 
Hence, z+ 1and z — 2 are factors. 

. 89 23421 Bite 30 = (@ + 1) (@ — 2) (P — 8a + 15) 

§ 130, = (w + 1) (@ — 2) (a — 8) (@ — 5). 
41. z+ 8a8 + 1422 —8a— 15 
Substituting 1 for 2, =—-1+8+414-—8-—15=0. 
Substituting — 1 for a, =1-—8+144+8-—15=0. 


Hence, z — 1 and z + 1 are factors. 
*, at+8234 1422—8a—15 = (@ — 1) (ew + 1) (22 + Sa + 15) 


§ 1380, = (w — 1) (@ + 1) (@ + 8) @ + 9). 
42. xv —4at+ 192? — 2824 12 
Substituting 1 for z, =1-—4+ 19 — 28+12=0. 
Substituting 2 for 2, = 32 — 64+ 76 — 564+ 12=0. 
Hence, z—1 and w—2 are factors. Removing these factors by division, 
the quotient is e—2—d-2 re 6. 


Substituting 2 for 2, a —2—5%4+6=8—4—10+6=0. 
Hence, 2 —2 is a factor of 23 — 22 — 52+ 6, and the other factor is 
a4 a — 3. 
“. a —4Aat4 1922-28 a+412= (a — 1) (@ — 2) (@ — 2) (2? + a — 8). 


48, x — 1825 + 3022 — 192 + 30 
Substituting 2 for z, = 32 — 144+ 120 — 38 + 380=0. 
Substituting 3 for 2, = 243 — 486 + 270 — 57 + 380=0. 


Hence, x — 2 and a —8 are factors. Removing these factors by division, 
the remaining factor is found to be 23 + 5224 24 5. 
e+ 5a?+a+4+5=a2(@+ 5)+1(@+4+ 5) 
= (a2 + 1) (@ + 5). 
*. a —1895+ 302?—192+430= (w — 2) (w — 8) (a + 1) (2 + 5). 


44, av — 10 a* + 40 23 — 80 22 + 80 a — 382 

Substituting 2 for 2, = 32 — 160 + 820 — 320 + 160 — 82 = 0. 

Hence, a — 2 is afactor. Removing this factor by division, the quotient 
is xt — §a8+ 2402 — 3224 16. 

Substituting 2 for 2, = 16 — 64+ 96 — 64+ 16=0. 

Hence, z — 2 isa factor. Removing this factor by division, the quotient 
is 8 — 622+ 12a — 8. 

Substituting 2 for 2, = 8 — 24+ 24—8=0. 


Hence, x — 2 is a factor, and the other factor is 22 — 4~ + 4, which is 
equal to @ — fe (vw — 2 


). 
. a — 1024 + 40 2% — 80 2+ 80 a—32=(x—2) (vx—2) (w9—2) (a—2) (w@—2). 
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2. 9a? + 49? + 2522 — 12 2y + 80 az — 20 y @ 
Sol. ex. 1, = (82)? + (= hie are 24) +2(82) (52)+2(—29)(52) 
§ 95, =(8%—2y+ 52) (8x —2 52). 
3. 25 BO GD — 10 mp 4 2p 
Sol. ex. 1, = (5 a Yes Poy es (— pP + 2 (Gm) (— 6n) + 2(5 m) (— p) 
+ —— end 
§ 95, = (5m — 6n — p) (5m — 6n — p). 
4, a + 1624 + 36 y? — 8 aa? + 12ay — 48 ary 
Sol. ex. 1, = (a)? + (—422)? + 


A ee ACL Nae —4.28)+2(a) (6y)+2(—40% (64) 
§ 95, = (a@— 422 + 6y) (@ — 422 + 6y). 


5. w+ 4ar?+ P+ y+ daw — 2 ba + 2ay—4ab+ day — 2 by 


Sol. ex. 1, = (a)? + (2 a)? + (— 6)? + (y)? + 2 (a) (2a) + i) (— 6) + * (a) w 
+ 2 (2a) (— ) tO Ge 2(— d)(y) 
§ 95, =(@+2a—b+y) w+ 2a—d+y). 


6. (es a ee 
Sol. ex. 1, = (m)? + (— 2n)? + + (= ay + (BP + 2 (m) (— 2 n) + + 2 (m) (— 
+ 2(m) (8) + 2(— 2 ye ss pe a) (8) 


§ 95, = (m— 2n—a + 8) (m—2n — 
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4. a+ 227? + yt 
= gt ra ge ei 
= (@ + y?)? — (ay) 
= (@ + ay + y?) (x? — ay + ¥). 
by a8 + att + 08 
= a& + 2a4dt + 08 — abt 
= (at + 04)? — (a202)2 
= (a4 + ab? + 64) (at — ab? + 54) 
Japega le = (a7 + ab + 0?) (a? — ab + 0?) (at — a8? + b4), 
6. 10. 
44 p2g2 4 gf 25 at — 29 a%y? + 4 yt 
Pee ag 2 a pte = 25 2 + 20 aty? + yt — 49 ary? 


= (p27 9°)? — (pe)? 

= (p* + pq + 9°) (p— pa'+ 9°): 
7. 

9 at + 20 ay? + 1674 

9 at + 24 ay? + 164" — 4 ay? 


= (Ba? + 47)? — Qay? 

= (3 a+ 2ay+4y*) (822—2ay+4y?). 
8, 

4a* + 11 ab? + 9 dt 

= 4at + 12 ab? + 9 bt — a??? 

= (2a? + 82%)? — (ab? 

= (2 a7 + ab+ 3 6?) (2 a* — ab + 36°). 
9, 


16 at — 17 aa? + at 
= 16 a4 + 8 aa? + a4 — 25 aa? 
= (4a? + 5av+ 2) (4a? —5ar+ 2”) 
= (4a4+ 2) (a+ 2) (4a —2) (a — 2). 


= (5 2?+ Tay+2y*) (522— Tay+2y?) 
= (5a+2y) a bas 2y) (@—y). 


12, 
ne+nt+1 
= 78 + 2n*+ 1 — nt 
= (nt + 1)? — (n?2 
= (nt + nm? + 1) (nt — nm? + 1 
= (n?+n+1) (n?@—n+1) (nt—n? +1). 
13. 
1624 + 49%? + 4 
= 16 2 + 8 a2 + yt — 4 7292 - 
= (42% + 92) — 2 2y)2 
= (42? + 2ay+ y?) (4a? —2ay+y/), 


40 


14. 
b+ — 21 ab? + 36 
= atbt — 12 ab? + 86 — 9 ab? 
= (ab? — 6)? — (3 ab)? 
= (ab? + 3 ab — 6) (a0? — 
16. 
25 at — 14 a2b4 + 08 
= 25 at — 10 a2d* + 8 — 
= (5 a? — 04)? — (2 ab?) 
= (5 a2+2 ab? —B) (5 a 
18. 


4 a?b* 


64 
16 02 + 64 — 1602 
vr — (48) 

4b + 8) (2 —45 + 8). 


20. 


= (m* + 2)? — (2 m?)? 
= (m* + ona 2) eG 2m? + 2). 


KEY TO ACADEMIC ALGEBRA 


3 ab — 6). 


— 2 ab?— 6%). 


[107 


15. 
cedex? + dat 
2 c2d22? + dtat — c?d?a? 
#22)? — (edz)? 
cda + d?2) (c? — cdx + d?2?). 
17, 

9 at + 26 ab? + 25 Ot 
= 9at + 80 ad? + 25 t — 
= (8 a? + 5 0%)? — (2 ab)? 

= (8 a2+2a0+52) (3 @—2a0+5 0). 


he 
=e+ 
= es 
= ae 


ct 
cA 
( 
(e 


4 ab? 


19. 
at*+ 454 
=at+ 4070? + 404 — 4070? 
= (a? + 202)? — (2 ad)? 
= (a2 + 2ab+ 207) (@—2ab+ 26). 
21. 
at + 324 
= a + 36 a? + 324 — 36 a? 
= (a? + 18)? — (6 a)? 


= (a? + 6a + 18) (@® — 6a + 18). 


22. — 16 
= tat + 4) (at — 4) 
= (at + 4a? + 4— 4a?) (at — 4) 
= [(a? + 2)? — (2 @)?] (a* + 2) (a — 2) 
= (a2 + 2a + 2) (a — 2a + 2) (a* + 2) (a? — 2). 
23. m> + 4 mnt 
= m(m*t + 4n4) 
= m(m* + 4m2n? + 4n* — 4 m?n?) 
= m|(m? + 2 x7)? — (2 mn)?] 
} = m(m? + 2mn + 2 n?) (m? — 2mn + 2 n?). 
24, a+ 64y4 
= av + 16 229? + 64 y* — 16 zy? 
= (02 + 8y?)* — (Lay? 
= (a2 + 4ey4+ 8y?) (@—4a2y + 8y?). 
25. 4at+ 81 26. ay? + 4 xy? 
= 4at + 86a? + 81 — 36a? = xy” (at + 4) 
= (2a? + 9)? — (6a)? = vy? (x* + 422 + 4 — 422) 
= (2a2+ 6a+4 9) (2a%—6a+4 9). = ay? [(a? + 2)? — (2 2)?] 


= ay? (a? + 2.2 + 2) (2? — 224 2Q). 
3. 
— 6ay + 9y? + 6az—18 yz + 5e? 
Sans 6z2(@—B8y)+2-52 
= (a —8y+2) (@e—8y+ 52). 


2, 
a?#+2ab+ 02+ 8ac+ 8 be +15 c? 
=(a+ db? +8c(a+ d)+ 8e-5c¢ 
=(a@+6+ 8c) (a+ 6+ Bo). 
4, 


m? +n? —2mn+ Tt mp — 7 np — 80 p? 
SO ee ee 
=(m—n—3p)(m—n + 10p). 

5. 16 n?2 + 55 — 64n —16m + m2 4+ 8mn 


m2 +8mn + 16 n? — 16m — 64n + 55 
(m+ 4n)? — 16(m + 47) + (— 5) (— 11) 
(m+ 4n — 5) (m+ 4n— 11). 


Hell tl 


107, 108] ~ FACTORING 41 


6. 9m* + hk? — 30 + 89 m2 + 13% + 6 mk 
= 9 mi + 6 meh + ki + 39m? + 18% — 30 
ie ee) 
= (8 m? + k — 2) (8m? + k + 15). 

i {s 25a? + y? + 10.2? + 10 ay — 85 ax — Tay 
= 2a? + lay + y? — 85 ax — Tay + 102 
=(5a+ y?—Te(5a+y) + (— 22) (— 52) 
=(5a+y—22)(5a+ y— 52). 

8. 427+ y2>—62—4ay + 2a2-— yz 
= 4a? — day + p+ 2a — ye— 62 
ee ek ea eee) 
= (2a — y— 22) (2e@—y+ 32). 

9. a? + 02+ c+ 2ab+ 2ac+ 2bc+ 5a+ 5b6+5c4+6 
(@+6+c?+5(a@+b+c)+ 2-3 

(a+b+c4+2)(@a+b+6¢+4 8). 


Page 108 
3. P12 4 DeE— HS y4 DW +HOLD. 
4, 1 — 2 = (1 + 24) (1 — at) = (1 + a4) (1 + 2) (1+ 2) (1 — 2). 


5. #0 — 1 = (25 + 1) (a — 1) 
= (a+ 1) (@ — a8 + a? — w+ 1) (@— I) (a8 4+ 8 4+ 22 4+ +1). 


6. w —1 = (@ + 1) (@=—1) = (@+ 1) @ — 2+ 1) (@ — 1) (2? + +1). 
8. 1-#=(14+8R2 1-2) =(1+08) (14+ 08) —d). 
9. Boe ie a DO re 

Dae CAE Se aes 8 Sec kes oa ia ce 
10. B14 =O + 1) b+ 1) UB + I). 


11, PtrtaPrap+4—4p2 — (p+ 272 — 2p)? 
= (p? + 2p + 2) (p?— 2p +t 2). 

Beg Lo 18 ee = 4a + iat) (1 — af + 2"). 

13. y—ay=yi-@)=y(14+ a) (14+ a) (1 — a). 

4, wy—Y=ay(ew—y)=y(e+y) (e&—Yy). 

15. aB—ab’—a(a?— o® 

a (a + U8) (a& — 08) 

a (a? + 0?) (at — a®b? + 54) (a8 + 0) (a3 — 63) 

a (a? + 8?) (at — a?b? + 54) (a + 6) (a — ad + 8) (a — ) 

(a? + ab + 0?). 

16. at — 256 = (a? + 16) (a? — 16) = Gea AO) ae 8), 

18, ag a 3 8 
=2(2—y) (16+ 8y+4y2 + 243 + y). 

19, Tn? —Tn=Tn(n® —1) = Tn (n3 + 1) (m8 — 1) 
=7Tn(n + 1) (n? —n + 1)(n—1) (2? +m +1). 

20. a? —9a=a(a® — 9) =a(a + 3) (@ — 8). 

21. 4a4—4e2=42@ (23 — 1) = 42 (@ — 1) (@ + w+ 1). 

22. RRS a a eR Se ala 

23. 8 — 27 az? = 23 — (3 az)3 

A — 3 aw) [22 + 2-3.ae + (3 az)?) 

= (2 — 8aa) (44+ 6ax+ 9 a2), 


24, 820 — 208 = 22(16 — 2) = 24(4 + 2) (4 — 2). 


1 a 


Guu 


49. 


KEY TO ACADEMIC ALGEBRA [108 


64 W=—6(H+ 4) = 6(# + 4R4+4-—48) 
= ohare OF 28] 
WARES 2+ 2). 

a + 87 a? = a2 (a + 27) = @(@+ 3) (@ — 3a + Y). 
®@ — 196 = (0 + 14) 14). 
450 — 2a? = 2 (225 — a) = 2 (15 + @) (15 — @). 
4m8 + .004 = .004 (1000 m5 + 1) = .004 [(10 m)§ + 15] 
= .004 (10 m + 1) (100 m? — 10 m + 1). 
125 — S26 = 58 — (22°)8 = (5 — 24) [F + 5- 222+ (2p) 
= (5 — 222) 25 + 102° + 424). 

2 — ey —1R2YP=—2+ (4+ lly—BWyr2+(4+ Ny Pw 
=(@#+ Ny @— 129). 

av®— 8ax—d4a=a(®@—382e-—HN=a(@+)(e—-F. 

+ 5a — 6a=ae + be— = s(e— Het &. 

324 302+ = Ret. Wat. Da Se a en 

128 a? — 250 a5 = 2 a? (64 — 125 aS) = 2a® [48 — ( @] 

2a2(4— 5a) [24+ 4-54 (ay) 

2e€(4-—5a) 6+ Wet BE&K). 

5@P + 2S—-—D=—45(S-—DYS+D 

d(@—D(ti si eteze DST 

6S — 1974+ 15=—62F—-9e—1074+ 15 
= 3222-3) —S5R22—9 

(82 — 5 (22-8). 

(2? + 2-2*-y? + (YP 

(zo + ¥) (+ H) 

72 — Tiey—StyY—T(e—-ley—LWY=—Tie+y e-—lLe 

92 —Mey+ 16Y = BrP — 282) 4y+ GY 

= 82—4y) Gz — 4y). 

89 e — Stay + P= UTzP—2Ta)y+¥ 
= (ifz— y) (72 — »y). 
3d2 + dey — 10 dy? = (8224+ zy — 10¥) 
= b(@ + Qy) Be— dy). 

10 @e + 38 ae —Te =e (Na+ Ba —7T) 


S24 1028-1 


a4 Qype + ye 


* 


— ¢ (100 a? + 330 @ — 70) _ e[Q0aP + 33 0a) + (— DG 35)] 

10 10 
— ¢Q0e@—2) 10e@+ 39 _ ¢-3 Ge@—1-58e+T _ e 
= 10 = = e(8a@—1) (2@+ 7) 


10 
60 ny — Gl ry — 56x = vn (60 Y — Gly — 56) 
— n (8600 y° — 61-60 y — 7-8-5-19) 
60 
— m[(60 y)* — 61 (60 y) — 35-96) 
60 
— n(60y + 3d) (60 y — 96) 


60 
_ n-5(18y + 7-13 6y — 8) 
60 
= a(i2v+ 7) Gy — 9). 


108, 109] FACTORING 48 


51. 2522 + 60 ay + 364? = (52)? +.2(5 2) (69), + (6y)? 
=(09@+ 6y) (5a + 6y). 
92. 6aa?+ 5aay — bay? =a (62? + Say — 69?) 
By trial, =a(2a2+ 3y) (Be —2y). 
53. 169 24 — 26 a@8 + a2e? = x? (169 2? — 26 az + a?) 
= @[(13 wz)? — 2(13 2) a + a?] 
= 27 (138 @ — a) (182 — a). 
54. atct + abc? + bt = atct + 2 a*b2c? + bt — a2b%2 
= (arc? + 6)? — (abc)? 
= (a*c? + abe + h*) (a%c* — abe + b?). 
55. 16 oe SGP = 16at +8 ately — 4 oy? 
= (40? + 9)? — (2 ay)? 
= (4a? + 2ay + y*) (4a? — 2ay + y?). 
56. bte — 13 Be + 42 ¢ = c (b¢ — 18 0? + 42) 
= ¢(? — 6) (2 — 7%). 
57. 2a* — 6 ab — 140 0? = 2 (a? — 3.ab — 70 B?) = 2 (a +7d) (a — 108). 
58. m*n — 21 mn? + 80 n3 = n (m? — 21 mn + 80 n?) 
= n(m — 5n) (m — 167). 
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59. 1722+ 252—18 — a ee = (here ig ees 
= (Te 9) Te +94) _ (17 2 — 9) (@ + 2). 
60. First factor, try 5a—y, 5a— dy. 
Second factor, try L— se e@— dy, LC y. 
Products, 2d terms, XY, — 10 zy. 
. 5a? — Bay + 5y= Ge—%) oe 5 y). 
62. 8 a# — 21 ab — 90? = — (9 0? + 21 ad — 8 a?) 
= —[(86)? + ae + (— a) (+ 8a)] 
= — (8b — a) (30 + 8a) 
Za: 3 Ga £8 b) 
63. 60 a?+ 8ar—32? 
= Mea ae Aba? _ (3 We ete 5a)(+ 92) 
_ 00a = 82004492) _ Poe Beda a+ 382) 
15 
ina 3 @). 
fee 2 3995 
64. 30 22-31 29—17 = w= 37 ee 77-30 _ (802)?—37 wes 33-70 
__ (80a + 33) (80%—70) _ 3 (10% + 11)-10 (8% — 7) 
y 30 30 
= (107 + 11) (8a — 7). 
65. 203 + 2822+ 662 = 2a (a2? + 142% + 38) 
= 2a(a+ 3) (@ + 11). 
66. a2#+ 02? c2%—2ad=a?—2ab+ P—e=(a—dP—e 


=(a—b+e)(a—b—o¢). 


Lt KEY TO ACADEMIC ALGEBRA [109 


67. av + 10 az — 39a = a(a? + 102 — 389) 
= a(a — 3) (@ + 18). 
68. nt + ntar2bt + at08 = nt + 2n2a7d4 + ath® — n2a2d* 


= (n? + a*b4)? — (nab?) 
= (n? + nab? + a*b*) (n? — nab? + a4). 
69. we + a22 + a = a? (A+ 2 + 1) 
=@(44+ 2241-2) 
=@(2+2+1)(@—2+4+ 1). 
72, BB+ Diy? + yt = OF + 2 dey? + yt — bh? 
= (+ Py + ¥) ( — by + y?). 
erin Inia t m chip 
Sata hai g g—2e74+1=1—-241=0. 
Hence, z — “1 is a factor. 
“v7 — 2a + e= 2 (w — 1) (2 — at — 28 — 2? — x — 1). 
74, w+ gy — 41 ry? — 105 78 
Substituting — 5 y fora, = — 125 98+ 2598 + 20543 —105 =0. 
Hence, 2 + dyis a factor. 
“. w+ ay — 41 ay? — 105 98 = (@ + Dy) (22 — 4ay — 21 9) 
§ 180, =(@+ 5y)(@+ 8y)(@—Ty). 
75. 2? — cv + 2dx—2%cd= a(x — c) + 2d (x — 0) 
= (e+ 2d) (@ — 0c). 
76.. ay + 4a%y — 8lay— Ty =y (22 + 422 — 312 — 70) 


136, = y(@ + 2) (a + 22 — 35) 
130, = y(e& + 2)(@—5)(@ + 7). 
11S a — 3az+4be — 12ab = 2(@ — 8a) + 40(@ — 8a) 


ia 


(w + 4b) (2 — 8a). 

a (x — 9a? + 26 @ -- 24) 

a@ (x — 2) (aw? — Ta + 12) 

a (a — 2) (vw — 8) (w — 4). 

79. 12 aa — 8 ba — Vay + bly = A ee nd eae 
= (4¢ — 8 y) (Ba — 20). 

80. 252? — 9 y? — 24 yz — 16 22 = 25 22 — (99? + 24ye + 162%) 
= (52)? — (By + 42)? 
=(8%+3y+42)(5e—8y— Ay 

81. a+ Y—a— Ray + 2 az = a — 2ay + y% — (a? — 2az + 2) 
= (2—y)? — (a — 2 
GP alk FPR eT —a+2). 

82. 202m —3 al? + 2bma— 8 abe = 0? (2m — 3a) + ba (2m — 8a) 
= b(6+ 2) (2m — 8a). 

83. a2 + 2+ c?—2ab—2ac+2be = a? — 2Qab + B— Qac+Qbe+ & 
SO ee)" = Be ee) ele 
= (@—b-c)(a—b—c). 

84. ay + 14aty + 48 ay + 80y = y (a + 1422 + 482 + 30) 


78. ax’ — 9 aa? + 26 ae — 24a 


Ev te) 

ae 

(ov) 

Ge 
Holt Ul 


186, = y(w + 1) (a + 13 2 + 80) 
1380, = y(@ + 1) (@ + 8) (w + 10). 
85. ay — 15 ary + 88 ay — Why = y (a8 — 1502 + 88a — 24) 
§ 136, = y (w — 1) (a — 1444 24) 
§ 180, = y(t — 1) (@ — 2) (@ — 12). 


109]. FACTORING 45 


86. ee Ce ee ee 
ab |x? (x + 8) — (@ + 8)] 
ab (a? — 1) (@+ 8 
= ab (x + 1) (@— 1) (a + 8). 
87. bmx + 2bm — Bane — 2 an = bm (3a + 2) — an (3x + 2) 
= (bm — an) (8a + 2). 
88. 20 az° — 28 av2?+ 5ae— Te = 4 az? (5a —7) + a® (5a — %) 
= a (42? + a) (52 — 7). 
89. m+ Oy? + 25 2 — 6 ay — 10 az + 80 yz 
= (a? +(—3 y)? + (— 52)? + 2a(—By) + 2a(—5az)+ 2(— 38y)(— 52) 
= (@— 38y — 52) (@— By — 52). 
90. 9a? + y? + 162 — bay — Bye + Mew 
= (Ba)? + (—y)?+ (42)? + 2 (Ba) (—y) + 2 (8.2) (42) + 2(—y) (42) 
=(8a%—y+42)(8a —y+ 42). 
91. wy? + a7? +14 2abryz + 2ayz+2ab ~~ 
= (xyz)? + (ab)? + (1)? + 2 (wyz) (ab) + 2 (ayz) (1) + 2 (ad) (1) 
= (yz + ab + 1) (ayz + ab + 1). 
92. a?b? + be? + c2d? — 2 abc + 2 abcd — 2 be2d 
= (ab)? + (— be)? + (cd)? + 2 (ab) (— be) + 2 (ab) (ed) + 2 (— be) (ed) 
= (ab — be + ed) (ab — be + cd). 
93. xv + nizt + n8 + 2 n2a% + 2 ntat + 2 n622 
= (at)? + (n22)? + (m8)? + 2 (wt) (n2a2) + 2 (at) (m4) + 2 (n?2X) (nt) 
= (a + n?a? + nt) (at + n2a2 + nt) 
= (a + 2 n?2? + nt —n?a?) (xt + 2 n2a2 + nt — n222) 
= [(2? + n?)? — (na?) [(@? + 22)? — (na? 
= (a? + na + n?) (a? — na + n?) (a? + na + n2) (a2 — na + n%), 
94, aPbPa? — a?b2 — b2a2 + 02 — ag? + a2 + a2 —1 
= aPb? (a? —1) — 0? (a? — 1) — a? (a? — 1) + (a? — 1) 
= (ab? — 62 — a? + 1) (a? —- 
= [2 (@ — 1) — (@ — 1) @—1) 
= (2 —1)(@—-1)@—-1 
= (4+ I(@—-1O+1)6—-N@Ft N@—?). 
95. (a+ b)§ —1 
= [(a + 48 + 1] [(a + 53-1] | 
= (4+b+1) [(4+6—(a+ 6) 1+1?] (4+ 0-1) [(a+)?+(@+8)14 12] 
= (@+b6+1) (@+2 ab+0—a—b+1) (a+ b—-1) (a2+2 ad4+2+a4+5+1). 
96. Substituting 1 for a, a2 —2a2+1=1-2+1=0; 
“. @—2a?+ 1= (a— 1) (a2 — a — 1). 
97. Substituting 2 for 4, 8402+ 8=8-—164+8=0; 
. B— 40248 = (6 — 2) (2 — 20 — 4) 
98. Substituting 5 for 2, 2 — 10 2? + 125 = 125 — 250 + 125=0; 
. 2 — 10 a? + 125 = (@ — 5) (a? — 5 & — 28). 


99, Sat — 6a? — 95 = OT a 8) 0 
= hat 4 1 de 1) ye 28 my 


2 
100, 326 + 96x = 32x (a + 32) = 3a (a5 + 25) 
= 3a (t+ 2) (at — 248+ 422 — Ba + 16). 


i fl tl 


46 KEY TO ACADEMIC ALGEBRA [109, 110 


101. (4—2)3+(a—1)8 = [(a—2) + (a—1)] [(a—2)?—(a—2) (a—1) + (@—1)] 
= (a—2+a—1) (a4@—4a+4—a74+3 a—2+a2—2a+1) 
= (2a —3)(@ — 38a + 8). 
102. 122% + 82?-—82—2=32%(47+4+ 1)—2(42+ 1) 
= (8 a — 2) (4a +4 1). 
1038. 2224+ 107+ 07+ 5a@=2a(@+ 5)+a(@+ 5) 
= (2a +4 a) (@ + 4). 


104. a + 5a? — 29a — 105 
ey = (w — 5) (2? + 102 + 21) 
& 130, = (2 — 5) (w@ + 8) (a@ + 7). 


105. m?n? + a?b? + Bn? + 2bmn? + 2ab?n + 2abmn 
= (mn)? + (ab)? + (bn)? + 2 (mn) (ab) + 2 (mn) (bn) + 2 (ab) (bn) 
) 


§ 95, = (mn + ab + bn) (mn + ab + bn). 
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106. a + a4d + a8)? + 0703 + abt + BP 107. a?—4abea—42+420ab+ 422 
=at(a+b) + a?(a+b)+04 (a+ d) = 0? — 4abr + 4224+ 2ab—42 
= (at + ab? + 54) (a + Bb) = (ab — 22)? + 2 (ab — 22) 
= (at + 2 a?b? + bt — ab?) (a + dD) = (ab — 2@ + 2) (ab — 22). 
= (a*+ ab+ b) (a2?—ab+b?) (a+). 
108. (a + 67 (@ — y) — (a + BD) (22 — y?). 


(a + b) (w — y) is a monomial factor. Hence, § 123, finding its coefficient 
by dividing the given polynomial by (a + 3) (a — y), 
(a+ P@—y)—@t+ )@—y¥) =[(4+d)—-@+y] @+ Die—y) 
eet =(4@+b6—2—y)@+d)@—y). 
. 1— 2 + aba? + ba3 — ba — ab 110. 2? — 28 + ay — zy + ay — ay? 
1 — ab — ba — 22 + aba? + bz8 =¢ Wey ape aoe 
(1 — ab— ba) — a2 (1 — ab— da) = «[(@—y)— a(@—y)+y(@— y)] 
(1 — a’) (1 — ab — da) =ew(l—x+y)(@-y). 
(1 + x) (1 — 2) (1 — ad — ba). 
112, 2+ 15a? + T5a@ + 125 = a + 58 + 15a (@ + 5) 
= (@ + 5) (a — 5x + 25) + 152(e + 5) 
= (@ — 5a + 25 + 152) (w + 5) 
= (a + 102 + 25) (@ + 5) 
: = (« + 5) (@ + 5) @+ 5). 
113. 4 (ab + ed)? — (a2 + B— 2 — PP 
Sar nea ca ere 
2ab + 2ed + a + BM — ®— MP) Qad+ %ced—A@2—- VL CLR 
[a? + 2ab + B — (2? — Iced + @)] [2+ Sed 4 (a Bab +B] 
(@+b+e—-Matb—ce+Mc+dt+a—db)(c+d—atd) 
=(@+b+e-A@+b-e+ AD a—-db+e4a@(—at+b+e+a). 
114, wv rE qb — (am)8 ie (a)8 — (a a a) (a2 Je ara = aq), 
115. (a? + B — 6%)2 — 4 q292 = (a2 4+ B+ 2 ab) (a? + 0 — ce — 2ab) 
= (@ + 2ab + B — c2) (a? — 2ab + B — 2) 
= (4+ 6+ e)(a+b—0)(a—b+ 0) (a—b—o). 
a — ty — ay + P = 2 (a? — y) — y (a = y) 
= (¢— 9) (2-4). 
118, at — 4922 + 298 — 1648 
= oe oa sd .) + 2 (a — 8 3) 
(e+ Vy) (w@— Ry) + 2%(a@— Qy) (a2 + Vay 4 
[22(2 +24) + 2 (a + 2ay + 4y2)] (@ 29) ) 
(@ + 20% +.2a%+ day + 8?) (a —2y). 


HU Wl Tl 


Ul tt Ul 


117. 


Holl Ul 


110] 


119. 


120, 


121. 


126. 


127. 


128. 


129. 


B. § 132, 


130. 


g 188, 


131. 


132. 


FACTORING 4 


Coe pe a — db) ; 
2 2 aj) b — 2d 
ee ee eS 


a — 62% + 12¢—8= 2° 8— 602 +122 

(w — 2) (a? + 2a + 4) — 6a (a —2) 
(2? + 22+ 4-62) (a — 2) 

(a? — 4@ + 4) (vw — 2) 

= (& — 2) (@ — 2) (@ = 2). 


1000 a3 — 27 ¥8 = (10 z)8 — (8 y)8 
= (10% — 3 y) (100 2 + 80ay + 9%). 


(a + at — at =e ay Sel Nid eae oa 
= (a? + 2a + 22) [(a + a2) + 2] [(a 4+ &) — a] 
= (a? + 2aw+ 22%) (a+ 2a) a 
=a(a+ 22) (a? + 2ar + 22). 


1+ (@+ 1% = 1° + (@ + 1) 
=(+a+i[l-10@+)+@+ 1 
= (2+ )@? +e + 1). 
ab — bat + ary — ay” = b (a — 2") — y" (a— a") = (by) (a—2%), 
a+ 4a¢= 2 (a8 + 4) 
= (a8 + dat + 4 — 4 at) 
= a (a + 207% + 2) (at — 222 + 2). 
a — at — at + a8 = 2) + 28 — (a4 + 22) 
= 9 (a + 1) — a (a? + 1) 
= a? (2 — 1) (@ + 1). 


Da Nt 


(a + b)* — (b — of 
=[(a + dF + (b — c))] [(a + 8? — @ — oJ 
= [(a + 0)? + (6— cP] (@+0+b—c) (@a+b—4+0) 
= (a + 2ab + 02+  — 2be + c*) (w+ 26—c) (a+ 0) 
= (a + 2ab +202 — 2be + c) (a+ 2b —Cc) (a+ o). 


3 ab(a + b) + a8 + BF 
= 3ab(a+ 6) + (#@ — ab + 8) (a + D) 
=(@+4+ 2ab+ BP) (a+ 6 
= (a + b) (a+ b) (a + D). 


(w+ yj? + (@ — ys 
=[(e+ y+ @— IIe + eee ae y) + (@ — y)?] 
=2u(@?4+ 2%ay+y—e+y y) 
See eee 
— (a + 5/8 
Hem (at Met 9 0 4) + Co Om 
b(8 a? + Bab + 0). 
— 119 ay? + yt = at + 2 ay? + ot — 121 279? 
= (# + y? — (11 ay)? 
= (# + Il ay + 9?) (@ — ay + y) 


m8 + m2 — mn — mn® = m (m2 + m — n — 7?) 
=m (m2 — n? + m — n) . 
= ml (m + n)(m —n) + (m— 2] 
=m(m+n+ 1)(m—n). 


48 KEY TO ACADEMIC ALGEBRA [110 


183. (a? — y?)? — (a* — ay)? 
=(@+y(@—-y) (@+y@-—y)-ae—y)ca-y) 
=((@+y)@+y)—#)(a@—-—y@e-y) 
=(@+y+ue+y—2ze-—y ey) 
=y(2r+y(e*—y)(e@—y). 


134. a — 8 — 8 xy? (a? — ¥’) 
= (2 — P)@t + wy + yA) — 30% (@ — ¥) 
= (a + ay? + yt — 3 ay?) (a — ¥) 
= (et — 20° + y') (@ — y) 
= (2? — y?) (a? — x) (a? — y’) 
H=S(a@+y@-—yery@-yer+y) ey). 


135. (a? + 6a + 9)? — (22 + 5a+ 6) 
= (@ + 8) (@ + 8) (w + 8) (w@ + 8) — (@ + 2) (@ + 8) (@ + 2) (@ + 8) 
= [a2 + 62 + 9 — (a? + 4a + 4)] (@ + 8) (@ + 38) 
= (2a + 5) (w + 8) (@ + 38). 


136, If~@= —a,2°+ (a+ b—c)2? + (ab — ac — be) x — abe 
= — a+ (a + 6 —c) a? + (ab — ac — be) (— a) — abe 
=—@+ @+ ab — ae — ab + ae + abe — abe = 0. 

-Hence, « + a is one factor. 

In a similar manner the given polynomial reduces to zero when 
— band + ¢, respectively, are substituted for 2. Hence, 2+ band #—c 
are factors of the given polynomial. 

Dividing by (@ + a) (w + 6) (w — c) the quotient is 1. 

Hence, 2 + (@ + b6—c) a? + (ab — ac — be) 2 — abe = (@ + a) (2 + 8) (@—0). 


137. Substituting 2 for 2, 32 — # = 32 — 32=0; 
*. @ — 2and consequently — 1 (x — 2), or 2 — 2, is a factor. 
Dividing by 2 — a, 32 — a = (2 — 2) (16 + Sa + 4a? + 228 + at). 


138. Substituting —1 fore, 16+ 5¢—1122?=16—5—11=0; 
.. «+ 1 is one factor. 
Dividing by #+1,or1+a, 164 5¢—11a%=(1 + 2) (16 — 112). 


139. Substituting a fora, a” —a®=a"—a"=0; 
“. @— ais a factor of a — a. 
Substituting —aforaz, #2 —a=(— a)” — ar 
If 7 is odd, =— a" — a= — 2a"; 
“. &+ a is not a factor of 2 —a” in this case. Hence, x — ais the only 
rational binomial factor of the first degree. i 
Dividing by eu, a—a" = (@—a) (a1 +4a"-2 a+ ar-8 24 ---4 qn), 


140. Substituting —r fora, a+ m=(—ryr+ mo 
If n is odd, =—774+97%™—9; 
“. & + risa factor of x” + 7”, n being odd. 
Substituting 7 for 2, a” + m= 74 7 = Qe; 
. & + ris the only rational binomial factor of the first degree. 
Dividing by @ + 7, a +9" = (w@+7) (a™-1—an-2 pr gn-8 72. ata) 


141. x — 6 ba? + 12 b2e — 828 

Substituting 2 for 2, = 803 — 2403 + 2423 — 838 = 0; 
vs @ — 26 is one factor. 

Dividing by e— 20, = (@ — 2d) (a2 — 4 ba + 422) 

Substituting 2bfora, =(*¢—26)(42—82+42)=0 

Dividing bye — 20, = (@ — 2) (@ — 28) (a — 2). 


FACTORING 
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142. Substituting +a@forz, 2+ a%=(+a)"4+ a°=2a" (1) 
Substituting — a for a, a” + ar =(— a)" + qr 
If n is odd, =—a"+a"=0 (2) 
If n is even, =+artar™=2 a". ; (3) 
By (2), #3+a%, 2+a5, x7+a7, 2+a9% c+al, 7134 18, 2154 q)6, alt + qt, 


and «19+ 19 have the binomial factor «+a. 

By (8) and (1), 2? + a?, a + at, a6 + a8, a8 + a8, gl + gl0, 712 4 qi2, 
wt + git, gl6 + qi6, 78 + gl8 and 2 + a2 have neither 2+ a norz—a 
for a binomial factor. 


Testing the latter for other binomial factors, 


+ a® = (2) + (a?)8 = 0, if 2 = — a2; +. 22 + aPisa factor ; 
x0 + glo = (a2)5 + -(a2)> = 0, if a2 = — a2; ». a2 + atisa factor ; 
v2 + ql2 = (a4)8 + (at)8 = 0, if at = — at; «. at + atisa factor ; 
a4 + ql4 = (92)? + (a2)? — 0, if a = — a2; . 22 + aisa factor ; 
x8 + qi8 = (a2)? + (a?) = 0, if a = — a2; ». 22 + ais a factor; 
x79 + -q20 — (a4) + (at)> = 0, if at = — at; ». at + atis a factor. 


The above sums of like even powers of x and a have binomial factors 
because they can be written as sums of like odd powers of two other 
numbers, as 2? and a?, or z* and at; but 22+ a2, at + at, 28 + a8, and 
x6 + ql6 cannot be so expressed, and hence have no rational binomial 


factors. 


99. 
Factoring by the factor law, 
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a8 — 1542+ 712 — 105 —0. 
(e — 8) (a — 5) (e— 7 =0. 


°° #—3=0,0ore7—5=0,or7—7=0; 


whence, . & = 3, or 5, or 7. 
100. z+ 1002+ 112—70=0. 
Factoring by the factor law, (w@ — 2)(@+ 5) (@+ 7) = 0.. 

“ @—-2=0,ore+5=0,or~7+7=0; 

whence, 2-2) Or —-O0, Or — 7. 
101. w—127+4+ 16=—0. 
Factoring by the factor law, (@ — 2)(e@—2)(@#+4=0. 

‘ - @—2=0,ore—2=9,or7+4=0; 


whence, 
102. 


Factoring by the factor law, 


whence, 


103. 
Factoring by the factor law, 


. #—1=0,orvg+1=0,orz—4 


whence, 


104. 
Factoring by the factor law, 


“ @—2=0,or~—38=0,0or%7+3= 


whence, 


105. 
Factoring by the factor law, 
oo Bi 


.@+2=—0,or7+3= 


a = 2, or 2, or — 4. 


8 — 192 — 30=0. 
(a + 2) (@ + 8) (@ — 5) = 0. 
0,orz—5=0; 
x = — 2, or — 8, ord. 


a + v8 — 2127 -—a+ 20=0. 

(w@ — 1) (@+ 1) (@ — 4) (@ + 5) =0. 
0, ora?+5=0; 
z= 1, or — 1, or 4, or — 5. 

at — Ya84+ 224 682 — 90=0.. 
(x — 2) (ew — 8) (w+ 38) (@ — 5) = 0. 
0, orz—5=0; 
x = 2, or 3, or — 3, or 5. 

at + 828 — a? — 6824 60=0. 
(a — 1) (w — 2) (@ + 5) (@ + 6) = 0. 


1=0,orz—2=0, ort? +5=0, orz+6=0; 


whence, 
Key Acad. Ale. — 4 


z = 1, or 2, or — 5, or — 6. 


ae KEY TO ACADEMIC ALGEBRA [114, 118, 122 


106. 2 — {lat + 452% — 8522+ 742 —24=0. 
Factoring by the factor law, (x — 1) (& — 1) (e — 2) (w — 3) (z—4)=0. 
co ad = 0} ora—1=0, orz —2=0,orz—3=0, or7—4=0; 
whence, te wOrels or 2, or 3, or 4. 


HIGHEST COMMON DIVISOR 
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28, w—62 45 = (w — 1) (@ — 5). 
el cae Sa 
* EGC. Di aeats 


29. wee 4 = (@ + 2) (a — 2). 
a2 — 1022+ 31a — 30 = (a — 2) (x — 8) (a — 9). 
*, H.C.D. = a — 2. 


30. y— 9 = (v@ + 3) (w — 9). 
gv? — 1202 + 41 a — 42 = (a — 38) (@ — 2) (wx — 7). 
Gaby St E83 


31. w—Aaz+ 3 = (w — 1) (a + w — 8). 
a + o2 — 37a + 35 = (x — 1) (@ — 5) (@ + 7). 
* H-G.D. = 2— 1, 


Page 122 
6. w+ 2e — 24| 2a27+ 7xz— 30 (2 
pha ee zac 
3| 82+ 18 
v+ See sc wed 2 
e+ 6a 
—42— 24 
eee OD == Gs —4Aa — 24 
a Buiter Meru 
eer 
31 6a — 21 
2a— TT) 2a —-e—21\e28 
2a — tea 
6a — 21 
H.C. Da one. 6a — 21 
8, 822+ 102% — 8] 6a? — Ta@+ 2|2 


6 a2 + 20a — 16 
—9| — 277+ 18 
3a— 2|822+ 10%7—8 |w@+4 
322— 2@ 
122-8 
Pu OD == Big a: 12¢-—8 
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9, 22—6at+ Tae 2a8+ 4a?— Ba+ 9 
eet 6a2#+ Ta— go 


5|10a?—10a+ 15 
2a2— Qa+ 22% — 6274+ Ta— 6|2—2 
aI Se 2224+ 382 w=? 
—492+442—6 
EL. C.D) = 227 — tees: —4274+ 42—6 


10. 2@)]2a% 4+ 1447+ 202] a + 9a? + 2a + 24|27+4 2 
e@+ Te +10 | a8§4+ 702+ 102 
2a%+ 16% +4 24 
207+ 14a + 20 


2| 20+ 4 
w+ 2|a%+ 774+ 10|a+5 
w+ 2a 
52+ 10 
* H.C.D = @ + 2. 5a + 10 
Page 125 
12. 203 — 7a? +2243 228+ Ta?-—5a—4 
: 208 —Va2?+ 2274+ 3/1 
1 ee A Pe | 
Be Oe OE 2a2— a—1 
—6at+ 3248 +3 
—3 — 62+ 3743) .. H.C.D. =2e—2-1. 
13. | 922 +18a2— a—10|8a8+ 1322+ 227-8 
3 922 + 89 a2 -+ 6a — 24 
| —7| —21a?—Ta+ 14 
B72 Loa) Qisa-) wa 2a @ 
12224 427-8 
* H.C.D. = 8a? + a — 2. 120+ 4%—8]+4 
1—2¢—52% + 628 14+ 542+ 2a— 828 
Sg i | 1—2e—5a%+ 628/14 
tal ve + Tat 14 
ae ea ee? 1 + 2 — 2% 
—8¢7—82+ 62 
—82| —3a2—3¢4 623|..H0.D.=1+ 4-223 
—42 a+ 628 14+38¢-—622— 82% 
oa : 1—42+ a+ 623/1 
. alte — Ta? — 142 
1jJ1— w#—22? 1— #@ — 22 


—8a4+ 3274+ 62 
—87|) —374+32+4+6 a)“. C.D. =1—¢—22?. 


52 KEY TO ACADEMIC ALGEBRA 
16. 1— w—142? + 242% 1+ a — 2422 + 362% 
| 1—a@— 1422 + 242°) 1 
| 2a |2a — 10a? + 1228 
1j1—52+ 62? | 1— 5a + 62 
4a — 20a? + 2423 
+ 4@ 4a — 2027 + 2423 -. H.C.D. =1— 52 + 62%. 
17. m? — 4m? — 20m + 48 m’ — m*—14m + 24 
ms — 4m? — 20m + 48/1 
3\3m2%+ 6m — 24 
m\m+22m2— 8m m+ 2m— 8 
— 6m? —12m + 48 
—6| —6m?—19m+ 48]. H.C.D. = m+ 2m—8. 
18. 8a2+20a0— a—2\|8a?+17a2+ QZa-— YQ 
1/8a34+ 17a?4 21a—9 
8 a2 — 22 a+ 7/3 a — 2207+ Ta a 
389a2+ 14a-— 9 
39 a2 — 286a+ 91)4 18 
4 100|300 a — 100 
a 38e°— «a 8a-— 1 
— ha a 
yy) = 9447] LED. =8a— 1: 
19. _a|\8ae + 2ax+ lda 6 ba? + 1lba+3d|d 


8a? + 222 +415 


4a| 8224 122 
10a + 15 
10% + 15 


+5 


20. See next page. 


21. Reserve the common factor az 
ag| 21 aw — 17 aa? — 5 aa’ + aat 
21 — 17a — 522 + 2 
8 | 21 + 1027 — 15a? 


6224+ 1la4+ 3 
4 


24a? + 442 + 12 
2402 + 662 + 45/8 
—11|— 22@— 38 


22+ 8 


H.C.D. =22 + 8. | 


as a factor of the H.C.D. 


Taw + 84 az? — 5aa3l\ax 
7+ 3427-52? |e. 


—119@%+4+ 102? + 28 


—1%z 


— 119 @ — 578 a? + 85.28 


84 22/585 22 — 84 78 


q me 


“He C.Di re an (i). 


a2\%— @ 1 
85 a — 5 a2 


| 35 @ — 5a?) + 5a 


[125 
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20, 2c}20 bce — 2bc —4c| 8 atbc — 4 a%bec + arclare 
cL bie sceeeinktg| 8083 —4b+1 ie lee 
Reserve the common factor c as a factor of the H.C.U. 

1032 — b= 2 hae 4b + 1 
40 B83 — 206 + 5 
140 8 — 4b2— 8b 4b 
ee ae 5 


20 62 — 60 6 + 25 
2062— 2b— 4/2 


— 29|— 586 + 29| 
5d| 1082— 50d 26= 1 
4b—2 
+2| 4628 | YO) = 6G R=), 
Bo. wat — 208 — 9a? + 18% w+ a— 4a— 4 
v3 —2a%—9a2+ 18 a —222?— 92+ 18/1 
3 B8a2+ 5a — 22 
323 — 622? —27a+ 54 
7182+ 5a? — 222 
—lle— 52+ 54 
3 
— 83 a2 — 15a + 162 
== 11 — 8822 — 55a + 242 
40|40 2 — 80 
z— 2 38a2— 62 3a 
11 2 — 22 


11a — 22} 4 11 


By the factor law it is seen that 7 — 2, the H.C.D. of the second and 
third polynomials, is an exact divisor of the first, 72 -- 7# + 6. 
eH On) 


= a—2. 
23. Fi — bat 4|at—22% 39! 
5 a ee eae 2 
— 208+ 5a?-— 42+41 
— 273% + 102 —8)—2 
5 28 -— 252+ 20 5a? — 144249 


va\5a2—14024+ 98 
1422— 38424 20 
5 


70 a2 — 170 a + 100 
+ 14 70 a? — 196 4 + 126 


26| 26% — 26 
ae 5a? —140+9|/50—9 
By the factor law it is seen that « — 1, the H.C.D. of the first two poly- 
nomiais, is an exact divisor of the third, 2® + 423 — 3a — 2. : 
.. H.C.D 


,=e— 1. 
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24. /1 fda 4. 7528/24 Ba + Bat 
4 2 + 82? + 1023 2 
5a—82?—1022+ 82t 
52 + 2023 + 25a¢|/+ 52 
— 227| — 8a? — 30 2? — 22 24 
4 + 1627+ 2028 4 4157 +112 
1);4+ 15¢4+ 112 
— 1ba@+ 522+ 2028 
4 
— 602+ 2027+ 8023 
—152 60 2 — 225 2? — 165 23 
245 x? | 245 22 + 245 23 
1 + x 4 +4152 4+ 112@?/ 44112 


By the factor law it is seen that 2 + 1, or 1 + 2, the H.C.D. of the first 
two polynomials, is an exact divisor of the third, ae — dat + 52? — 
SEL C2D Stee 


25. See next page. 


26. e— 62?-— Sa—14/a— 1022420274 7 
4 pe — Gas) ha — ed 
423 — 2422 — 202 — 56 — 4924 224 21 


— @| 408 — 25 22 — 212 
a+ «— 56 — 4a7— 4274 904|—4 


29| 29 2 — 208 
z+8 a az — 56 z—- WT 


By trial it is found that z — 7, the H.C.D. of the first two polynomials, 
is an exact divisor of a third, at — 310 ¢ — 231. 
tt CD =p — 


28. |1—1— 2= 14 | etary Ss beets 3! 


4 1+ 1 8 14 aela 
DAS es Ea a6 | 12 Sees 
1445+ 8— a— 8 9 
-O-10-"84 74-8 36 + 454 18— 18 — 27 
86+ 40.4. 8— 98 — 32] —4 
5] 5+ 10+ 104 6 
<9) S9< je 18= 09 T+ 2+ 2+ 1 
8+ 16+ 1648 
+8 8+ 16+ 1648]. HOD. =o} 2a242041.| 
29. 14140- 1- 7~4/2484848— 7-4 
24+2+0-2-14- 8/2 
1 14+8+65+ 7+ 4 14+3+5+4+ 744 
= Fb eed 
=3 326-19 14s 


lt Se eae Pee aS 


* HLC.D. = 28 + 2a? +8244) Lee 
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25. 8+ ae—8a224+423|8-— Be-— 8224+ 823 
1/3—82— 822+ 8223/3 
a| 9a — 42° 
9 — 4272/9 — 24a — 2402 + 2423 
9 — 472 1 


— 24a — 20a? + 2428 
3 


— 72a” — 60 a% + 7223 | 


—2a + 3223! — 82 
— 2027! — 6022 + 4023 
3+ 2a De — 442 Cr So, 


By trial it is found that 3— 2, the H.C.D. of the first two polynomials, 
is an exact divisor of the third, 16 at — 48 a3 + 81, or 81 — 48 a2 + 16 at. 
.. H.C.D. = 3 — 22. 
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80. ;1—2-—2-—11— 1—15| ree eae et 4 . 


3 pl De ee 0 
36-638 —. 55 =9 18 gat ee 080 
Bah Bo Gis 8 80 2 | 
24+1—380+417— 45 —6+16+ 14+ 6+ 40 
i638 += 61 + 186) 8 
19] 19 — 76 + 57 — 95 
2| 2-84 6-10 Pa eee eG 
9 — 36 + 27 — 45 
+9 9 — 36 + 97 — 45 |». H.C.D. = a — 402 +3805. 
31. V2 32 88 19 101 +8 8 OS 


PES ees or ea imnial 
6a\6+0+4+12+18+ 0 
1)14+04+2+838 1+ 04+ 24 3 
—3—5=—6—19 — 15 
—3|/ —8+026—-— 9 


—5+0-—10—15 
—5 —5+0—10—15).-. H.C.D. = a 4+ 24+32. 


32. Reject the factor a from the second polynomial. 
bat at—l11a8+ 9a?—8a+4 2a4— a®—5at+ 8a~—4 


—1 — 204+ a8+ 5a2?—-8a+4 
a2| 5ab+ 8at—1208+ 40 
Fatt Bat—12a + 4 Add 5a8+3807%—124a+4 
2a| 2at+4a%@—2a7%— 4a 
5 5a?+10a2— 5a —10 @+2a— a—2 
—T|=— Ya— Ta +14 
C+ a-— 2 aé+ a—22a a 
a+ a—2 
», HG.D. = a+ a — 2. w+ a—2 Aol 
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a 1+0+0+0-— 5+ ite ae 
1 P13 5 12 
Leo V4 Pees 
ang deed de 
4,44+ 8+ 12+ 16 
14+2+ 384+ 4/14+24+384+4 1 
| Sag Sg Es 


* H.C.D. = 2? 4+ 2274+32+4+4. —38—6—9—12|/-—3 


34. @2+38a— 2a—6|a'+4a4+408+ 4a2— a—12 
a@+3at—2a3— 6a? a? 
a§+6a3+10a2— 
a+8ai— 2a?— 6a +a 


8a8+12a?4+ 5a—12 
8a2+ 9a?— 6a—18/+ 38 
—1} - —S8a%—1lla—6 8a?+1la+ 6 


a|@+6a+ 9a 


@+ 6449 8a?+18a+ 27/3 
—7| — Ta—21 
a+ 3 
a+3| @+ 60+9/..H0.D.=a+8. 
35. 14+0+0-—44+3]/14+1-1-—544 
14+04+0-—4483]/1 
1 1 ee Pea ee Ee ee 
toh bates 
+2 eee Rae Or 
2|2-—442 
1—241 1—24+1 1 
¢=8+1 
* H.C.D. = 1— 2a+ a. Dae shed 
86. S—1+ 84+.58— 14-4475 O— 9 
4—2+4+6410— 2/2 
—1/24+64+10+ i —2—5—10-— 7 
—6— 7— 2— 
+3 ~6—15— 30 — 91 
4| 8 + 28 + 20 
oe EB Rog pes | 
Bi Oe 
2+ 7+ 5/41 
: — 12| — 12 — 12 
2+5 24 455 te 
i Hi. CSDM lati a, | 
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37. +18 y?+ 20y—14| — 2y8—2042— 7 
apne opts gt eee 
ae ye LT YT ~ 2y8+ TP —lTyt+7) —-1 
te + 4y—27y+14y | 
—4y'+14y8—84y24 14y =| —Qy 
— y+4y—-10¥+ Ty 
—2Y+7y—-1liyt+ Ty yf 
P| ~—3y+ Ty 
2y 2y8— 6y?+14y y—3y + 7 
sa Rap BW Mi 
—1 —- Yt 3y—7/.HOD=Y-B8y+7. 


88. Dividing the first polynomial by z, and adding it to the second, 
30 x? — 115 + 35 


622 — 1le— 35 
sum = 86 a — 1262. 
Rejecting 182, divisor= 22 — ¥%. 
62? —11¢z— 35 |2¢—7 208 —5a—bae—7 |2Qa—7 
6a? —11¢%— 35 |8a+45 228 — 7 a? 2 +(a + 1) 
2a2—8a—T7 
2. H.C.D; = 22 —.7. 2a2-ba—7 


LOWEST COMMON MULTIPLE 
Page 129 


80. a? — y2 = (@ + y) (@ — y). 
at + xy? + yt = (22 + ay + Y*) (2? — ay + 9). 
a + y® = (@ + y) (2? — zy + ¥). 
a+ ayt+ P= w+ ay + ¥. 
-. L.C.M. = (« + y) (vx —y) (a? + ay+ 9”) (a? —ay+y) 

= (28 + y*) (a — ¥) = of — ¥. 

31. a8 + ay + ay? + y8 = (a2 + y’) (w+ y). 

a8 — xy + ay®— Y= (ae? + y)(@—Yy). 


LCM. = (a+ Y)(@+y(e@—-y) 
= gt — 9. 


82. a@+4a+4=(a + 2)% 
@—4=(a+ 2) (a — 2). 
at — 16 = (a? + 4) (a + 2) (a — 2). 
2. L.C.M. = (@ + 2)? (a — 2) (a? + 4) 
= (at — 16) (a + 2). 
33. a—(b+ ce? =(4+b+c)(a—b— eC) 
B22 —(c+ aP?=(b+ e+ a)(b—¢— 4). 
e&—(a+bP?=(c+at d)(c—a—OP). 
“. L.C.M. = (a +5 +0) (a—b— ¢) (b—¢ — a) (c—a—b). 


34, Since 1 + a? + a4, the third polynomial, is the product of the other 
polynomials, the L.O.M. is 1 + a? + at. 
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36. 


37. 


38. 


39. 


41. 


42. 


43. 


45. 


46. 


KEY TO ACADEMIC ALGEBRA 


[129, 130 


a+ +4= (a2 + 2a+4+ 2)(@— 2a 4 2). 


at — 2082+ 4a—4= (a? — 2) (@— 24a + 2). 


~ L.O.M. = (a? + 2a + 2) (a? — 2a + 2) (a? — 2) 


= (a + 4) (@ — 2). 
aS — B8 — (a2 — 8) (at + 2 + BP). 


a® + att? + t= (at + WO + B) (A — d+ KF). 
*, L.C.M. = (a? — b) (at + @b + 0?) (at — a% + 0) 


= (@ — b) (a8 + ato? + 04). 


a + of = (a? + x?) (at — a?y? + 9). 


— by? + ary? — b?a% — (a? — 0?) (a? + y”). 


*, L.C.M. = (a2 + y?*) (a4 — vy? + gy) (a* — 8?) 


= (@ — BP) (@ + 9). 


at — 2.08 + ab? — 9 bt = (a? — ab + 3 0?) (a? — ab — 30°). 


at + 5a? + 9 bt = (a2 + ab + 38%) (a2 — ab + 32%). 
L.O.M. = (@2—ab +32) (a2—ab—30) (a2 + ab+ 302). 


a@a—@eP+1=a—e+1. 
a + 1 = (a? + 1) (a* — a@ + 1). 
a@+e?+1=at+e@si. 
e—1L=¢ —1. 


~ L.O.M. = (@—a? +1) (@+ 1) (at + a? +1) (@—1) 
ae 


= (a2 + 1) (a®—D= 
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a — 6a2+1le— 6=(zx—1)(#— 2) (a — 8). 
fis Mesh See 


*, L.C.M. = (x — 1) (@ — 2)(@ — 3) (a — 4). 


e—bar?— 42+ 20 = (a — 2) (@ + 2) (@— BY 
mee Se — 5)(@+ 
Ss Oa) B= =e) @- Het 
= (a? — 4) (22 — 25). 


x +392 — 4 = (w — 1) (w + 2). 
a 
*, L.C.M. = (@ — 1) (w + 2)2 (@ 4 1). 
e—4a274+ 5a-— peas ama eae Ne 
eee am 28. en (2 — 2)(@— 3 
pet ORIN fe hee SEG eat 
ee 3 = (@ + 1)(@+ 1) (e+ 8). 
ee Ce Ce ne 3). 
. L.C.M. = (@ + 1)? (@ + 8) (@ — 5)%. 
w+ 2a2—4y— Bes ee 
w— 2% — 8a +12 = (a — 2) (@ — 2) (a + 8). 
bea Ces Cea 3)?. 


.L.C.M. = Sei a 3), 


+ 5). 
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47. a — 9a? + 23@ — 15 = (w — 1) (@ — 8) (w — 5). 
w+ gt — ita + 15 = (@ — 1) (@ — 3)(@ + 5). : 

w+ Tar+ Te —15 = (x —1)(@ + 3) (w+). 
ele y= Ne ate de + 5) 

= (@ — 1) (@? — 9) (a — 25). 

48. w+ Ta? + 14% +4 8 = (e+ 1) (w+ 2) (w + 4). 

e+322?-— 62—8=(@+ 1)(@— 2)(@+4 4). 

e+ 2—10%+ 8= (a — 1) (a — 2) (a@ + 4). 
*, L.C.M. = (@ + 1) w+ 2) (@ + 4) (@ — 2) (@ —1) 

= (a — 1) (@ — 4)(@+4 4). 


Page 131 
2 H.C.D. = a? + 2¢@+4 3. 
ee eee soe 
4 +904 14¢@4+38=(@ +4 20+ 38) (4a +4 1). 
“ LOM. = (@+ 2a + 8) (4a —1) (4a41). © 


3. H.C.D. = a — 2a@+4 2. 
2a —11@4 18a—14= (a@ — 2a + 2) (2a — 7). 
2a + oe 10a+ 14= (@ — 2a+ 2) (2a + 7). 
* L. C. M. = (@ — 244 2) (2a—7) (2a 7). 


4. H.C.D. ee 3a + 3. 
5a®—11la?+ 874 12= (@—-— 324 38) (52+ 4). 
5 a8 — 19 a? + 27a — 12 = (a? — Ba + 8) (5a — 4). 
“. L.C.M. = (@ — 3x + 8) (5a + 4) Ga — 4). 
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5. H.C.D. =a — 3444. 
4a — 1442 + 22a@ — 8 = (a — 38a +4 4)-2(2x— 1). 
Rat — 308 — a2 + 12¢@ = (2? — 8x4 4)- a (2a + 8). 
*, L.C.M. Se ee) I) EH 2) 


6. Rr pee 23.045. 
6a2?+ 8a2—-154—75 = (+344 5)-3(2a— 5D). 
ee ee ee ata eee 
.L.0.M. = 8(a2+ 8a+4 5) (2a — 5) (2a + 5). 
ides H.C.D. = a — 64 — 5. 
4a8—27a?— 2a@ +15 =(a? —6a—5) 4a — 8). 
2 a4 — 9 a3 — 28a? — 15.4 — (a2 — 6a — 5)- a(2a@ + 3). 
+ L.C.M. = a (a#— 6a — 5) (4a— 8) (2a + 38). 
8. _ BOD. =a — Bo = 4 
— 1102 — 82¢ — 16 = (2? — 5e — 4) (8c + 4). 
ba 102 + Syl a (er we 2 2) Gee 
*, L.O.M. = (c2 — 5¢ — 4) (8c + 4) Be — 4). 
9. H.C.D. = 28 — 2% 4+ 4—2 
4at — TF ae+ Ta? — 11x + 6 = (a — 2% + « — 2) (4a — 8), 
ses e— ¢@— #2—6= (a — a+ e— 2) (22+ 3). 
~ L.C.M. = (#8 — a? + w — 2) (4% — 8) (2@ + 8). 


10. H-C.D. = a= 32 + 3. 
Bae eet Ya Se 8) ie ee 18): 
LS LESS aE 27 a = (a2 —3 @+38)-3 a (2?+2 4-83). 
- L.O.M. = 8a (22 — 8a + 8) (a2 + 2a + 8) (x? + 2a — 3). 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21, 


and 
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H.C.D. = 2a —27+ 5. 
20 23 + 40 a? + 25a + 125 = (222 — a+ 5)-5(2a@ +4 5B). 
603+ Tar2?+10¢7+ 25 =(2a2 2+ 5) (82+ 5B). 
“. L.C.M. = 5 (2a? —a + 5) (2a +4 5) (8x + 5). 
C.D 38m —3m+5 


HC: Dy = E 
12 m3 — 18 m2 + 26m — 10 = (8 m2 — 3m + 5)-2 (2m — 1). 
15m — 9m? + 19m + 10 = (3m? — 3m + 5) (5m + 2). 
“. L.C.M. = 2(8 m2 — 3m + 5) (2m — 1) (6m + 2). 


H.C.D. = 2a—38a—4. 
6a82 — 5ara —18 ax —82 = (2 a? — 3a — 4)-z(Ba + 2). 
6 ab — 18 07> — 6ab4+ 8b = (2a — 3a — 4)-b (8a — 2). 
.. L.C.M. = ba (2 a2 — 3a — 4) (Ba + 2) (8a — 2). 


H.C.D. = 2a? — Bay + 5 y?. 
4a8 4+ Aa®y — Say? + 2598 = (222 — Bay + Sy?) (224+ Sy). 
4 a8 — 16 ay + 25 ay? — 2548 = (2a? — Bay + 5y*) (2a — 5y). 
-. L.C.M. = (2 2 — 8ay + Sy?) (2x+ Sy) (Qe — Sy). 


H.C.D. = 2a2+ 7a-—3. 
10 a? + 29 a? — 36a + 9 = (2a2 + Ta — 8) (5a — 8). 
8ai+ 384a24+ I9a—9=(2a?+ Ta — 8) (4a + 38). 
“ L.C.M. = (2 a2 + 7 a — 3) (5a — 8) (4a + 8). 


H.C.D. = 2.4? — 8ay — 2 7. 

4 at — 17 ay? + 444 = (22? — 38 ay — 24%) (222 + Bay — 247). 

2 at — ay — 3 ey?—5 ay? — 2 x4 = (22% — 3 ay — 2y?) (a2 4+ ay + yy). 

- L.O.M. = (22? — 8 ay — 24%) (222 + 82y — 29?) (a2 + wy + 9). 
H.C.D. = a+ 2a —5. 

Sat + 8a% — 27 a2?+ 142 — 10 = (a? + 2a — 5) (5a — 2a + 2). 

3 at + 408 — 17224 142 — 10 = (# + 2a — 5) (Ba? — 2a + 2). 

-. L.C.M. = (a + 2a — 5) (522 — 2@ + 2) (8a? — 2a 4 2). 


H.C.D. = a — 32+ 3. 
2a4— 9a + 1822? — 182+ 9 = (2? — 8a + 8) (2a? — 32 + 8). 
3at — 1108 + 172? — 12@ + 6 = (2? — 82 + 8) (822 — Qa + 2) 
. L.C.M. = (@ — 8a + 8) (2a? — 32 + 3) (82? — 2a 4 2). 


H.C.D. = a + 5a? — 844 2. 
Sat + 13.08 — 19a? + 12a —4= (a8 + 5a? — 8a + 2) (Ba — 2). 
4at+ 2a%— 2a? + 2a+4+4= (a8 + 5a? — Ba + 2)-2 (Va + 1). 
“ L.C.M. = 2 (a + 6a? — 3a + 2) 8a — 2) (2a + 1). 


H.C.D. of first two expressions = 22 + 3. 
6a2+ 5a—6= (2e+ 8) (Ba — 2). 
8a? + 10% —3 = (2e@ + 8) (4a — 1). 
.. their L.C.M. = (2a + 8) (8a — 2) (4a — 1). 
1022+ 92 —9 = (2a +4 8) (5a — 8). 

“ L.C.M. = (2@ + 8) (8a — 2) (4a — 1) (6a — 8). 
H.C.D. of first two expressions = a2 — x + 1. 
af — 2e8 4 2? — 1 = (a2 — w + 1) (22? = @ — 1) 
w— 24+ 2e—1=( — a+ 1) (e+ 2 — 1). 


Trying these factors in the third expression, 


we — 3924 1 = (a? + @ — 1) (2? — 2 — 1). 


“. L.C.M. = (@? — @ + 1) (2? — # — 1) cate z—1) 
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22. at —Ta?+9= at — 6224+ 9 — a = (a? + & -- 3) (a? — w — 8). 
a+ 208 + a? — 9 = (2? + x)? — 8% = (a? + @ + 8) (a? + @ — 8), 
gt — a — Dt ee Ot oe ee er 
. L.C.M ie eet ee 


23. Se a Se ie) = (a? — Bw + 4) (a? — 2a — 4). 
— 1207+ 16 = a — 827+ 16 — Fete ier GER a 
ao CN ee ee. 4) (x? — 2a + 4). 

*, L.C.M. = (@ — 2a + 4) (a? — 2@ — 4) (a 4+ 2a — 4). 


24. at — 408 + 422 — 25 = (a? — 2a)? — 52 = (a? — 2a + 5) (a? — 2a — 5). 
xt — 4? + 204% — 25 = (a)? — (2a — 5)? = (a? + 2a— 5) (a2 — 2a+ 5). 
at — 1442 + 25 = at — 1022 + 25 — 4a? = (a2 + 2 @ — 5) (a2? — 2a — 5). 
*, L.C.M. = (a — 2a + 5) (2? — 2a — 5) (a? + 2a — 5). 


25. H.C.D. of first two expressions = 228 + 22+ 3a+ 1. 
4A + 5a%?—a@—1= (2234 a+ 38a+4 1) (2% — 1). 
and 6 at + a + 822 —1= (2a + + 8a + 1) (B82 — 1). 
. L.C.M. of first two expressions = (223 + a + 3a +41) (2a—1) (8¢—1). 
36 at — 1822 + 1 = 36 a# — 1242 4+ 1 — 2? 
\ = (622 + @ — 1) (622 — 2 — 1) 
5 = (22+ 1) (3x—1) (22-1) (82 1). 
Pa Dek OPN gee grt side+)@s-)Ge—1 ees 1) (Ba +1) 
= (242 + a + 8a + 1) (86 a4 — 138 2? + 1). 


26. H.C.D. = 2a? + 3a — 5. 
10 a4 + 7 a8 33.28 + 262 — 10 = (Qa? + 8a — 5) (522 — 40 + 2). 
2at+ 7a + Fat — ho 10 — (2 oe BO) (ern e tay 
“. L.O.M. = (222 + 8a” — 5) (52% — 4% + 2) (@% + 22 + 2). 

27. H.C.D. = 422-9. 
16 at + 16.28 — 48 2? — 86a + 27 = (422 — 9) (4a? + 4a— 38). 
24 xt + 20 a3 — 7422 — 45a + 45 = (422 — 9) (62? + 5a — 5). 
“. L.C.M. = (422 — 9) (4a? + 4a — 8) (62% + 5a — 5B). 

28. B.C.D. = 242+ 24+ 1. 
10at+ Ta? + 20% — wo 2 = (2a? +e + 1) (6a + 2 — 2), 
608+ 5a%?+4e2 +1 = (22+ @+4 1) (8% + 1). 
55) DEC ie (202 +a+1)(at+e2—2%2 Bat 1). 

29. H.C.D. = 522 — 22+ 8. 
5 at + Sa8 + 622+ 2+ 8 = (5a — 2a + 8) (a + a + I). 
Pea tiga on = (5a? — 2x + 8) (8a +4 4). 
“ L.C.M = (5a? — 2a + 8) (a2 + @ + 1) (8a + 4). 


30. H.C.D. = 24% + #— 2. 
2 a8 — a 82+ 2— Oa + + @ — 2) (@ — 1). 
oe rare = (2a? + w@— 2)-2(@+ 1). 
4a8—5a+2 = (2 a2 + w — 2) (2@ — 1). 
_L.C.M. = 2 (22? + @ — 2) (a — 1) (@ + 1) (22 — 1). 


31. ae =a-—1. 


1 = (@ — 1) (a? + @ + 1). 
2a + 2a? 52+ 1=(@— 1) Bet + de — 2) 
x —8x2+2 =(@—1)(@@—1)(@+ 


2). 
“ L.C.M. = (a — 1)? (a2 + @ + 1) (22 + 4a — 1) (@ + 2). 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42, 


43. 


44, 


45, 


46. 


47, 


48. 
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i FRACTIONS 
Page 137 

P= . CLOG) ee’ 
@+2ab+R2 (a+b)(@+6) a+b 
G-—2ObLe a-ha) ew, 

a? — (a+b)(a—b) a+b 

4-92? _ (2a + 32) (2a — 32) = 2a—32 : 
Sai +2728 (2a+ 32) (4a%?—6ar+922) 4a2-—6ar+ 922 
8a7+ 384d _ 3 a(a + d) 3 f 

at + abi ~ a(a +d) (@—ab+ )_ @—abt B 
3 ay — Bay _ 3 xy (« — 2) en a 
aty — 8 xy ~ ay (@ — 2) (@@ +2244) w+22+4 
3@b—36  _— 8db(a+ d)(@—d) 3 (a + b) 
2 ab — 2 bt 2b(a —b) (a2 + ab +) 2 (a? + ab + 2) 
4a3 — ab? _ a(2a + b)(2a@ — b) 2a—5 . 
8at+ab® a(Qa+d)(4a2?—2ad4 0?) 4a—2ad+P 
2ay—8y _ _ AW (wt 2y)(w@—2y) pie AC oa) 
4aby—B2y dy (@—2y) (+ Qay+4y?) 2 ar+ Zay+ 4) 
athe — bbe __ be (a? + 0?) (a? — 0?) c (a? — 0?) 


b(a® — 4 B22 


“B(a + 2b) (a — 2d) (a + 2d)(a—2b) 


Bad + 8H BOT (at—_ae th) 3 (at — ab? + BF) 
10na+10ny ss 10n(@@+y) = «2 

25 na? — 2B ny? Bxn(@+y(@—y) 5(@—y) 

BAe a ae a a eel 

gets — gr am (@ — 1) (a? 4 @ + 1) Ca ae 

qr+t — aryt ih (a de ¥?) ( (a? pls wee. — eet ee 

qrts 4 an tly? qrtl (a? ae Yy?) a 

ayy Py Oh ray a ger 
Bf PAP S+ e+) Bx 

Cy = YE iy he 
e+ (2? + 9?) (et — ay? + 4) at + of 

a — 11la+ 24 _ @=8)(@ — 8) 2 a—8 

a@—a—6 (a — 8)(a+ 2) a+2 

a —6a2+5e@ _«2(@—1)(@—5)_a— fs 

+292 35a a(a+)(@—6) 247 

1@—2¢-— 3 _ (8 — #) (2¢—1)_38-—@ 

204+ 7¢—-4 (44a)Q2e—1) 442 

a(a+2b)* — &(a + 2b) (a+ 2d) (a+ 2d) (a+ 20) _ a(a+ 2b? 


b(a — 2b? 


137, 138] FRACTIONS 68 
49. + 207+ ab? _ a(@ + b) (a + d) Dia e 


@& — 2082+ ast a(at+d)\(a—d)(at+d)(a—b) (a—dp 
50, @— 2a + 2 _ wt (1 — 2%) (1 — 2%) _ 1-2 
| a2 — ao a2 (1 + 2)(1—a@%) 1+ a2 
51. e+ 5e—6e_ «e+6)w—1)_we+6) 
2a? — 2 2(@+1)(@-—1) 2(@+4+1) 
Bo. ee Fe 6 eae 2) (e+ 8). 8 
e#—102+9 (@+l1)\@—1(@+3)(@—3) 222-3 
53. vw — 214+ 20 _ (a + 5) (@ — 4) (@ — 1) 22 w= 4 


a — 260242 @+5)@—dS(@+tl(e@—-l) #2 42-5 
5A. w+ 3a%+8at+1_ (@+1I)@+I@t+))_ @#+2e+1, 


w+a2?—4y—4 (@ + 1) (@ + 2) (@ — 2) v2 — 4 
55. @& —30)+ 30%—8_ (a—d(a—d)(a—b)_ @—2ad+P 
3 ab — 3 ab? 3 ab (a — b) se eS 


8a+4axr—4e2  (Ba—22)(@+ 22) _ a+2e 

9a —120a4+4a2 (Ba—22)(Ba—2a) 3a—2e 
2ax—ay—4ba+2by (@— 2b) Que—y)_a—20 

daa —2ay—2butby (2a—b)Qe—y) 2a—b 

58. 9 a — 130% — 403 —__ (Buta) (@+a)(Bx—4a) _ 3a?+4aa+a?, 
3 ba + Bay — 4ab — 4ay Ba—4a)(b+y d+yY 
m—m—n+mn_(m—n)(l1—m)_1—m, 

m—mn+nr—n (m—n)A—n) 1—n 


60. am—an—m+n_(@—1)(m—n)_a—1, 


am—an+m—n (a@+1)(m—n) at+1 


56. 


57. 


59, 


Page 138 
w+ 5a2?—9e—45_ 
ve + 8a? — 25a — 75 
Subtracting the denominator from the numerator, 
Q2a2 +1624 80 = 2(2? + 8a + 15). 
By trial, 22+ 82+ 15 is found to be the H.C.D. of numerator and de- 
nominator. 


a+ 5a2—9e—45 _ (a? + 8a 4 15) (@—3)_ e—3, 


"734302 %a2—7 (02 +8a+4+15)(@—5) w—5 


e+ 20% — 28¢— 60 . 
a8 — 11 2? — 10% + 200 
Subtracting the denominator from the numerator, 
13 22 — 13. ¢@ — 260 = 13 (2? — @ — 20). 
By trial, 22 — z — 20 is found to be the H.O.D. of numerator and de- 


nominator. 
ae ae — 28i¢ — 60> et @ — 20) @ + 3) 2+3_ 


* Bie —107+4+ 200 (2? -x—20)(@—10) 2-10 


62. 


63. 
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64, 493+ Ta®+ 107-3) 
4734 9a?+ 14a7+4 3 
Subtracting the numerator from the denominator, 
2027+ 42+ 6 = 2(2? + 2a+4 38). 
By trial, z2 + 22+ 8 is found to be the H.C.D. of numerator and de- 
nominator. 
424 Ta? +107—3_ (2? + 22+ 3)(4e2—1)_ 42-1. 


€ 4024+ 9a+14274+83 (a2 4+2243)(4424+1) 4241 


65. e+ 5227+ 8a+6— 
e+3a7+47+2 
Subtracting the denominator from the numerator, 
202+ 4e7+4+4=—2 (a2 + 227+ 2). 
By trial, 22+ 2@-+ 2 is found to be the H.C.D. of numerator and de- 
nominator. 
. +507 +8e+6_ (2+ 2e+ 2%)(e+3)_ 24+3- 
"84 8a24+ 4242 (24224 2)(@4+1) 241 


66. a = 6a te 
5a — 17a? + 16¢2—4 
Adding the numerator and denominator, 
8 a8 — 24a? + 16% = 82 (a? — 82 + 2). 
By trial, «2 — 32+ 2 is found to be the H.C.D. of numerator and de- - 
nominator. 


8a Ta8+ 4 _ (2 — 8242) (8242) _ 8242 
Bat — 17a? + 162—4 (2—B82+ 2)(52—2) Ba—2Q 
67. ; 5 a8 — 14024 2045. 


5 a — 18 a2 + 84a — 15 
Subtracting the denominator from the numerator, 
4a? — 122+ 20 =4 (22 — 82 +4 5). 
By trial, 22 — 32+ 5 is found to be the H.C.D. of numerator and de- 
nominator. 


Sat 14a2+ We+5  @-8a+ 5)(5e4+1)_5e41. 
5a8— 18a? + 384a—15 (a2 —82+45)(5a—38) 5a—8 


68. as — 6 xy + 2ay? + 33 
B+ 6a2y — 2ay? — 543 
By § 148, # — y is found to be the H.C.D. of numerator and denominator. 
' av — Baty + Bay? + By _ (w— y) (x —5ay — 8y?) _ a®—Day—8y? 
a + 6a’y —Qayr—S5y (@—y(@+Tay+5y2) 2+ Tay+ 5y? 


69. w+ 2+ 2%+ 2ab+ Bae + 8be. 
@+ 2+ 2+ 2ab+ 2ac + be 
Subtracting the denominator from the numerator, 
C+ac+be=c(at+b+e). 


By trial, a+ 6+ c¢ is found to be the H.C.D. of numerator and de- 
nominator. 


a? + 02 + 2c2 + 2ab + Bac + 8hbe — (@+b+¢) (a+b4+2c) _ 2+b42¢ 
a2 + 02 + 2 + Qab + 2ac + be (a+b+¢)(a+b+e)  atbte 
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Page 139 


70. a2 + 2+ 2 + 2ab — 2ac—2be 
a? + b2— 2 + 2ab 
Subtracting the numerator from the denominator, 
20¢ + 2b6 —-22=2%c (a+ b—c). 


By trial, a + 6—c is found to be the H.C.D. of numerator and denom- 
inator. 


_ O+ P+ 2+ 2ab—2ac—2%be_ (at+b—oc)(a+b—c)_a+b—c, 
a+ 0 — c+ 2ab (a+b—c)(a+b+ec) at+b+e 


71. a+ + 2 —2ab—2ac + 2b. 
@+ +4 5c? — 2ab—6ac+ 6be 
' Subtracting the denominator from the numerator, 
4ac—4be—4c%=4c(a—b—C). 


4 By trial, a — 6 — c is found to be the H.C.D. of numerator and denom- 
nator. 


. @+ P+ — 2ab—2ac+ 2be_ (a—b—oc) (a—0—6)_ a—b—e | 
a? + 624 5ce2?—2ab—6ac+6be (a—b-—c)(a—b—5Be) a—b—Se 


72. 4a2+ 90? + 160? + 12a) + 16ac + 24bc_ 
4a*— 90? + 16c? + 16 ac 
Subtracting the denominator from the numerator, 
12 ab + 1802 + 24be = 6b(2a+ 8b +4 40). 


By trial, 2a+ 80+ 4c is found to be the H.C.D. of numerator and 
- denominator. 


ss 4a? +902 + 16c? + 12ab+16ac + 2400 _ (24+ 8b+ 4c) (2a+3b+44e) 


4a?— 9 + 160? + 16a¢ ~ (2a+ 8b + 4c) (2a —38b + 4c) 
_2a+38b+4e 
~2a—8b+4e 
73. ab (a? + y*) + wy (a? + 6%) 


ab (22 — y?) + ay (a? — 6?) 
Adding the numerator and denominator, 
2 aba? + 2 aay = 2 aa (bx + ay). 
By trial, dz + ay is found to be the H.C.D. of numerator and denom- 
inator. 
ab (a2 + y?) + ay (a? + 0) _ (ba + ay) (aw + by) _ aa + by, 


” ab (a2 — y*) + ay (a? — 0?) (ba + ay) (aa — by) aa — by 


Page 144 
8. ae is a(m + n). 
i —n_(m—n)(m+ 7) _ m2—n? 


a a(m +n) alm +n)’ 

2 — 2-a(m+n)_ 2am+t ean 
a(m + n) a(m +n) 

(Be hin SO EEC AOC a a? 


and 


mtn a(m+n) a(m+n) 


_ Key Acad. Alg.—5 
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13. 


and- 


14, 


and 


15. 


and 


16. 


and 


17, 


and 


18, 


and 
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The L.C.D. is 3 zy. 
a—2b _ By(a—2d) _ day —bly 


’ 


xz 3 xy 3 zy 
2b6—a_324(2b—a)_6b2—3aa 
MOET ee OPP: Fe 
q—~£.—34t@—¢ _y(Ba@—o)_ 3aay—vy, 
3a 3a 3 ay 3 xy 
The LC. D. is a? — 1. 
oe ae 
G8 = i ge 
e _ «e(@—1) _2-—¢@ 
a@+1 @+1(@=-1). #217 
Bo) TOE A) Ss eee! 


2-1 (¢—1)\(2+1) 2-1 
The L.C.D. is at — 16. 


Oh aE a i 
ge 16. ok 
@  _  _a(a?—4) _a@—A4a 
a@+4 (a? + 4)(a— 4) at— 16’ 
2a _ _2a@+4) _ 2a? +8a_ 


@—4 (@—4(24+4 °° at—16 
The L.C.D. is a? — 82, 


4a. 4a(a+6) _ 4024 4ad 
Sab (GG lard 6 ale 
36 3b (a — d) BR eh Bs 
b+a (b+a)\(a—b) at—B 
1 i 


a2 — }2 q2 — 32 


The L.C.D. is 1 — a2z?2. 


gar ks @ (1 + a2) _a@+ a 
Ree (1—az)(1+ az)” 1 — a%?’ 
Lee hoe x (1 — az) _ &— ax? 
1+ax (1+ ax)(—az) 1 — a2?’ 
=O _ _—av(l—a) _ w@e— Loe 


ae+1  (aw+1)i~ av) 1— ara? 
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ara? 2x "76 | @ 
Aig —@ + x) (a? + 2) . at — a%2? + at x? 
x2 2? az (a at 2) 
_ (a? + a?) (at — aa? + wt) a6 + 28 
2 as ee eeer 
44, ¥ vy wy? ay —1 
ays — g2y2 ae wo ee. eyed 
xy wy? 
xys — 8 vy +1 Oh hak! 
eye — ay aty2+2ey+4 ay +1 
= (ty — 2) (wy? + 2ay + 4) y vy +1 oe 
xy? (xy — 1) gy + Qay +4 y+) 
— ty — 2, 
gy’ 
SIMPLE EQUATIONS 
Page 169 
22. ae ey GS 16 
5 4 
Clearing, 20 (# + 1) — 3, (7 + 4) + 15(@ + 8) = 60-16. 
20a + 20 —12%— 48+ 15 2 + 45 = 960. 
et ea Te 
__ Verifying, 42 — 48 4 44 = 16, 
which reduces to 16 = 16: 
28. Ta@+ 12 — + 
— — 4+ = = 6. 
6 eS 
Clearing, 2(7a@ + 2) —3(12— 2x) + 6(~@ 4+ 2) = 12-6. 
14v74+4— 364+ 3824 64+ 12= 72. 
sie Dae 
Verifying, $0 8+ 6=6, 
which reduces to 6=6. 
24. z—38 BAD) eee sy 
i 3 6 q 
Clearing, 6 (a — 8) + 14(@ + 5) — T(@ + 2) = 42-4. 
62 —18 + 142+ 70 —Tax— 14 = 168. 
Behe: 
Verifying, Pi qelpre blac 4, 
ying 3 iy 


90 
25 


Clearing, 


Verifying, 
which reduces to 


26. 
Clearing, 


Verifying, 
which reduces to 


27. 
Clearing, 


Verifying, 


which reduces to 


28. 
Clearing, 


Verifying, 


which reduces to 


29. 


Dist. Law, 


Canceling, etc., 


Clearing, 


Verifying, 
which reduces to 


KEY TO ACADEMIC ALGEBRA (169, 170 


38a—5 Pe 13 7g CS: 
4 6 
3(8a — 5) — 2(7# — 18) = 12-3 —6 (w+ 8). 
sles Fi A 36 — 6x — 18. 


Ze 
16 ie 3 10, 
—2= — 2. 
2a—5 B8a—2 @+ 2. 


; 7 
42 (2a — 5) — 80(8a — 2) = 210 — 35(@ + 2). 
842 — 210 — 90z + 60 = 210 — 852 — 70. 


4(1—22)—8(7-22)+2 


oa = 10. 
15 2s —— 12 
5 rr a 6? 
Soe =. Al 
1—22 1—8@¢ , W—8e_ ‘i 
3 4 gs 12 
(41 — 22) = — 7%. 
4—8a@—214 62+ 22—42¢= — 7%. 
Fie 
=23) Oe eee ed 
3 Loe 13: 
— = — 


w+4,2—2% @#+4+1 
——— = Be 
is 6 2 : 
2(@+ 4) + 2—2%=38(e + 1) — 20. 
2e@+8+4+2—2ex—3e + 3— 2. 


t= Ve 
13, —16_ 10 10 
3 6 2 Sz 

eee I 

3—>3 


Page 170 


9o+5 , 8e—7T_ 86a + 15 , 104, 
14 62 +2 56 14 
9a, 5 , Se—7_ 360, 15, 41. 


14> 214-0 -6ia ee 56 5G. 56 
Se¢—T. 36 gg 


6a+2 56 14 
112.0 — 98 = b4a@ +18 
H+ w= +H, 
ir ee 
BD mee I 


170] 


30, 


Dist. Law, 


Canceling, ete., 
Clearing, 


Verifying, 
which reduces to 


31. 


Dist. Law, 


Canceling, etc., 
Clearing, 


Verifying, 
which reduces to 


32. 


Dist. Law, 
Canceling, etc., 
Clearing, 


Verifying, \ 
which reduces to 


33. 


Uniting terms in the first member, 


Clearing, 


Verifying, 
which reduces to 
34, 


Canceling, etc., 


Clearing, 


Verifying, 
which reduces to 


SIMPLE EQUATIONS 


91 


“38@—2 .-3@— 21 6a — 22° 
204 —5 Dror Pie AO 
Be—- 2, 3a 2b 8a Te 
2a—5 5 Tee at 5 
3@— 2 
ies) male» 
82—2=42—10 
ce aS 
i+ $= 46, 
23 = 28. 
4e+3_ 84+ 19 12 — 29° 
2) 18 5a2— 12 
Au: 8a 19, Ta — 29 
9 ) 18 18°) Sa/—=12 
Te — 29 _ 13. 
5a2—12 18 
126 vw — 522 = 65a — 156. 
ae 108 
2iyeeene eS 
9x Sens) 18? 
3) = aS 
Sot i—-e2—4 24-1 
15 12 — 138 5 
6aq caged) 82 
1 1h Fe IBS GS ob 
4 _ 2a- 4 
15 Va—13 
28 a — 52 = 30 2 — 60. 
y= 4, 
2:5 7 ee Al 
05) Lies ies. 
che 
102 +17 Ba-—2. wa—T, 
18 9 jlz—8 
ieee = 1 
6 tle—8 
Wa — 56= 72% —6 
a = 10: 
Didi eset 119) 
Sits 9 — 102 
oe 
6 6° 
62+3 3¢— 1_ 2e—9 
15 5a — 26 5 
6a, 38 8a— 1_ 24% 9. 
toe Lbs bi 25 5 5 
9 —3e—1, 
5a — 25 
10z — 50 = 32-1. 
‘ e= 7. 
H-H=% 
ihe 
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35. 2a +1 _ Sessa eee 
Q2—1 422-1 ~ 2a4+1 
Clearing, (22+ 1)(2%+ 1) —8 = (22 — 1) (22-1). 
42+ 474+1—8=4272—-427+41. 
Ae | 
Verifying, t-—3= 
which reduces to a 
Page 171 
37. z—1 dase GREG Soe 'e WE. Beet 


Transposing, — = = 


Uniting terms in each member, 
a —5a+4—(@—52+ 6)_ 22-1371 40—(2?—13 +42) 
(@ — 2)(@— 4) (@ — 6) (« — 8) 
2 9 


or Lea Ste hs 


B62+6 Boiuet es 
: -. 2@— 6248 = 22 — 1424, 48, 
whence, : eae. 
ifyi —2 0 2 
f K = Sk eS = Ora = 2. 
Verifying ez 2. + hor 
88. a-8 -0=T e—6, e—4 
Transposing, e—%7 @-—6 «4-4 2-838 


$28) Gl gah ieee 
Uniting terms in each member, 


a® — 14% + 49 — (2? — 142 + 48) _ —82 + 16— (22— 8a+15) 
(@ — 8) (w — 4) Cees 
or —— == 
Bato ue ree Ti 
2 — 9a + 20 = 22 — 152 + 56. 
a ON 
ie 3-1 0 2 
Verifying, eRe se ae Eb ay: 
ying: ae a> tag sale this 2 
89. @+2_ e@+3_ @+5 #+6 


@t+1 @2+2 @+4+4 #4+5 
Uniting terms in each member, 


a+ 4a +4— (22+ 4248) _ 2+ 10% +4 25— (2? + 10@ + 24) 


(@ + 1) (@ + 2) pea ao (eae 
or eer Ra ees A Se Se 
a274+ 3242 Sea 
Clearing, w+ 92+ 20 =224 8a + 2. 
oe oS Sh 

At Fs — 1 0 Bye ts teak 
Verifying, aoe ae a 

Mec a Ghee hehe ae 


171] SIMPLE EQUATIONS 93 
40. z+1 +6 _U+2 245 

CO orate Oo oa ot G 
Transposing, @+6 e27+5_@+2_ 24+1 

a+? @24+6 243 «+2 


Uniting terms in each member, 
a? + 122 + 36 — (a2 +1244 35) _ 
(@ + 7) (@ + 6) 


eae 4 — GP Sy 8) 
ee ee 


or =A eee 
w+1327 + 42 ere es 
. a +1382 + 42=—22 + 524 6, 
whence, a= — >. 
7 3 5 ut 
ifyi = 5 ere 7 ae 
Verifying, ae) + == + ; or 2 = 2. 
41. ee te 8 
@+5 @24+10 44+4 249 
Uniting terms in each member, 
a? + 5a — 50 — (a? — 5 e — 50) — + 5a — 36 — (2 — 5a — 36) 
(a + 5) (@ + 10) Vo. 
or eka be WU Re 
a*+ 152 + 50 eas: 
. a+ 1524+ 50 = a2 + 182 + 86, 
whence, iNet be 
naive —12 —17 —11 —16 
Verifying, pakaa ot ar. = rary = 3 ,» OF Ae 112. 
200s Gat Ons 
42. Sols aie pte aero 
4 a 5 = 
é ap a has al Lee eee ee LO 
lif ; =" 4- —2——. 
Panpli ying 12° 2 ms 62075 38 
Clearing, 35a — 30 — 100z + 10 = 8a — 24 — 200. 
A omer 
aot: G2 92 _-— 3 10 43 43 
: -+- =e 5 OF s 
Seeing: 07 a a RT ie. ia 
—1 —2,2—6 
5 —38=—0. 
= as tas ig —4 
Reducing to mixed numbers and canceling, 
1 4 Dy ae 
a—-2 «w-38 «@-A4 
Clearing, —Ta@+12+ 2—67+8—2(22—52+ 6) =0. 
Uniting terms and transposing, —32= = 8. 
Wieiey 3 
5 2 =10 
3 3 3 
ifyi = 3 =), OF O10) 
Verifying, 3 a = i es - 
3 3 3 


94 KEY TO ACADEMIC ALGEBRA {171 
g+1 2-1 8 
: ae = + 2. 
ic a—1 za+1 a? —1 ¢ 


Reducing to mixed numbers, 


D) 2 8 
2 LA ately yaoi 1 = = +22. 
g+e+14+ Tay (2 + =a) ae 
; (5g ets, 
Uniting terms, ea me =) = re 
Clearing, 22+242¢7—2=8. 
Lan ine 
Verifying, 9—%1=8 +4, or 63 = 63. 
45. tS eae 2 eae SU oe 
z+] a—-1 2#-—T1 
Reducing to mixed numbers, 
il i 10 
a—z+14+ —— — (2 1———| = —2 
2 — x Beier (#+2+ ae ay x 
Uniting terms, : = 
e2+1 a—1 @#-1 
Clearing, e—-1+2+1=10. 
sat 
Veriuying, 1gt —_ 128 — 19 — 10, or — 48 = — MB 
oo 8s 
46. 3 _%—2,@/6_ 4), 
2 3 2 (; 
implifyi $6 2 Oc Bae ye 
Simplifying each term, 3 +2= a +3 5 
Transposing and uniting terms, i = i 
Multiplying by , Dies Oe 
- : 1 
Verifying, a = oe + : of 1, or 3 =38 
4 2 
—-—16 = +6 
at. bo Be ab 
24 600 +b 
u 2 1 US 


Simplifying each term, 


Clearing, 


Verifying, since 1 = 60, wee 4 
x 


t 


302 8 1502 
5— 100% —1—15@ = 1252. 


1Ou6. 


®. = 
. Y= Bo: 


Oe 
of 60, and == 
5 an ae re 60, 


48—16 244+6_5 
24 60 6 


171, 172] SIMPLE EQUATIONS 


48, eet 
Simplifying each term, 
4 8a, a? BEG 
2 4 5 6 3 
Clearing, etc., 12 ae ee ce 
i= 20s 
Verifying, 10(2 — 20) —5(3 — “40) = 5, 0 r Of==1 0; 
| 
| 49. 2a (1-2) 3e(1—2) 
x a a—A4 
: ar 4 er: 
Simplifying each term, . 
ze 10 5 @ 
DBE Ee eed 3 
3 3 4 4 
Clearing, 8a — 40 + 92 — 36 = 152 — 60. 
He eee) 
vos 16-3 24-1 4 
Verifying, ee ee a 
ying 3 4 4 
that is, 2+3=5, or5 = 5. 
} 1 4a 3 (a 
50. ie aaa As = Sal et Ye 
es eed 3 (5 +4) 
; 1 8x 325.8 
} d = _— 6= a 
Expanding, eee e ea 
Clearing, 10 @ — 82a + 120 = 80 — 15a — 380, 
ea = 10: 
Verifying, Bee Nei ae or —5=—8. 
Ga 41 (4¢—Ay 38(4a +1). 
1. 
< 5 20 =5 40 
Clearing, 8(22+ 1?—2(4%—1)=%5 + 3(4z + 1). 
Expanding, 
822 + 82a + 8 — 820% + 1627 —2=75 + 122 + 38. 
eee 
Verifying, 25 — 48 — 15 + 27, or 34 = $4. 
Page 172 
1 w+1 1 1 a 
ee = a j 
a yl 2 @4+it-1-—% 
Reducing to mixed numbers, 
5 (1+ 3 [eee Slee : 
2 x—1 2 ee 
: reas Heat : 
Canceling, etc., Pa aE ere 
Clearing, ge aes cade: 
| i eee: Leap 
Verifying, 5 OD aes 
raat) 3 
S00 sevareer tony! 4 1 


that is, 


95 


96 KEY TO ACADEMIC. ALGEBRA [172 


53. See next page. 


22 +5 
t(a— 4) 4@2—16_ 3 5 
54, = i 
3 6 5 3 
Simplifying each term, 
tie 2e B 8 eee 
64 3 73 Sa eo 
Transposing and uniting, — me == Zt. 
ar tse 
niente JORG cheno, 9 
Verifying, an Be et 
that is, 1—4=:-383,or-—38=-3., 
. 1 ae 
55. 1 + ah — s ® 
1+- 1+- 
x z 
Multiplying both terms of each fraction by 2, 
ikee Les 2a + 10, 
z+1 z+6 
Clearing, em+Vet+64+ 024 62 = 22724 122+ 10. 
Transposing and uniting, GA. 
siaths 1 2+ 3 929 
Verifying, js ee Ot aie 
Poe Ee ta ar er 
56. ROSE Aes 
@ x4 +5 
emeoe 
3 38a—1 


Multiplying both terms of the second fraction in the denominator of the 
first member by 3, 


ae os I 
2 a—-3 2#2+5 
3 38(82—1) 
Multiplying both terms of the first member by 3 (8 2 — 1), 
92-3 MUS: Fae 
8a@—a2+a—8 #45 
en set 38a2—1 3 
Simplifying, Cae ae 
Clearing, 8a24 14¢a@—5=32? — 38, 
fb rhe 
Verifying, ESS the als gree sy, 


53. 


Canceling and transposing, 


Uniting terms, 


Dividing by 22, 


Substituting (5) in (1), 
that is, 


2. 


Clearing, 
Transposing, etc., 
Dividing by c + n, 


3. 


Clearing, 
Transposing, 
Dividing by ab — 7, 


4. 


Clearing, 
Transposing, 
Dividing by a? — 2, 


5. 


Clearing, 
Transposing, 
Dividing by a — 4, 


6. 


Clearing, 
Transposing, 
Dividing by ab —c¢, 


te 


Clearing, 
Transposing, 
Dividing by a + 28, 
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SIMPLE EQUATIONS 


i743 t+18 21_, 100 : 
2 2 e 
+ = 
‘ Tarra: 
Pe oi cee eae ie le aS Ba 
wv 5D 5 2 8 2 9 3 ‘3 
1 fi; 20 18) 1 
Ste = (at = = 1 =)> 
Bi G+ ale 
88 _ 22 1, 
Geer 
4_ 4, 
3.8 
are ee 
17+4 1424 298-1, 4904 
: a 9 ioe." 
7+5=3449, or 12= 12. 
a 
RU CX c 


&— cx + n= ne. 
ca+nzr= c+ ni, 
a2=c? —con + ne, 


A POR LIS 

x ab «abe 

abe — ab? = Tax — 49. 
aby — 7x = a®b* — 49, 


(pega 


e2=ab + 7. 
a 22 2 52 
ab? Be aa 


ae — 2a4 = arl?a — 204. 
ata — ab? = 2a* — 204. 
are = 2 (a? + 0). 
2 (a? + 8B) 


QQ? 


b a b 
axe — be — 202 = a2 — 3. ab. 
ax — be = a? — 3ab + 202, 


@_ @+2b_a@_9 


2=a— 2b. 
a—2ab_1_2-—3¢. 
Cx z aba 


abe — 2 ah? — abe = cx — 3. C2. 


aba — cx = 2070? + abe — 34, 
z2=2ab+3e. 
t—-a,2e_5, 60, 
b a a 
ae — a+ 2ba=5ab + 60. 
az+2ba2 =a? + 5ab+ 62. 
f= A 3 0: 


97 


a) 


(2) 
(3) 
(4) 


(5) 
(6) 


KEY TO ACADEMIC ALGEBRA [172, 173 


8 a a a = a+? b ~ 2+. 
: bz az ab 
Clearing, 8+ = (a+ d2— 3 ab (a + b). 
Dividing by a + 8, @—ab+P=a4—3 ab. 
Transposing, etc., 2=a?+2ab + 2, or(a + 5). 
9 Oe OUT 0. 
; 2 ba 2ba2 a 
Clearing, e+ Pe —(a—b)= 22. 
Transposing, etc., (2 —BP)x=a— . F 
cher 2_ 32 rose oe OE : 
Dividing by @ k e 2h ee 
Page 173 
10. gO = 2ab. 
r— a z—a 
Clearing, aw — a? + ba + ab= 2ab. 
Transposing, etc., az + br = a? + ad. 
Dividing by a + 8, i 
u. Cpe Sr a a a 
a b ab 
Clearing, ba —2ab+ aw=a? + PB. 
Transposing, az + be=a? + 2ab+ B. 
Dividing by @ + 9, z=a-+0. 
12. 6x +18 (1-5) =a(e— a). 
Expanding, 6@+ 18 —9a= aa — a’. 
Transposing, etc., ax — 62=a%?—9a+ 18. 
Dividing by a — 6, x=a-—3 
13s b(2a@—9e — 146) =c(e — 2) 
Expanding, 2 ba — 9be — 1402 = c2 — ea. 
Transposing, 26a + cv = 140? + 9de + 2. 
Dividing by 265 + ¢, C= Ub. 
14. a(e—a—2b)+ d(@—b) + e(@+e)=0. 
Expanding, aw — a— 2ab4+ 2+ P+ cr#t+c=—0. 
Transposing, aw + be + cau=a*+ 2ab 4+  — ce. 
Dividing by a+ }+ ¢, e=a+b—C. 
15. (ee 
Uniting terms, a (w@ — b) = (a — 6). 
Expanding, 2 ee — 2ab = a — 2ab + BF. 
Canceling — «ab = — 2.aband dividing by 2a, 
Se a Be 
a 
16. 5 Derek Pinta eR Meet se, 


‘ zr+a L—a 
Expanding, aa — ba + cx — a*+ab—ac = be —ax+ca+ab—a?+ ac. 
Canceling ca — a* + ab = ca + ab — a, transposing and uniting terms, 
2ax — 2b = ae 
Dividing by 2(a — d), a= —% = 
a is 


173] SIMPLE EQUATIONS 


1 1 1 —§ 


1%. —— 

a@ (6 — 2) b(c— 2) a (¢ — 2) 
Clearing, b(c—2x) + a(b—2)—b(b—2) = 0. 
Expanding, be — ba + ab — az—b? + bz = 0. 
Transposing, etc., az=ab—l+be=d ae —b+¢). 
Dividing by a, aa? (a—b+ 0c). 

a 
18. LE Gh x2 — q? 
: aT Seat) @-)@=1 

Clearing, (@ — 1?) ~ (a—1? = 


Expanding, etc., 
w—2%7+1—a%+2%a—-1=22-— a2 
Canceling 2 — a? = 2? — a? and 1 — 1 = 0, and transposing, 
= 2a = — 2a. : 

= i 


19. G+D ba Ah 


a@+e@ afa+2) 8 
Multiplying by a(a + 2), 
a? op Ee hs ee 4a(@ + 2). 


Canceling and clearing, 3 a? = a? + aa. 
Soil eis 
20. CTO fre, +0 BOO: 6.4 
b Z) ¢ i OG 
pe Gua ele MR AOL OE Hg a 
On 2b c bo ¥e 
Canceling, eo epee 
. b of a 5 c 
Clearing, cax + bea + aba = abe. 
Aaney be 
Dividing by ab + tc + ca, Maen a 
eee ab + be + ca 
21 w—aa—bet+ab_@—2bat+2R 8 
; L—a ay z—b 2—C 
. bet e 3 
S lif i e—b=a27-—b4+ = 
implifying gmat aoe 
Canceling and clearing, 0 = Ba — be — ce + de? 
Transposing, etc., Be — ee = ee = be?. 
nae PH OC(OM WE) ae 06 
Dividing by 4? — c?, GS os pare 
22 et A LL, aaa a el 
m+n (m+n (m+n)? (m+n)? 
Clearing, 
m? + 2mn + n* —2mn — m2 — mn = maz — mn + ne — n?. 
Transposing, etc., me + net = 2 n?. 
Sep 2 n2 
Dividing by m + n, 2 = ——-.- 


m+n 
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28, Fg GP 4 A +2 ad. 
a+b+e a+b-—€e 
Clearing, 
(a+b—c+tat+b+o)e= (a4 20ab4+ & + c) (a? + 2ab+ B — c?). 
2(a + d)a= (a + bjt — ct. 


ae 5: {GbE OF 
Dividing by 2 (a + 3), Gms 2(a + d) 
24 e+2b, e+ 38b_ e+b , +20, 


x—b a+b za—36b 2+450 
Uniting terms in each member, 
e+ 3b + 2+ 024+ 202-3 _ 2+ 6br+ 50+ 2 be—6P? 


(x — b) (a + b) (vw — 8d) (a + 5d) : 
oe 20% + Foe —  _ 20% + 5 be — OF - 
a2 — 02 a+ 2b2 — 15 8 


Since the numerators are equal, the denominators are equal. 
: . a—P—a2+ 2bx — 1503 


whence, BS ho: 
95. 20480) Set 1e 29 364% 
a+a B+ 2 z+4a 
Reducing to mixed numbers, 
9 
Pepe oe Coen a aes wa 
C+a e+2a 2+4a 
Canceling 2 + 3 = 5 and dividing by a, 
Ue ed 
@+a @2+2@ «+44 


Clearing, v7 + 6av + 8a? + 224+ 5ax+ 4a%®= 2224+ Gar + 4a? 


Canceling and transposing, daz = — 8a. 
, Lee 
“. &= — =: 
5 
26. e+Ta, @—-a _@+ta, z—-a 


. €+6a.  @2-8a. w+a 
Reducing to mixed numbers, 
2a 


Rea RST A eS ak So aie 

z+ 6a z— 3a a+a 2+ 2a 
Canceling 1 + 1 = 1+ 1 and dividing by a, 
1 2 6 


3 
t+6a 2%-8a e+a 2£4+2a 
Clearing, (t— 3a)(@+ a)(w + 2a)+ 2%(e+ Cal(w@t+a\(w+2a). | 
= 6 (@ + 6a) (w— 8a) (w+ 2a) —3(@ + 6a) (2 — 8a) (@ + a). 
Expanding, 2° — 7 a®% — 643 + 223 + 18 aa? + 40 ate + 2408 
= 625+ 80 aa? — 72 a®x — 216 a8 — 8 23 — 12 aa? + 45 aa + 543, 
Uniting terms, etc., 60 a2a = — 180 a3. 
Steere 
27. (a — b)(@ — c) — (b — ¢) (@ ~ a) = (c — a) (@ — 3). 
Expanding, etc., 
ax— ac~ be + be — bx + ab+ex—ac = cw — be — ax + ab. 
Canceling ab + cx = cx + ab, transposing, etc., 
2ax — 2 be = 2ac — be. 
Dividing by 2 (a — d), Been 
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Page 176 
29. Let # =} of first part, or | of second, or } of third. 
Then, 22 = first part, 
8 z = second part,. 
and 5a = third part ; 
“ 2@+8a2+4+ 5ea= 40. 
Solving, v= 4; 
2a = 8; ‘first part, 

whence, 3 z = 12, second part, 
and 5a = 20, third part. 


30. Let w=first part divided by 5, or second multiplied by 2, or 
third increased by 5. 


Then, 5 w = first part, 
x 
9 = second part, 
and w — 5 = third part; 
: bet F+e—5= 60. 
Solving, @=10; 
whence, 5a = 50, first part, 
5 = 5, second part, 
and 2 —5=5, third part. 


31. Let 2 = first part divided by 2, or second diminished by 2, or third 
multiplied by 2, or fourth increased by 2. 


Then, 2a = first part, 
. @ + 2 =second part, 
= = third part, 
and a — 2 = fourth part; 
- Qate+2+ 5 + @—2= 172. 
Solving, Binoy 
whence, 22 = 82, first part, 
x + 2 = 18, second part, 
or = 8, third part, 
and — 2= 14, fourth part. 
Page 177 
33. Let g = number of days it will take both. 
Then, Mee part of the work both can do in 1 day; 
a 
tal gk 
Zz 10° 15 
Solving, Ci==1G: 


Hence, A and B together can do the work in 6 days. 
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— number of hours it will take all. 


84. Let £ 
Then, 1 = part all can fill in 1 hour; 
z 
je ea | 1 if 
eke a | 
Solving, f= On, 


Hence, the three pipes together can fill the cistern in 2+ hours. 


35. Let x = number of days it will take all 
Then, 1 = part all can do in 1 day; 
hae pas eae 
eet ou ee 
Solving, z= 34. 


Hence, A, B, and C together can do the work in 3,3, days. 


36. Let x = number of days in which A can finish the work after 
both have worked 3 days. 


Then, z + 3= number of days A works, 
and 248 = part of the work A does. 
But since B does 3 of the work, A must do 3 of it; 
. z+3 = 5. 
PeeGleeES 
Solving, oss 
Hence, after both have worked 3 days, A can finish the work in 3 of a day. 
37. Let : = part of the wall C can build in 1 day. 
Then, 2 = part of the wall B can build in 1 day. 
Since A can build ; of the wall in 1 day and all can build } of it in 
1 day, B and C can build 4 — ¥, of it in 1 day; 
te eed 
i on 
Ca aG oul 
; teil 
Solving, Seay ae 
S xz 30 
whence, een 
te LS 


Hence, B can build ; of the wall in 1 day, or all of it in 15 days. and C 
can build ;45 of it in 1 day, or all of it in 80 days. 


38. Let = part of the ditch all can dig in 1 day. 
x 
Then, in accordance with the suggestion in the text, 
EAN Ai cg aie SE 
2 106 15 8 
5 , = - part of the ditch all can dig in 1 day ; 
whence, 3 — $ = gy, part of the ditch A can dig in 1 day, 
$ — 4% = 7s, part of the ditch B can dig in 1 day, 
and $ — 7s = ro. part of the ditch C can dig in 1 day. 


Hence, alone A can dig the ditch in 30 days, Bin 15 days, ahd C in 10 days. 
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89. Let ee part of the car all can load in 1 hour. 


8 


Then, since A and 2 can load 3% of it in 1 hour, B and C 7; of it in 
1 hour, and a and C 33 of it in 1 hour, 
+g += wie the part all can load in 1 hour; 
Soil od 
z 24 
4 0 
zc _ 120 
whence, 120 —- y= ;, part A can load in 1 hour, 
120 — i= $ part B can load in 1 hour, 
and toy — $3 = 3, part C can load in 1 hour. 
Hence, alone A can load the car in 5 hours, B in 6 hours, and C in 8 hours. 


Solving, ; one of the car all can load in 1 hour; 
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40. Let x = number of oranges. 
Then, $@-4+4 14-3 = 2-33 + 90. 
Solving, ih es Tipe 
Hence, the boy bought 72 oranges. 
41. Let x = numerator. 
Then, @ + 15 = denominator ; 
é Te: 
ee ey 
Solving, fp PAs 
whence, a+ 15 = 365. 
Hence, the fraction is 22 
42. Let 2a = denominator. 
Then, z + 3 = numerator ; 
pe ee, 
22 3 
Solving, r= 9; 


whence, 22 = 18 and @ + Ce = It 
Hence, the fraction is + 


43. Let z = numerator. 
Then, z + 8 = denominator ; 
a—5al 
a+3 38 
Solving, 20, 
whence, 2+8=17. 
Hence, the fraction is ;. 
45. Let x = digit in units’ place. 
Then, 32 = digit in tens’ place, 
802 + 2, or 312 = the number, 
and 2a — difference of digits ; 
31 ¢ — 33 _ 49 
22 
Solving, x = 8, digit in units’ place ; 
whence, 82 = 9, digit in tens’ place. 


Hence, the number is 93. 
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46. Let z = digit in tens’ place. 
Then, 2a = digit in units’ place, 
102 + 22, or 12 z = the number, 
and 3a = sum of the digits; 
Peabo =e eae 6 
5 = 61. 
32 

Solving, = 4, digit in tens’ place ; 
whence, = 8, digit in units’ place. 

Hence, the number is ae. 

47. Let 2a = number of 5-cent pieces. 

Then, a = number of quarters, 
and 4a = number of dimes; 

poe 22-6 40-25 + 42-10 = 145. 

Solving, eas 
whence, 2%=6 and 42=4. 

Hence, there are 3 quarters, 6 5- cent pieces, and 4 dimes. 

48. Let zx = number of dollars she had at first. 

Then, 3 z + 10 = number of dollars she spent the first time, 
and 2a — 10 = number of dollars left first time ; 
also 2 (3 @ — 10) + 10 = number of dollars she spent the second time, 
and % (3 @ — 10) — 10 = number of dollars left second time ; 

“ £(8¢@—10) -—10=2. 
Solving, z= 50. 
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49. Let ’ ..@ = number of dollars he had at first. 
Then, e—(#¢—1)=22—1. 
Solving, e= 30) 
Hence, he had $80 at first. 
50. Let x = number of cents she had. 
Then, = = ees number of cents 1 apple cost, 
and e i0 c= number of cents 1 orange cost; 
—5 ,2#-—6 
. 6 pda, ——)]=—2-2. 
( 12 re 10 ] 
Solving, eet IL 
Hence, she had 41 eon 
61. Let x = number of cents he had at first 
Then, : }& + 4 = number of cents spent first time. 
Subtracting, 3  — } = number of cents left first time. 
hen, }@— }+ 3 = number of cents spent second time. 
Subtracting, 7+ — += number of cents left second time. 
Then, 5% — $+ }= number of cents spent third time. 
Subtracting, x3 v — 4 = number of cents left third time; 
that is. tae ee 
Solving, v= 23. 


Hence, he had 28 cents at first. 
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52. Let 5 a = number of dollars the boat cost. 
Then, zx = number of dollars in each sbare, 
and 4x + 1= number of dollars four had to pay ; 
wht E pel! D 
4 12 
Canceling, Die 
4 12 
ores ey = es 
whence, § z = 15, the number of dollars the boat cost. 


53. From the conditions of the problem it is seen that A received 4 of 
the sum of money, B + of it, C } of it, and D $2800 less than + of it. 


Consequently, let a = number of dollars in whole sum, 
en, e@=te+liae+ ta+i2@ — 2800. 
Solving, xz = 24000; 
whence, 4 2 = 8000, 1. = 6000, +2 = 4800 and 1a — 2800 = 5200. f 
Hence, A received $8000, B $6000, C $4800, and D $5200. 
54. Let x = number of ounces of copper to be added. 
Then, 90 + 2 = number of ounces new alloy weighs. 


Since the weight of the alloy must contain 10 ounces the same number 
of times that the total weight of silver in the new alloy, or 6 ounces, con: 
tains the weight of silver in each 10 ounces of the new alloy, or ? of an ounce, 

90 + 2 -C 15 
= = 5 = 15. 


; 10 g 
Solving, x = 60. 
Hence, 60 ounces of copper must be added. 
55. Let xz = number of pounds of fresh water to be added. 
Then, 80 + 2 = number of pounds of water after the addition 


of fresh water. 
Since the number of times the total weight of water contains 45 pounds 
is the same as the number of times the total weight of salt contains 12 pounds, 
2 


80+ 0_ 4 _ 12 
45 dk Ps, 
Solving, a = 28. 
Hence, 28 pounds of fresh water must be added. 
57. Let «# = number of men on a side at first. 
Then, 2x2 = number of men before battle, 
and a? — 60 = number of men after battle, 
also. . (@ — 1)? + 1 = number of men after battle ; 
.. 2 — 60 =(a@— 1)? +1. 
Solving, C= Bis 
whence, a? = 961 


Hence, there were 961 men in the regiment at first. 
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58. Let z = number of men on a side at first. 
Then, a2 — number of men at first, 
and g? + 240 = number of men after arrival of reénforcements; 
*, @% + 240 = (@ + 4)?. 
Solving, i = he 
whence, a? = 784. 


Hence, there were 784 men in the regiment at first. 
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59. Let az = number of days he worked. 
Then, 40 — = number of days he was idle; 
“. Ba — 1.20 (40 — a) = 57. 
Expanding, 32a — 48 +4 1.2¢ = 57. 
noes 
Hence, he worked 25 days. 


61. Let x = number of dollars property is worth. 
Then, yéo°$@+ 189° 42+ 10° (@ — $2 — 32) = 860. 
+5 zx +352 +si7@ => 860. 
Clearing, 822+92%+ 22 = 860-1200. 
“. @ = 20-1200 = 24000. 
Hence, his property is worth $24000. 


62. Let x = number of dollars in first investment. 
Then, 4330 — x = number of dollars in second investment ; 
“. .12 @ — .05 (4830 — x) = 261. 
Expanding, 122 — 216.5 + .05a = 251. 
ee = 2450 F; 
whence, . 4330 — zx = 1580. 


Hence, he invested $2750 at a gain of 12% and $1580 at a loss of 5%. 


63. Let x = number of dollars each man received. 

Then, 7 — @ = number of dollars each woman received ; 
*, 20a + 25(7 — x) = 160. 

Solving, B=! 


Hence, the men received 20 times $3, or $60, and the women received 
$160 — $60, or $100. : 


65. Let x = number of minute spaces the minute hand trav- 
els after 1 o’clock before they come together. 
Then, vs = number of minute spaces the hour hand 


travels in the same time. 


Since they are 5 minute spaces apart at 1 o’clock, 
x 


a——=-65. 
12 
Solving, « = 5,, the number of minutes after 1 o’clock. 
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66. Let « = number of minute spaces the minute hand travels 
after 6 o'clock before they come together. 
Then, = — number of minute spaces the hour hand travels in 
12 the same time. 
Since the hour hand is 30 minute spaces in advance at 6 o'clock, 
a— = — 30. 
12 


Solving, 2 = 32,5, the number of minutes after 6 o’clock. 
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67. Let z = number of minute spaces the minute hand travels 
after 10 o’clock before the hands are opposite. 
Then, * = number of minute spaces the hour hand travels in 
1 the same time. 


Since the hour hand is 50 minutes in advance at 10 o’clock, and 30 min- 
utes in advance when the hands are opposite, 


ny 
Mone ag ar 
seni 


Solving, xz = 21,4, the number of minutes after 10 o’clock. 


68. Let x = number of minute spaces the minute hand travels 
after 4 o’clock before it is 15 minute spaces behind 
the hour hand. 


Then,  — number of minute spaces the hour hand travels in 
1 the same time. 
Since the minute hand gains 20 — 15, or 5 minute spaces, 


ee Be 
il 
Solving, x = 5,5,, the number of minutes after 4 o’clock. 
Again, let x = number of minute spaces the minute hand travels 
before it is 15 minute spaces ahead of the hour hand. 
Then, ” — yumber of minute spaces the hour hand travels in 


the same time. 
Since the minute hand gains 20 + 15, or 35 minute spaces, 


a— “= = 85. 
12 
Solving, x = 88,%,, the number of minutes after 4 o’clock. 


Hence, the required times are 4:05, o’clock and 4:88, o’clock. 


69. Let 2% number of minute spaces the minute hand travels 
after 9 o’clock before it is 15 minute spaces behind 
the hour hand. 


Then, “. — number of minute spaces the hour hand travels in 
the same time. 
Since the minute hand gains 45 — 15, or 30 minutes, 


12 
Solving, 2 = 82,8,, the number of minutes after 9 o’clock. 
70. Let a = number of miles downstream. 
; = number of hours downstream, 
and : = number of hours upstream ; 
Adie 
. = ea 
6 Hf 3 
Solving, oi 18s 


Hence, he can row 18 miles downstream and return in 9 hours. 
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“71, Let) © ~ 2 = number of miles uphill. 
Then, F = number of hours uphill, 
and als 7 © = number of hours downhill; 
z, 60-2 
s+ =a If 
3 4 
Solving, @ = 24. ' : 
Hence, 24 miles are uphill, and 60 — 24, or 36 miles, downhill. 
Page 182 
73. Let 3 = number of leaps the hound takes. 
Then, 5 @ = number of leaps the fox takes. 
Suppose a = number of feet in 1 leap of the fox. 
Then, a = number of feet in 1 leap of the hound, 
7 ax = number of feet the hound runs, 
and 5 a@ = number of feet the fox runs. 


Since the fox has a start equal to 70 a feet, 
Vax —dSavx= Na. 


Solving, e = 35; 

whence, 32 = 105. 
Hence, the hound must take 105 leaps to catch the fox. 
74, Let 4 = number of leaps the dog takes. 
Then, 5 @ = number of leaps the rabbit takes. 
Suppose @ = number of feet in 1 leap of the rabbit. 
Then, *e = number of feet in 1 leap of the dog, 

iSoee, number of feet the dog runs, 

and 5 az = number of feet the rabbit runs. . 

Since the rabbit has a start equal to 20 a feet, 
Cees oe Oe: | 

Solving, ei 60: 

whence, 52 = 300, and 4a = 240, 
Hence, the rabbit takes 300 leaps, and the dog takes 240 leaps 
75. Let 8 = number of leaps the hound takes. 
Then, 7 = number of leaps the rabbit takes. 

_ Suppose @ = number of feet in 1 leap of the hound, 
Then, *e = number of feet in 1 leap of the rabbit, 


8 az = number of feet the hound runs, 


and 85 ae = number of feet the rabbit runs. 


Since the rabbit has a start equal to 39 a feet, 
8 aw — ae = 39a. 
Solving, “= 18; 


whence, 8a = 144, 
Hence, the hound must take 144 leaps to catch the rabbit, 
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76. Let z = number of miles per hour the pedestrian travels. 

Then, 3 z = number of miles per hour the wheelman travels. 

Since each travels 6? hours and both together travel 108 miles, = 
22 (v@ + 32) = 108. 


27a = 108. 
SR 
whence, Swi: 


Hence, the wheelman’s rate is 12 miles an hour, the pedestrian’s, 4 miles 
an hour. 


Mica Let xz = number of pounds of lead. 

Then, 159 — 2 = number of pounds of iron. 

Since, when weighed in water, the lead loses , @ pounds, the iron 
7, (159 — x) pounds, and both together 16 pounds, 


57 
Solving, z= 114; 
whence, 159 — a = 46. 
Hence, there are 114 pounds of lead and 45 pounds of iron. 
78. Let zx = number of ounces of gold. 
Then, 320 — 2 = number of ounces of silver. 


Since in water 1 ounce of gold loses 2, ounces in weight, and 1 ounce of 


silver 2, ounces, 


Solving, z= 194; 
whence, 820 — a = 126. 
Hence, there are: 194 ounces of gold and 126 ounces of silver. 
79. Let xv = number of dollars in original capital. 
Then, 5a@ — 800 = number of dollars at end of Ist year, 
25 @ — 1000 — 800 = number of dollars at end of 2d year, 
122 @ — 2250 — 800 = number of dollars at end of 3d year; 
“. 125 @ — 2250 — 800 = 6826. 
Solving, xz = 4800. 
Hence, his original capital was $4800. 
80. Let 2 = number of dollars in original capital. 
Then, $ a@ — 1000 = number of dollars at end of 1st year. 
36 @ — 1200 — 1000 = number of dollars at end of 2d year, 
and 216 a — 2640 — 1000 = number of dollars at end of 3d year; 
w. 248 @ — 2640 — 1000 = § 2. 
Solving, % = 28487.50. 
Hence, his original capital was $28437.50. 
81. Let xz = number of minutes it will take. 
Then, 1 _ part all can fill in 1 minute. 


Since the first pipe can fill 3, of the cistern in 1 minute, the second yk, 
and the third can empty 7 of the cistern in 1 minute, the part all can fill 
in 1 minute is the algebraic sum of Jy, 7; and — yo; 


gma” lp 408 
Solving, z = 60. ; ; 
Hence, it will-take 60 minutes, or L.hour, to fill the cistern. 
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82. Let 
Then, 


and 


Solving, 
83. Let 
Then, 


and 
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2 = number of miles from A to B. 
5= = number of hours occupied in going, 
a= = number of hours occupied in returning ; 
5 
03 DEY 
.=+—= 13 
2° 16 


a = 16, number of miles from A to B. 
x = number of miles an hour freight train runs. 
8@ _ number of miles freight train runs, 


28 of 40, or 64 = number of miles express train runs. 
Since the trains run the same distance, 


S@ = GA. 
3 


Corded 


Hence, the freight train runs 24 miles per hour. 


x = number of miles from Albany. 


84. Let 
Then, < = number of hours it takes boat from Albany, 
2 
and kee = number of hours it takes boat from Syracuse; 
2a_ 4 we — 2) 
3 
Solving, a = 803; 
Hence, the canal boats meet 80-8, miles from Albany. 
85. Let 5 @ = number of miles an hour downstream. 
Then, 3 = number of miles an hour upstream. 
By the 2d condition, 
5@—4=2 (82 — 4). 
Solving, a =A 
whence, Oe — 20, number of miles an hour downstream, 
and hey 12, number of miles an hour upstream. 


86. See next page. 


x = number of days B worked. 
— « = number of days A worked. 


10 
Since A could do + of the work and B jie of it in 1 day, and since the 
whole work may be represented by §, or }4, or 1, 


Solving, 


88. Let 
Then, 


and 


Solving, 


x = 7, number of days B worked. 


x = number of pounds of gunpowder. 
++ 10 = number of pounds of niter, 
zz @ + 3 = number of pounds of sulphur, 
#o & + 1 — 3 = number of pounds of charcoal ; 
~ @=3e74+104+4274+34+ 8274+1-3. 
= 120, number ‘of pounds o of gunpowder. 
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86. Let t = part of the work A can doin 1 day. 
Then, ; of - or a = part of the work B can do in 1 day, 
whence, fof = or = = part of the work C can do in 1 day. 


Since all together can do the work in 4° days, or 7 of itin 1 day, 
Dies 
16 2 22 82 
Since A‘ can do? of the work in 1 day, he can do 2 of it, or all of it, in 
x 


days. Similarly, B can do it in 2 days, and C in $a days. 
Solving the equation, Kia (Oe 
whence, 2a = 12 and §2 = 16. - 
Hence, alone A can do the work in 6 days, B in 12 days, and C in 16 days. 


89. Let z = number of volumes of science. 

Then, 2a = number of volumes of history, 
whence, 3 (2  — 500) = number of volumes of juvenile books ; 
also 15 ¢ = number of volumes of fiction, 

1s 
whence, eo OW number of volumes of reference ; 


. 16000 = # + 22+ 3(22% — 500) Pe ge dea 500. 


Simplifying, 279000 = 279 a ; 
sel L000, 


whence, 22 = 2000, 3 (22 — 500) = 4500, 18 2 = 7500 and ae = 1000. 


Hence, there were 1000 volumes in the department of science, 2000 in the 
department of history, 4500 in the juvenile department, 7 500 in the depart- 
ment of fiction, and 1000 in the reference department. 
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90. Let 2 = number of dollars the estate was worth. 


Then aa = number of dollars A received, 


? 


x — 1000 _ , umber of dollars B received, 


he or oes number of dollars C received, 


5 25 
and ms or ~ = number of dollars D received ; 
_a—1000 , x—1000 _ 6a, @, 
Solving, # = 25000; 
62 


—_ x —_ 
whence, oe 6000, and ras 6000. 


Hence, A received $8000, B $6000, C $6000, and D $5000. 


zou = 8000, ae = 6000, 
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91. Let. 3a = number of steps the father takes after son starts. 
Then, 5a = number of steps the son.takes. . 
Suppose @ = number of feet in 1 step of father. 
Then, 2q = number of feet in 1 step of son. 
3 ax = number of feet the father goes after son starts, 
and 19. az = number of feet the son goes. 


Since the son goes 36 a feet farther than the father, 
Wage = daz + 36a. 


Solving, ei LOS: 

whence, 5a = 540. 
Hence, the son must take 540 steps to overtake the father. 
92. Let 2 = number of dollars purse was worth. 
Then, 3a = number of dollars in money, 

and 8a = number of dollars ring was worth. 
Since the ring was worth $10 more than the money, 

8a—38z= 10. 

Solving, Ces 

whence, _ 32 —jq ands a — 16: 


Hence, the purse was worth $2, and it contained $6 in money and a ring 
worth $16. 

93. Since the whole mass of brass and iron occupies the same space as 
7 pounds of water, 


let x — number of pounds of water the brass displaces, 
whence, 7% — 2 = number of pounds of water the iron displaces. 
Then, 42 @ + 12 (7 — x) = 97. 
Solving, Oe 
whence, {2 = 2. 


Hence, the mass cortains 42 times 5, or 42, pounds of brass, and 4° times 
2, or 15, pounds of iron. 


94. Let z= number of dollars in annual ex- 
penses. 
Then, 4 (4725) — a, or 6300 — 2 = number of dollars in his capital 


at the beginning of the 2d year, 
4 (6300 — z) — a, or 8400 — a = number of dollars in his capital 
at the beginning of the 3d year, 
and 4 (8400 — 3 x) — a, or 11200 — 87a = number of dollars in his capital at 
the beginning of the 4th year, 
or at the end of the 8d year, 
expenses deducted; 
*. 11200 — 32.2 = 8800. 
Solving, ive ibe) 
Hence, his annual expenses were $1800. 


96. See next page. Page 185 
97. See next page. 
98. Let w@= one part. 


Then, b — xv = the other part ; 
“. v2=m(b— 2). 


Solving, pe 


inh 7 the first part ; 


whence, b—2= b , the other part. 
m+i1 


Substituting 100 for 6 and 4 for m, the parts of 100 are 80 and 20. 
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96. Let x = number of cents first receives. 
Then, z — d = number of cents second receives ; 
. @+a-—-d=c. 
5 _e+d A * 
Solving, Qi aay 7 number of cents first receives ; 
whence, e—d= ae number of cents second receives. 
If ¢ = 50 and d= 10, the number of cents the first receives is ——— 50 + 10, 
or 30, and the number of cents the second receives is 50 — 10 or 20. 
97. Let x = number of dollars saddle is worth. 
Then, ma = number of dollars horse is worth ; 
\. Me+n2=4. 
Solving, 2= rere number of dollars saddle is worth ; 
m 
whence, Mi aa , number of dollars horse is worth. 
an 


If a = 160 and m = 8, a es or 40, and maz = 40 x 8 = 120; that 


is, the horse is worth $120, and the saddle $40. 


99. Let maz = number of dollars the first receives. 
Then, naz = number of dollars the second receives ; 
&= Me + ne. 
Solving, a= —% 
- m+n 
whence, mae = — number of dollars the first receives, 
m+n 
and Rae , number of dollars the second receives. 
m+ 7 5x oa 
If a = 40000, m = 5, and n = 8, the share of the first heir is —~— par 


dollars, or 25000 dollars, and the share of the second is ——— 
or 15000 dollars. 


100. See next page. 


3 x 40000 oilate: 
638 


101. Let maz = number of pounds of first. 
Then, naz = number of pounds of second ; 
; . &= mu + nM. 
Solving, ests 
m+n 
whence, ma — —““_ , number of pounds of first, 
m+n 
and na — —““_, number of pounds of second. 


Substituting 5 for m, 16 for n, and 4200 for a, 
cates _ 5x 4 gay = 1000, number of pounds of tin, 


m+n 2 
_ and eS es 16 x 4200 _ 8200, number of pounds of copper. 
m+n 
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100. Let 2 = number of days it will take both. 
Then, ve part both can do in 1 day; 
fo) 
te a = i z 
+e° ab 
Solving, a= mare number of days it will take both; 
a 
ifa=10and d=15, # = 13° = 6. 
102. Let xz = number of hours the first rides. 
Then, a — a = number of hours the second rides, 
7x = number of miles the first rides, 
and p (« — a) = number of miles the second rides. 


Since the second wheelman must ride as far as the first, 
p(@ — a) = re. 


Solving, a 
p-r 
: ee ape i é 
whence, ip , number of miles each rides ; 
p—Tr 
if = 10, \p = 12, and a = 8, 
De 8 x 12 x 10 _ oa Nes 480, the number of miles. 
12 — 10 
103. Let x = number of hours going. 
Then, hk — x = number of hours returning, 
ax = number of miles, going, 
and b (A — x) = number of miles, returning. 
Since the distance was the same, going and returning, 
ax = b(h — 2). 
Solving, Fics bh ; whence, az = ah 
a+b a+d 


Hence, he went = miles from home; or, if a = 4, 6 = 34, and hk = 15, 


he went anix’ miles, or 28 miles from home. 
z 
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Page 189 
Ta—5y = 82, (1) 8ea—A4y=—7 1 
2. y 6, (1) 
‘oem e mar ay > eee ee (2) 
(1) + (2), d= 99. (2)x8, 82+380y7—%, (3) 
ST Se 8) = 4), 34 y = 68. 
Substituting (8) in (2), ‘i =O) Yan (4) 
Sunstituting (4) in (1), @ = 5. 
8a + 2y = 28, (1) 2%@—10¥y=15 
S . K ’ (1) 
a+y=8. (| 5 ee Ea (2) 
HY eee ee. () (2) — (1), 6y = 3. 
ag (4) rs 3 
ubstituting (4) in (2), y = 1. Substituting (8) in (1), : = 10. e 


6 fse@—y=4, 
ese Bj = 

(1) x 8, 9a—3y=12 
(2) + (8), 10” = 10 

4 

Substituting (4) in (2), ¥ = — = de 
4 f4e— y= 19, 
Gs Wego te 
(1) x8, 12@—3y = 57. 
(2) + (8), pee ae: 

==-6. 


Substituting (4) in (2), ee =i 


; l2e¢+y=1. 
Adding, and dividing by 8, 
CA Y se. 
(2) — (8), a= — 1. 

: Bat Oy = 18 
Adding, and dividing by 5, 
ad 

(8) x 2, 2¢+ 2y= 14. 
(2) — (4), es 
(1) — (4), y = 8. 

38u + 4y = 25, 

1g tae 

(1) + (2), e+ Ty= 56. 

(8) x 2, duv+ dy = 24. 
(2) — (4), ie 
(1) — (4), aoe 

5a + 6y = B2, 

“Z hese 

(2) °K °25 14v—6y= 44. 

(1) + (8), 19a = 76 

; ioe 


Substituting (4) in (1), y = 2. 


Sxv+ 6y = 89, 
2 on fae 
a 27+4y= 26. 
(2) + is), Irom hai 
es", 
Substituting (4) in (1), y = 3. 
2 oO y = 6, 
g } a+2y=14. 
fe) <~ 7, Ta+ 4y= 98. 
(3) — (1), 23 y = 92. 


: yA. 
Substituting (4) in (2), # = 6. 


ae Brea 
(2), 20+ y= 10. 
(1) + (3), 152 = 80. 


Li= 2. 
Substituting (4) in (3), y = 6. 
15. See next page. 
16. See next page. 


; 14¢@4 y = 142. 
(1) + (2), 15@ + 15 y = 180. 
(3) x44, 142+ 14y = 168. 
(4) — (4), 13 a = 1380. 

Sag =O: 
(4) — (2), 13 y = 26. 
Ui e2: 
5a+y= 12, 
2c a+ dy = 36. 
Adding, and dividing by 6, 
e+y= 8, 
(1) — (8), 4a = 4. 
R= 1 
(2) — (3), 4y = 28. 
VP 
8a+ 11ly = 67, 
a ; ba hoe 5. 
(1) x 3; 92+ 33 y = 201. 
(2) x 11, -55¢ — 33.4 = 55. 
(8) + (4), sue SS 
= ote 
Substituting (5) in (1), 7 = 
Yrs 
~-+%= 12 
20 4 2 
ae bea 
4 2 
(1) + (2), 5 = 10. 
x= 20. 
— (2), i a 
a ee yy 
21 Js me 
po; 26) 
Gur 
(2) x 2, gt y= 18. 
(3) — (1), % = 6 
y=9 
Substituting (4) in (1), 2 = 12 


(2) 


(1) 
(2) 
(8) 


(4) 


116 KEY TO ACADEMIC ALGEBRA 
8e¢-—3y=4, (1) 62 —5y = 383, 
a c= by Se Oe pena ae 
(1)x 5, 40¢—15y7=220. (3) | (2)+4, a+y=1l1 
(2) x 3, 21e2—15y = 87. (4) | (8) x 5, §a+ 5y = 55 
(3) — (4), 19 2 = 1388. (1) + (4), 11z2=88 
ale (5) c= 
Substituting (5) in (1), y = 4, Substituting (5) in (3), y = 3. 
Page 191 
2. See next column. Equating the values of 2, 
36 — 2 9 23 
: Bret ak (1) a ee 
Sn), y= 22— 52. (8) | substituting (5) in @), 
From (2), Y= ee (4) = 10 
Equating the values of y, 2 { 82—2y= 10, 
28 — 52 = 14=2. Oia 
Ne w | Prom FE Ee. + es 
2= 
Substituting (5) in (8), From (2), z—770-y. 
Y= 2. Equating the values of 2, 
2y + 10 
4 Pe UR CEI Ts (1) ee 
F Aa es y = 40. 
rom (1), y=%—2e. (3) 
From (2), By aie 16) Fi) Substituting (5) in Oo. 
Equating the values of 3 y, 
24-—2a2=52 — 18. ~ feety=s 
de . ant (5) 4 824+9y=9. 
psurauine re From (1), 2= Sate : 
oe From (2), z=3-—3y. 
5. j ae e By a, y, G Equating the values of 2, 
From (1), a= Oe. (3) = ed 
From (2) C= 39 4:3. 4 Ss 
, w= 3 (4) itetieutine (5)i @, 
Equating the values of a, sore 
14—5y_ 8y+3 8 reac” 
erg eat e 8a—2y=%. 
we y=1. (5) | From (1), yeas 
Substituting (5) in (4), 6 
= From (2), y= 6 re 9 
6. Sa + 2y = 86, (1) Baoating the values of 
Nha Ras iy 19-42 _ 6¢—9 
From (1), = Soe (8) Pa a | 
; v= $. 
From (2), eS oy + 38, (4) | Substituting (5) in (8), 


Y=% 


[189, 191 


(5) 


(1) 
(2) 


(3) 
(4) 


(5) 


(1) 
(2) 


(3) 
(4) 


(5) 


(1) 


(2) 
(3) 


(4) 


(5) 


191, 192] 


4z+3y = 34, 1) | Equating the val 
Ooi oy Lee 6 ee seh piel ey 
From (1), y= 34 — 4a (3) ¥y=2. 
3 Substituting (5) in @), | 
From (2), = 87 — 1 ale (4) = 14. 
Equating the values of y, 13. 3y+9=5a2, 
84—4¢ 87-112. {164 22 =5y 
3 iz 5 From (1), Pope Ha tarat ss 
* * ais = 6. (5) 16 : D} 
Substituting (5) in ®),, From (2), Me Wo Rt 16 — 2a 
’ y ey ¢ 
} Equating the values of Ly; 
OSD beeen Ais (1) Ba—9 16-22 
82+ 11ly=— 17. (2) So Wee Pane Sale 
F _18y+5 
rom (1), e=—*"—. (8) c= 3. 
iy Substituting (5) in (4), 
From (2), z= Suge, (4) y = 2. 
Equating the values of 2, 14 i 5ea—40=y, 
oy +0. — ig Ti- : Sy — 60=2. 
4 3 & From (2), y= - + 12. 
y SS t 
Substituting (5) in (8), Equating the values of y, 
ce ore Ba 40-2 + 12. 
18¢e@—3y=4y (1) 
11. a rsa @ = 108. 
eek. Ag (2) Substituting (4) in O. 
From (1), y= ee (3) y= 
_ 4a + 26. eon ae 
Frou), a 3 (4) | 15. i 92+ 5y = 20. 
Equating the values of y, _ lle + 67. 
182 40 + 26, esol (2), ERE’: 
ae ett | From), y = 22. 
Substituting (5) i 4 ®,. aoe pe values of y, 
— lig + 67 _ 20-22, 
Ty—xe= ‘i (1) oa abe 
a2 fry se=0, (2) ey e=—65. 
From (1), Ci Nias (3) | Substituting (5) in (4), 
From (2) 2=18—2y. (A) y = 6. 
Page 192 
a—y=4, (1) -a+y=10, 
id We = iy (a) | 3 too Si geee 
From (1), w=yt+4 (3) | From (1), az=10-—y. 
ne (8) in (2), Substituting (8) in (2), 
—(y¥+4= 14. 6(10 —y) —Ty = 84 
6. (4) = 


USS 
Substituting (4) in (3), 
i) 


SIMULTANEOUS SIMPLE EQUATIONS 


y = 2. 
Substituting (4) in (8), 
a= 8. 


117 


(5) 


(1) 
(2) 
(3) 


(4) 


(5) 


(1) 
(2) 


(8) 


(4) 


(1) 
(2) 
(3) 


(4) 


(5) 


(1) 
(2) 
(3) 


(4) 


118 
4 ee (1) 
: @— 8y = 22. 2) | 
From (2), c=S8y+ 22. (8) | 
Substituting (8) in (1), 
3 (8 y+22) —4y = 26 
eT (4) | 
Substituting (4) in (8), 
t= 6, 
5 6y —10¢%= 14, (1) 
; YD iz (2) 
From (2), YH=Ut+3 (3) 


Pune (8) in (1), 
(e+ 8) 100 = 14 
= 1 (4) 
Substituting (4) i @, 
y ——s 


KEY TO ACADEMIC ALGEBRA 


Substituting (8) in (1), 
4z+20=10-4d@. 
z= — 2, 
Substituting (4) in (8), 
Y=. 


72-32 =18, 
2 oe sea cay 
From (2), e= Pet) 


Substituting (8) in (1), 
7 AH) eee ees 
352 +7—62 = 36. 


ste 
Substituting (4) in (8), 
i= "32 


Y+1=324, (1) 
5 es. (2) 
rom (1), Y=3u-1. (3) ee ae 
Substituting (8) in @) Ue ese as 
Br+9=92—8 aa. 
a (4) From (1), 1lby=2+ 8. 
Substitut 4 Substituting (3) in (2), 
ubsttuting () in @), 3 eee ae 
“Mea 
7, { oe = ec ap é 3 Substituting (4) in Q), 
= 32-22. =1, 
From (1), 2=17—82. (3) ; 
Substituting (3) a (2), 1 ae 
PE harsy—oe | fgg 2 =dp 
Substituting (4) Pa (3), _ Substituting 8 y for - 1—2 in (2), 
pay | 9 ia =40-—y. 
; =4) 
5 4y=10—2 (1) | Substituting (8)i : Gj; 
= SN (2) | l—#= 12, 
From (2), y=@2+5 (3) | «= — itl. 
Page 193 
{ a+ u ese (1) 13, See next page. 
12. ; (@ y 
, ~ = ii 
i +8y=2. | {3 9’ 

« : ; Cig ee 8 
From (2), = 21—8y,(8) L3 Se 
Substituting (3) x 3 in (1) iia uk 

aoe iy Se ea, 
Ga at on wa 
aie 
~ 6 y = — 156, eae 

Bas. ‘ y = 6. (4) Gee eh 

Substituting (4) in(1), x = 9, Substituting (8) in (1), 2 = 12. 
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(4) 


(1) 


(3) 


(1) 
(2) 


(3) 


193] SIMULTANEOUS SIMPLE EQUATIONS 


SDs As e/o 
s ace ge 
3 5 : 
A Oia ene, 
1 x. 8, — a ie 
(1) io et ee 
8a , 12 
2 x4, — Lek eee Y 
(2) pn arewad 
52 
4) — (8), — = 5. 
(4) — (8) 19 
HDi A 
Substituting (5) in (2), 
By _g 
5 
Mir alse 
Vi dy = 15, 
15. 3 ae 
ob as IN eee 
3 6 8 
(2) x 6, a+4y=36. 
(8) — (1), i = 21, 
enone 
Substituting (4) in (8), y = 3. 
feceee y = 3, 
16 “ 
; a—1 
| 4 +4y=9. 
(2) — (1), By =6 
=) 


19. 1 
L 
Muitiplying (1) by 2, 


Multiplying (2) by 3, 


Subtracting (3) from (4), 


Substituting (5) in (1), 


Adding (5) and (6), 
Subtracting (5) from (6), 


(1) | 


Substituting (8) in (1), 
A by — 


mi +2=3. 
Dias 
(22 ee at 
jog 5) 4 
2%, shad 3 y 
=—+4+ —4£=A7 
ea 
OU: 
1) x 2, ot 4+ =4¥ = 40 
(1) mG. gir 
38a, 93 
2) x 8, si ae 5 
(2) ee 
11 
4) — (8), =-¥ — 11. 
(4) — (8) i 
gee oi 
Substituting (5) in (2), 
V4 9=17. 
2 = 16: 
ey 
sg [a2 
Les | 
L373 
Substituting (1) in (2), 
¥_— 921, 
pias 
Y= 1, 
6 
Gi) Os 
Substituting (3) in (1), : = 8. 
Di Os 


BAY 44 
as 1 
4 
ary 2 (@ ¥) _ 41¢ 
a+y +22 — 33 
17 (@ — ¥) _ 49 
2 
u—y=12 
TTY _4—8. 
2 
ety = 24. 
22 = 36. 
a= 18; 
2y = 12. 
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(3) 


(5) 


(6) 


120 KEY TO ACADEMIC ALGEBRA [193 


peel ae ii tp 1 
eee , 
7 ge seat EY Sos ty (2) 
br 3 6 
Clearing (1) of fractions, etc., 3z—2y=6. (3) 
Simplifying (2), ee) fms 
e—y=1. (4) 
Multiplying (4) by 2, 22—2y=2. (5) 
Subtracting (5) from (8), z=4, (6) 
Substituting (6) in (4), Ope Bt 
a Let ee (1) 
21, e . 
ovat, 42=3 — 18 5a. (2) 
Reducing (1), 62 + 55 y = 128. (8) 
Reducing (2), 342+ ldy = 182. (4) 
Subtracting (3) from (4), 282 — 40y = 4. (5) 
Multiplying (5) by 3, 212 — 30y=8. (6) 
Multiplying (4) by 2, 682 + 380 y = 264. (7) 
Adding (6) and (7), 89 2 = 267. 
ee oy (8) 
Substituting (8) in (4), y=2. 
x ny, 
~—12=£+8, 1 
a 3 res (1) 
: ety, e_2y—-2 35 9 
5 ae 3 ri +35. (2) 
Reducing (1), 2%—y=80. (38) 
Reducing (2), AT x — 18 y = 2100. (4) 
Multiplying (3) by 18, 862 — 18 y = 1440. (5) 
Subtracting (5) from (4), 112 = 660. 
: %.= 60. (6) 
Substituting (6) in (8), y = 40. 
1 3 
——— — —"_=(0 1 
a8 +3=0. (2) 
Solving (1) for y, y¥=2a —8. (8) 
Solving (2) for y, y= a +1. (4) 
Equating the values of y, 27-—8=2+1. 
a a= 4. (5) 
Substituting (5) in (4), Y= Dd: 
24, 2 4 
¥ 4 32-24 — 95, (2) 
Reducing (1), 22 —y = 80. (8) 
Reducing (2), 242 —11y = 1000. (4) 
Multiplying (3) by 12, 24a — 12 y = 960. (5) - 
Subtracting (5) from (4), y = 40. (6) 


Substituting (6) in (8), z= 60: 


193, 194] SIMULTANEOUS SIMPLE EQUATIONS 


(eee ae 7 

1.5 ANY E 

25. J 
}.5@—.2_ 41 -1.5y—11 
TERS a 16 8 


Reducing the second member of (1) by dividing both terms by .7, 
Yt .O ae = Ae 


1.5 6 
Multiplying (8) by. 6, 8y¥+2= .7e—1. 
Seika 7a—8y = 80. 
Multiplying (2) by 16, da—2=41— By + 22. 
eee 52+ 38y = 65. 
Multiplying (5) by 3, 212 — 2447 =90. 
Multiplying (6) by 8, 40a + 24y = 520. 
Adding (7) and (8), 61 @ = 610. 
Bites 1K) 
Substituting (9) in (6), y = 6. 
Page 194 
Cpe 224 Atay sy ey 
26. 5 5 8 
Be Ys + 12 
4 5 Y 
Reducing (1), 142% — 27y = 40. 
Reducing (2), 15a — 24y = 240. 
Subtracting (3) from (4), z+ 3y = 200. 
Multiplying (5) by 8, 8a + 24y = 1600. 
Adding (4) and (6), 23 @ = 1840. 
a = 80. 
Substituting (7) in (5), y = 40. 
27 ee ig, Se Ga: Bos 
3 (40 + 3y) = 75 (Ty + 24) 
Reducing (1), 10z2—5y=0. 
i= PAR 
Reducing (2), 8a —y = 24. 
Substituting (3) in (4), ge 4, 
Substituting (5) in (8), y= 8: 


28. See next page. 
( 8a—By_ 2x—8y—9_ 31 


29 3 12 Be 
=! 744412) — (4 — 4 — 25) = 5. 
(e+%+ i (ta 6 

Reducing (1), 5a—6y=11 


Clearing (2) of fractions, 
24a + 42 y + 224 — 672x + 2y + 4200 = 140. 
— 6482 + 68 y = — 4284. 


Multiplying (4) by 2, — 12962 + 126y = — 8568. 

Multiplying (3) by 21, 105 w — 126 y = 231. 

Adding (5) and (6), = 1191 «= — 8337. 
ae te 


Substituting (7) in (3), y= 4. 


122 KEY TO ACADEMIC ALGEBRA 
6c+9 387+ 5y_9, , 8u+4 
4 © 4x2—6 3 ae 
a6: BY 4. CE IS Yee 4y-—9 
10 2 (y — 4) 5 
6@ 9, 3@+ 5Y_91, 3%, 6 
From (1), Z + 84 ant ra 5) = 
é 3@+5Y _ 9 
Canceling, etc., ie ees 
Reducing (8), , ie — ag = r : 
y e— oy EO moe 
Pe) 10 10° 2@y—4) a: 
62—8y_ 8. 
Canceling, etc., Saree 
Reducing (5), @=y—2 
Substituting (6) in (4), 9y—18—5y= a 
y=. 
Substituting (7) in (6), intel fe 
. a We eae 
; | y-3=4-20 3y¥— 73 
«—18 3 
From (1), canceling a — 20 = 22 - 40 
_2¥— 2 19 
23 — 2x 


From (2), canceling y — 30 = 3y — 00 


Subtracting (4) from (8), 
Substituting (5) in (4), 


SY peel 
z— 18 3 
17z— 38y = 297 
Ty = 140 

=) 20h 

Cae 


+6 +5 _62—2 
81 a By —5 145 
; [et Be Es AE 
6 5a—7 9 
Subtracting ee Doge from both members of (1), and ee 
members of (2), ‘ 1 RSE : 
Sy een eas 
and oe 
s@—7T 18 
Reducing (8), x— 8y'=— 10. 
Reducing (4), 95 2 — 54 y = 205. 
Multiplying (5) by 18, 182 — 54y = — 180. 
Subtracting (7) from (6), 120 = "385, 
Eat 


Substituting (8) in (5), 


Pi=i0, 


(1) 
(2) 


(3) 


(4) 
(5) 


(1) 
(2) 
3 from both 
(3) 


194, 195] SIMULTANEOUS SIMPLE EQUATIONS 


39, J 2 2 40 — 2 
EAE NARS (ath 
Ly+8 8 
From (1), +§—%—39 4 OY +22 
© 2 t 40-2 
by+ 22 99 
40 —@ Nie 
: - 4% —y =1%6 
From (2), oY? + 103 -y=10—y. 
(2) aT eae y 
BO Be 8 
y+8 8. 
19y¥=0. 
Y= 08 
Substituting (4) in (8), eo = 44, 
| 40 + Pres tbe 
33 17 —32 4 
et is —1 gy + aia ey 
| oe. — 10 
l 
From (1), canceling and simplifying, 
ean cia 
2 (17 33.2), 4 


Reducing (8), 


55x + By = 823. 


From (2), canceling 49 = 147 and 8y — = = Ohetes, 
ST ae lestg 
Bo 0 ve 
Reducing (5), 5a—38y=7. 
Multiplying (6) by 11, 55a — 83y = 77. 
Subtracting (7) from (4), AL y = 246. 
y = 
Substituting (8) in (6), = 
Page 195 
Pos URNS 19, (1) (ere Yi 
35 Bo 36 J 3 3 
: 6@  ¥ _ 42, (2) | 44-2 
( 2 3 3 3 
(2) x 2, 5a + =u = en (3) (1) + (2), “at 
(1) + (8), 11 _ 99 y 
nee (4) Substituting (3) in (1), 
x 
Substituting (4) in (2), == ob 3 
a 


Was Ge 


i 


ll 


I! 


lI 


— 
aA) 


| 
@ 


On 


ew 


Oo 
So 


123 


(1) 
(2) 


(3) 


(4) 


(1) 
(2) 


(6) 


124 KEY TO ACADEMIC ALGEBRA [195, 196 
2+ = 64 (1) lage a= oA 
37. 38. 
6 07a [2+ Pan. @ 
re 11 275 i5 is 155 
(1) + (2), ach = cee a (3) 8) te (a) en ae) 
x y 2 z y 2 
(8) x 2425. | @) 23, 242. @ 
WD) 2 easy 6 
1 5 35 
y= (2): == 11. 4) — (4), i se 
(2) — (4) B (1) — 4) ee 
L(A), ee 2) — (4), 5 _ 95, 
(4) pias (2) — (4) sac 8 
Page 196 
(5 _3_ _9 4) | Substituting (8) in (1), 
hea ae ; 1oae 
39. 495 ¥ — = 30. 
;—+-=6 (2) 34 
Vay t=} (4) 
Substituting (4) in (3), 
(2) x 8, Des Siete pea 
* eae 
(1) + (3), — = 16. Rs 
a (S425) (1) 
Zi==5: (4) 41. ‘ae ae 
Substituting (4) in (2), y = 1. : 3 + 4 ad (2) 
fe 3 " 4 19 
a ea Q) | a+ ERA Pee 
Re. ey (1) + (2), a Oe Se 
ra ae 2 ee 
lg ag toe) ee rey eee 
(1) x 2 SB 10, Va) bay (4) Loe 
oN ne, : a 4 
(2) x 8. Be (4) | er 
Nana 2) — (4), LIAS ae 
(3), ioay eee y 24 
Substituting (5) in (1), ea —1 
Eo a 
41. See next column. 43 en Cy bi 
: 5 8 
ped aie 
(i +o = 00, (1) Be oy Y (®) 
42. 1) x 8, Beery. 
\248- 90 a | ae yee 
2) + (3), Lore 
— (1), ee a Bete ae 
ak, : z= }. (4) 
ON (3) | Substituting (4) in (1), y = q. 


196, 197] 


eee 10 
44 | 82 By ‘ 
1 ee = 17. 
6a tly 
dd) x 8, 21 2 _ 39 
Sin a 
(2) x 14, ee TE ii 
aey 
55 21 
4) — (8), — — — = 1857. 
i @ Caan 8 
2 ax + by = m, 
i ba — ay =. 
(1) x a, a®e + aby = am. 
(2) x 6, ba — aby = be. 
(3) + (4), (a?+ 8) a = am + be. 
_ am + be 
A fees heteah 
a* + 0 
(1) x 5, abe + By = bm. 
(2) x a, abe — ay = ac. 
(5) — (6), (a?+ 07) y = bm — ae. 
_ bm — ac 
fie q?z + 2 
3 az — by=m, 
: cz — dy =7. 
(1) x d, adz — bdy = dm. 
(2) x 6, bex — bdy = br. 
(8) — (4), (ad — bc) z = dm — br 
to dm a0 
ad — be 
(1) x¢, acx — bey = em. 
2) x a, ace — ady = ar. 
(5) — (6), (ad — bc) y = cm — ar 
_ om — ar 
ad — be 
4 i ax = by, 
: e+y=ab. 
(2) x a, ae + ay = ab. 
Substituting (1) in (8), 
by + ay = ad. 
ot EE 
ree 
252 
4) x b, by = 2 
(4) x TS coy 
Substituting (5) in (1), 
2 Ga 
Wave a 
ab? 


SIMULTANEOUS SIMPLE’ EQUATIONS 


125 
157 
1 —— = 187. 
(1) ee om 
(2) BOAR AS 
x 
(8) t= ee 
(4) Substituting (5) in (8), 
2 383. 
y 
y= x5. 
Page 197 
(1) {a—ay=n, 1 
yee: ? ba +y=p. 2) 
(3) | From (1), Z=ay+n. (8) 
(4) | Substituting (3) in (2), 
aby + bn+y=p. 
— p= bn 
Opes ° 
(5) Ae ab+ 1 
(6) rom (2), Y¥=p— ba. . (4) 
Substituting (4) in (1), : 
e—ap+ abe=n. 
hp BN, 
(2) a(@ — y) = 5, 1 
Cl es 2) 
(4) (1) x ¢, ace — acy = de. (8) 
(2) x @, abe — acy = an. (4) 
(4) — (8), (@ —ac)x = an — 5e. 
(5) i) = an — Se. 
(6) ab — ac 
(1) x 6, abe — aby = 5d. (5) 
(2) x a, abe — acy =an. (6) 
(6) — (5), (ab — ac) y = an — 5d. 
(1) aes an —5b_ 
(2) ab — ac 
(8) | 7. See next page. 
e+ y ee b — a, (1) 
r g. Jptln hn ae (2) 
(4) | Prom (1), y= b—a—z. (3) 
(6) Substituting (8) in (2), 
ba-ab+a?+ax+2ab = 0. 
pee = aia +8), 
a+b a+b © 
| that is, = — a. (4) 
| Substituting (4) in (1), 


| 


Yio. 
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7 a(a—2)=b(y—4), (1) aa _ &= ab, (4) 
i aan = by. (2) | Substituting (4) in (1), 
(2)—(1), — +2 0. % 
—a ae = dee 
_@+ BR. fo RS ire Bae 
2a y = ab. 
(1) + (2), ae 2 a rs 12. See next Lee 
2b a sr b =. (1) 
13. 
tata (1) [g-#=3 (2) 
9 a 
| pas] ord. 
=—==5. (2) ” La hee (3) 
x y : ‘ Oa Mabe 
1 2), -=- = re z Pee oil 
(1) + (2) greg Gy 5. igs coe (4) 
a+b nuk Pee at 
= . 3 = 4), Soei gt Pe a ara 
ab Cai tea) a 20EL @ 
ag — 2b C+ _a+2d 
a+b ay Bab 
(1) — (2), ek et __ ab(a+2b) 
; = Sos) 
y a 2 (a2 + 82) 
el Ss a, Bubetua (5) in (1), 
a + 2 fie 
y= 2% See en 
b—a ab? + 208 + 2(a2 + By 
ee eee 1 = 20%) + 203. 
<3 ae , (1) y —2eb— a _ adb(Qa—d) 
bo a_ 2(a? +) (a +B) 
eyo, wee (ae 
Ey a Sh eae (1) 
(1)—(2), & Ae 0. 14, ae °y 
—b- @-0 ern: @) 
Fo ak eee al 
a ea a (1) x 8, oe (8) 
Substituting (8) in (1), : ee nell 
cA (2) x a, Se A (4) 
8 # Coe 
aay ting (4 ADAG) ee be ee Ee 
uting (4) in @), | From (5), a? + 8 = abe (ad + be) 
y=a+d. | eee ee 
| i+ ¥= 200, ene ‘ ~ ab(ad + be) 
il. ioe. | (1) x @, = eae / 
[z+Haass @) ( oy ae. (6) 
4 b 
2) x b, =-—-— = z ig 
(1) ahh < rs i ae (8) ( ) a ay bd (7) 
6) = Sa 
(2) (3), fale XO) =") ae ac ~ bd. (8) 
| From(8), a2 + 62 = aby ace — bd). 
ae — *) 2 a ‘ ee OF. G2 
ap} 


~ ab a — bd) 
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a 
iw [ete 8 =0, (1) 
l ba —tay = 0. (2) 
From (1), 6% + ay = 2ab. (3) 
(3) + (2), 2 ba = 2ab. 
=o, 
(3) — (2), 2 ay = 2ab. 
a= r0! 
(= 5 SIC) (1) 
P {m,n 
Sara = (2) 
lay 
(1) x n, Ce ees cn. (3) 
x y 
NS a CG 4) 
i Y 
(3) — (4), (an—bm) i= cn — be. 
x 
iy as, Ue bm 
 on=—tbe j 
(1) x m, EE  , (5) 
x y 
(2) x 4, COMETS Sr (6) 
& y 
(6) —(5), (an — bm) = ae — cm. 
an — bm 
il apc a wei 
ae — cm 
fete ay 
Ne y+1 a—d41 | 
la=y=2b. (2) 
From (2), z=y+2b. (3) 
Substituting (8) in (1), 
Vo ee Lait 1 
ell a—b+1 
Reducing to mixed numbers and 
canceling 1 from each member, 
Bove. Bb 
y+1 a—b+1 
y+1=a— di+ “ls 
y=u—d. (4) 
Substituting (4) in (8), 
Up ae b 
rety_@—y (1) 
WW } a peal | 
5 lease UR YS cane (2) | 
bg b 
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(1) + 2), 222-9 
a b 
262 = ax — a 
a2 
= 3 
rey el 
From (i), ba + by = aw — ay. 
a—b 
=——e27. (4 
ie a+ Be () 
Substituting (8) in (4), 
eA CBee) 6 
(a+ 6)(a—2d) 
oe (1) 
18. 
\ett-. 
From (1), x=2a-—y. (8) 
Substituting (3) in (2), 
eee VD 
20a —2y ES 
helt Set 
ay 
y=a-1. @ 
Substituting (4) in (8), 
w=at+l1 
(74 %=0, (1) 
a. .0 
19. 
oe (2) = 
(yx } y= be (3) 
(2) xe Oty = cd. (4) 
(3) — (4),  _ & = be — od. 
(0? — ac) @ = ab (be — ed). 
a — web = a), 
| BP — ee 
(1) x a a + SE = ae. (5) 
(2) xb v4 Y= oa. (6) 
(6) — (5), y — Ht = ba — ae. 
(02 — ac) y = be (bd — ac). 
— be (bd — ae), 
iP = ae 
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ltiplying (4) by 2, 
f+ 5 =%, Qin et anend ee 
0. ie ee ey 8 | —- ——= > (&) 
20... b a ME Lap (2) | a@+a b-y Be eee 
lena Dog oe ' (1) + (6), a+b_ @P+ab+P 
. 3 : | a2+2 ab 
Subtracting (2) from (1), ab + ab? 
a—b, b-a_@-# = B+ ab + ab?+ x (a2+ ab + D?). 
SSP =e, (8) — ab 
a+u b-y ab => — Sa 
ee a+ ab+ B 
Dividing (8) by a — 4, ears 
(2) — (5), ewe 
LITA sew sey 2 Get b (4) b-y 
@+au b-y ab Y=4+ 2b. 
Page 198 
2. Let x = number of dollars received for each cow, 
and y = number of dollars received for each horse. 
Then, 82+ 7y = 600, 
and 82+ 38y = 800. 
Solving, & = 26, and y = 75. 
Hence, he received $25 each for cows and $75 each for horses. 
3. Let « = number of cents per yard for first kind, 
and y = number of cents per yard for second kind. 
Then, 20a + 50 y = 3000, 
and 302 + 20 y = 2300. 
Solving, x = 50, and y = 40. 


Hence, the price of the first is 50 cents per yard, and the price of the 
second is 40 cents per yard. 


4. Let « = number of cents each bushel of wheat costs 
and y = number of cents each bushel of rye costs. 
Then, 45a + 37 y = 6270, 
and 3872+ 25 y = 4880. 
Solving, xv = 90, and y = 60. 
Hence, wheat costs 90 cents per bushel, and rye 60 cents per bushel. . 
5. Let x = number of apples, 
and y = number of oranges. 
Then, 4a +5y= 95, 
and @+ Yy = 22. 
Solving, « = 15, number of apples, 
and y = 7, number of oranges, 
6. Let v = number of years in A’s age, 
and y = number of years in B’s age. 
Then, Apes h(E = i 
and @ + 10> 4 (y +.10;, 
Solving, & = 20, and y = 50. 


Hence, A’s age is 20 years, and B’s is 50 years. 
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7. Let 


« = number of years in A’s age, 
and y = number of years in B’s age. 
Then, 42+ 2y= 70, 
and 8e+2y= 70. 
Solving, x = 20, and y = 380. 


Hence, A’s age was 20 years, and B’s was 80 years. 


8. Let a = number of cakes at 2 cents each, 
and y = number of cakes at 3 cents each. 
Then, 2a+ 3y = 28, 
and Dy = 12, 
Solving, ZS, andry = 4. 
- Hence, he can buy 8 cakes ‘at 2 cents Sock and 4 at 3 cents each. 
Page 199 : 
10. Let a = number of dollars A has, 
and y = number of dollars B has. 
Then, . 4(@ — 100) = y + 100, 
and © a + 200 = 4(y — 200). 
Solving, xv = 200, and y = 800. 
Hence, A has $200 and B has $300. 
11. Let x = number of cents A had, 
“and y = number of cents B had. 
Then, 2(@ + 20) = y — 20, 
and 5 (@ — 25) = y + 25. 
Solving, z= 70, and y = 200. 
Hence, A had $.70 and B had $2. 
12. Let z = number of dollars A had, 
and y = number of dollars B had, 
Then, a+ 300 = 2y, 
and y — 3800 =t2. 
Soiving, x = 500, and y = 400. 
Hence, A had $500 and B had $400. 
Page 200 
14, Let xv = the numerator of the fraction, 
and y = the denominator. 
Then ee 
J y ‘ 
and war ae 
Solving, = 5, and y= 8. 
Hence, the fraction is 3. 
15. Let wv = the numerator of the fraction, 
and y = the denominator. 
GH 221) 
Then, eke oe? 
2+ 2\_. 8 
and = 
U) se 9° 5 
Solving, 2=4, andy=8. 


Hence, the fraction is #. 
Key Acad. Alg.—9 
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Len Let x = digit in tens’ place, 
and y = digit in units’ place, 
whence, 10 + y = the number, ty 
and 10 y + « = the number with its digits reversed. 
Then, x+y = 12, 
and 1x+y—18=10y+a, 
Solving, Cl, 
and y= 5. 
Hence, the number is 70 + 5, or 75. 
18. Let x = digit in tens’ place, 
and y = digit in units’ place, 
whence, 10 + y = the number. 
Then, LU ae == (0 
cT+y 
and a—sy=1. 
Solving, “= 7, and 7 = 2. 
Hence, the number is 70 + 2, or 72. 
19. Let & = digit in tens’ place, 
and y = digit in units’ place, 
whence, 102+ y = the number, 
and 10 y + « = the number with its digits reversed. 
Then, : ve -tey = 12: 
and 10¥+2=2(1027 + y) — 12. 
Solving, «= 4, andy=8. 
Hence, the number is 48. 
20. Let % = number of acres at $40 an acre, 
and y = number of acres at $15 an acre. 
Then, z+y= 100, 
and 402 + 15 y = 8250. 
Solving, «= 70, and y = 80. 


Hence, there were 70 acres bought for $40 an acre, and 30 acres bought 
for $15 an acre. 


Page 201 
21. Let « = number of 50-cent tickets, 
and ¥ = number of 35-cent tickets, 
Then, “+y= 100, 
and ‘ 502 + 35 y = 3950. 
Solving, xv = 380, and y = 70. 
Hence, 30-50-cent tickets and 70 35-cent tickets were sold. 
22. Let « = number of 25-cent pieces, 
and y = number of 5-cent pieces, 
Then, e+y= 80, 
and : 25a + 5y = 1600. 
Solving, x = 60, and y = 20. 


Hence, there were 60 25-cent pieces and 20 5-cent pieces, 


201] SIMULTANEOUS SIMPLE EQUATIONS 181 


23. Let a = number of apples, 
and y = number of oranges. 
Then, 82+ 5y = 100, 
and. 3-2@+5-+y= 34. 
Solving, “= 20; and 7'= 8. 
Hence, he bought 20 apples and 8 oranges. 
24, Let x = number of days it will take A, 
and y = number of days it will take B. 
Texel eure 
Then, ==> 
4i “ y 12° (1) 
and 2 a ee (2) 
LY 
Multiplying (1) by 5 and subtracting the result from (2), 
a 
OE ile 
5) Ci Seas 
whence, substituting in (1), ie Ass 
Hence, A can do the work in 18 days, and B in 36 days. 
25. Let x = number of days in which the blacksmith could have 
done the work, 
and y = number of days in which his son could have done it. 
Then, ! + = A 
Die eee O 
and S ar 3 
BS) 
Solving, z = 10, and y = 15. 


Hence, the blacksmith could have done the work alone in 10 days, and 
his son could have done it in 15 days. 


26. Let @ — number of days in which the man can dig the ditch, 
and ¥ = number of days in which either son can dig it. 

Then, ee 1 

Tea) 6 
and a + u + 2 ale 
Tite Sih ee 
Solving, z= 10, and y = 80. 
Hence, the father can dig the ditch in 10 days, and either son can dig it 


in 380 days. 


27. Let z = number of persons, 
and y = number of cents in share of each. 
Then, We = xy + 125, (1) 
and 50 @ = ay — 260. (2) 
Subtracting (2) from (1), 252 = 375, 
whence, 0: (8) 
Substituting (8) in the first. member of (2), 
xy = 1000. 


Hence, there were 15 persons, and the whole expense of hiring the coach 
was 1000 cents, or $10. 
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28. Let « = number of miles per hour the train ran, 
and y = number of hours it ran. 

Then, (w + 5) (y — 2) = ay, (1) 
and (@ — 5) (y + 3) = ay. (2) 

Reducing (1), 2a@—5y = — 10. (3) 

Reducing (2), x—2y=5. (4) 

Solving (3) and (4), x = 45, and y = 20. 


Hence, the whole distance was 20 times 45 miles, or 900 miles, and the 
rate of the train was 45 miles an hour. 


29. Let zx = number of persons, 
and y = number of dollars in share of each. 
Then, (@ + 4) (y — 8) = ay, (1) 
and (@ — 2) (y +. 2) = ay. (2) 
Reducing (1), 38a—A4y= — 12. (3) 
Reducing (2), eT—y=2. (4) 
Solving (8) and (4), x = 20, and y = 18. 


Hence, there were 20 persons, and the share of each was $18. 


Page 202 
30. Let © = number of cents eggs were worth per dozen, 
and y = number of cents potatoes were worth per bushel. 
Then, 6¢=2y 4+ 10; 
and Ol AO 
Solving, «= 15, and y = 40. 


~ Hence, eggs were worth 15 cents, and potatoes 40 cents. 


31. Let « = number of feet in length, 
and y = number of feet in width. 
Then, (@ + 5) (y + 2) = ay + 140, (1) 
and : (t+ 10) (y + 7) = ay + 390. (2) 
Reducing (1), 22+ 5y = 130. (3) 
Reducing (2), Tx + 10% = 820. (4) 
Solving (8) and (4), v= 20, and y = 18. 


Hence, the floor is 20 feet long and 18 feet wide. 


z = digit in tens’ place, 

and y = digit in units’ place. 

Then, 10z + y= the number, 
and 10 y¥ + # = the number with digits in reverse order; 

» 107+ y+ 54=10y+ 2, (1) 

and 2p y= 8, (2) 

Reducing (1), cT—y=— 6. (3) 

From (2) and (8), e=1,andy= 7. 


v 
Hence, the number is 17. 
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33, Let x = digit in tens’ place, 
and y = digit in units’ place. 
Then, 10@ + y = the number, 
and 10y + = the number with digits in reverse order; 
“ 10@7+y7+18=5(@+y), (1) 
and 107+y+ 36=10y4 2. (2) 
Reducing (2), @—y=-—A4, (8) 
Reducing (1), 5u—4y, ore +4(a@—y)= — 18. (4) 
Substituting (8) in (4), C= 9, 
whence, from (8), Yisats 
Hence, the number is 37. 
34.. Let x = number of days it takes A, 
and y = number of days it takes B. 
Then, a ate ds Ls (1) 
| PEG) 
and a (2) 
a) 
Multiplying (1) by n, on oe 3 
plying (1) by 2 Canes (3) 
Subtracting (8) from (2), SS eet 
i a 
whence, 2a en eh, 
a— Nn 
Similarly, subtracting (2) from (1) x m, 
ie a(m — n) 
m — a 


Hence, A can do the work in ae days, and B in an 4) days. 
pe th 


) 35. Let 2 = number of days A must work, 
and y = number of days B must work. 
‘Then. oa oa si (1) 
¢ @ 
and wy 0. (2) 
Clearing (1) of fractions, da + cy = ed. (8) 
Subtracting (8) from (2) x ¢, (¢— ®) fo ay — “4 
c(a— 
at c—a@ 
Subtracting (2) x dfrom (8), (c — d)y = ed — ad. 
ype ee) 
Rr eon, 
Hence, A must work ceo days, and B ae = ay days 
86. Let z — number of gallons from Ist cask, 
and y = number of gallons from 2d cask. 
Then, 2a+4y=8, 
and e+y=8+11. 
Solving, «= 10, andy = 9. 


Hence, 10 gallons must be drawn from the first cask, and 9 gallons from 
the second. 
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Page 203 
37. Let x = number of oranges A had bought, 
and y = number of cents each had cost. 
Then, (2 + 3) (y — 1) = ay, (1) 
and (@ — 2) (y + 1) = ay. 2) 
Reducing (1), By—a2=3. (3) 
Reducing (2), a—2y=2. (4) 
Adding (8) and (4), os (5) 
Substituting (5) in (4), = IP 
Hence, he had bought 12 oranges at 5 cents each. 
38. Let « = number of cents 1 pound of first kind is worth, 
and y = number of cents 1 pound of second kind is worth. 
Then, considering two mixtures of 12 pounds, 
Tx2+5y= 46 x 12, (1) 
and da2+ 7y=50 x 12. (2) 
zz of the sum of (1) and (2), 52+ 5y=40 x 12. (3) 
Subtracting (3) from (1), oe = 6x AQ: 
Seat == 00: 
Subtracting (3) from (2), Se 10 R12: 
on =sGU! 


Hence, the first kind is worth 36 cents a pound, and the second kind 
60 cents a pound. 


39. Let « = number of dollars invested at 5 %, 
and y = number of dollars invested at 4 %: 
Then, x+y = 4000, (1) 
and 052 + .04y = 175. (2) 
Multiplying (2) by 25, 1.25% + y = 4875. (3) 
Subtracting (1) from (3), (eOG== OO: 
ci OD: (4) 
Substituting (4) in (1), y = 2500. 
Hence, he invested $1500 at 5 % and $2500 at 4%. 
40. Let © = number of dollars invested at 7 %, 
and y = number of dollars invested at s Vas ae 
Then, we+y=a, (1) 
and Rage : 2) 
100 ” 100 o 
Clearing (2) of fractions, re + sy = 100d. (3) 
Multiplying (1) by s, St + sy = sa. (4) 
Subtracting (4) from (3), (7 =\8).;% = 1000,= sax 
~ g — 1000— sa’ 
we r—s 
Multiplying (1) by 7, re + TY = 7A. (5) 
Subtracting (8) from (5), (r—s)y=ra—100B. .' 
ee FO 1000 
Se 
r—s 


Hence, he invested wb — aa dollars at 7 %, and Edi, 100;8 dollars at ¢ %. 
7 8 r—s 


® 
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41. Let x = number of dollars in principal, 
and y = number of hundredths indicated by rate. 

Then, since the interest for 1 year is equal to the difference between 
the amount and the principal, divided by the number of years, 


sae eat 
LOO © 
and uN lord ee? f 
100s @) 
Eliminating y by comparison, ga 8a at, (3) 
Cy, 
Substituting (3) in (1) or in (2), pe a is —!) 
s— a 
Hence, the principal was ee dollars and the rate wre y 
s— s—a 
42. Let x = number of dollars invested by A, 
and y = number of hundredths indicated by A’s rate. 
hi e100). 28 BY" Bg 
ae eee to 100 a 
= 400) 2S Sy aa, 2 
0 00, @) 
Subtracting (2) from (1), roo (@ — 100) = 21. 
Clearing of fractions, z — 100 = 8100. 
2. @ = 8200. (3) 
Reducing (2), a — 100 y = 2600. (4) 
Subtracting (4) from (8), y= “yp 
cy 6: 


Hence, A invested $3200 at 6%, and since B invested $100 less at a rate 
2% higher, B invested $3100 at 8 %. 


43. Let x = number of miles an hour the crew can row in still water, 
and y = number of miles an hour the stream runs. 

Then, since the rate of the crew in still water is increased by that of the 
current when they row downstream, and decreased by that of the current 
when they row upstream, and since the time is equal to the distance divided 
by the rate, 


S48 =) () 
a+y 2 ri y 2 
3) 
re a 2) 
a x ) y @& A UN 
i i) ek 2), = = 0. (8) 
Subtracting (1) from (2) 2 5 v, A =H 
i f fractions, 4¢—4y—2"—2y=0. 
Clearing of fractions y ee, or . 
cna ; Crate 
Substituting (4) in (1), no a 
yas. (5) 
Substituting (5) in (4), Ciealtes 
r is 12 miles an hour, and the 


Hence, the rate of the crew in still water 1s 
velocity of the stream is 4 miles an hour. 
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44, Let z = number of miles he can row in still water, 
and y = number of miles an hour the stream runs. 

Then, since his rate of rowing is increased when he rows downstream, 
and diminished when he rows upstream, by the velocity of the current, 
and since the time is equal to the distance divided by the rate, 


es to 11, (1) 

= 7 9 

and eae ae (2) 

From (2), y= re. (3) 

Substituting (8) in (1), GBS (4) 
whence, by (8), ¥y = 22. 


Hence, the man’s rate of rowing in still water is 3,4 miles an hour, and 
the velocity of the stream is 1,2, miles an hour. 


6 


45. Let x = number of quires of paper, 
and y = number of bunches of envelopes. 
Then, oe part of box occupied by 1 quire of paper, 
if 
and — part of box occupied by 1 bunch of envelopes; 
y 
A 18 + 18 =u 
x y 
and ee + aoe il 
Ca amSK’ E 
- Solving, 2 = 80, and y = 45. : 
Hence, the box will hold 30 quires of paper or 45 bunches of envelopes. 
Page 204 
46. Let « = number of arithmetics it will hold, 
and ¥ = number of algebras it will hold. 
Then, : = part of space occupied by 1 arithmetic, 
and : = part of space occupied by 1 algebra ; 
20 =. 24 Sti 
x y 
and me + ue I 
x y 
Solving, « = 80, and y = 72, 
Hence, the shelf will hold 30 arithmetics or 72 algebras. 
47, Let x = number of hours the first rowed, 
and y = number of hours the second rowed. 


Then, since the first rowed to Of the distance for every hour he rowed, 


and the second ,!; of the distance for every hour he rowed, 


Ce Wie 
10 i 14 1, 
and e+ y= 12. 
Solving, “= 5d, and y= 7, 


Hence, the first rowed 5 hours, the second 7 hours. 


204] SIMULTANEOUS SIMPLE EQUATIONS 137 


AS uet 0 @ = number of miles per hour the train ran at first, 
Then, 6 = number of miles per hour it ran after the delay. 
Also, let y = whole number of miles. 


Then, since the train ran $ hours at 5 2 miles per hour, 
y — 8x = number of miles traveled after the delay ; 


wast = number of hours required after the delay, 

& 

and ¥o8e = number of hours that would have been required at 
x 


the original rate to complete the journey. 
Since the train was only 16 minutes late after being detained 40 minutes, 
it made up 40 — 16, or 24, minutes, or 2 of an hour, by increasing its rate; 
2 


ob CES ye Bitey 21 (1) 
6x 5a aa) 
ble —8xz—10 —8ze-—10 1 
S lar] . core oN aa Te DAY 
mine 62 Ba 3 ®) 
: aa ORE as 
btract 2) f 1); Era ee eh Ce 
Subtracting (2) from (1) iT Ree 
“. @=5; whence 5a = 25. (3) 
Substituting (8) in (1), y = 100 


Hence, the train set out at the rate of 25 miles an hour, and traveled in all 
100 miles. 


49. Let # = number of persons, 
and y = number of cents each should pay. 
Then, az = xy — b, 
and cz = wy + A. (2) 
Subtracting (1) from (2), (c—a)v=b+d. 
Cee b+ a, (3) 
¢—a 
Multiplying (1) by ¢, ace = cry — be. (4) 
Multiplying (2) by a, — are = ary + ad. (5) 
By comparison, cxy — be = axy + ad. ' 
Transposing, etc., (¢c—a)a-y=ad + be. 
— ad + be (6) 
(¢— a)z@ 
Ue ; _ ad + be. 
Substituting (8) in (6), ee 
rence, there are Vist @ persons, and each should pay canine cents. 
‘ c—a b+d 
50. Let x = number of persons expected, 
and y = number of dollars to be paid to each. 
Then, xz + @ = actual number of persons, : 
and y — b= actual number of dollars each received ; 


further, under the last supposition, had there been # — ¢ persons, the share 
of each would have been y + d dollars ; 


“. wy = (@+ a) (y — 0), (1) 

and ry=(@—e)(y+d). » (2) 
Reducing (1), ba — ay = — ab. (3) 
Reducing (2), da — cy = cd. (4) 


From (8), e+a= aE (5) 
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_ bd (a +). (6) 
ad — be 
ad (a+ ¢). (1) 
ad — be 


Solving (8) and (4) for y, 


Substituting (6) in (5), Z+a= 
Subtracting 6 from each member of (6), 
ee kd (8) 

ad — be 


persons and each receive 


Hence, there were ad (a~+ ¢) d bc (b + d) dollars. 
ad — b ad — be 


Substituting 5 for a, 100 for b, 4 for ¢, and 125 for d, 


by (9, number of persons = 25, 
and by (8), number of dollars each received = 400. 
51. Let « = number of days in which A can do the work, 
and y = number of days in which B can do it. 
Then, ay er (1) 
Zz ¥ @ 
and = pra |, (2) 
ed) 
Subtracting (1) x ¢ from (2), Dee ae. (8) 
ns Es a 
Dividing both members by 3 — e, bi bet to (4) 
z a(b—c) 
oe &O 8) (5) 
a—e 
Substituting (4) in (1), i, Mine), (6) 
¥Y a(b—c) ; 
: — a(b—c) 
ag ok (7) 


Substituting 5,5, for a, 5 for b, and 6 for ¢ in (5) and (7), 
v = 10, and y = 12. 
aa A can do the work in & @ Ef or 10, days, and B can do it in 


— 


mre , or 12, days. Pa 
52. Let v = number of crowns, 
and y = number of guineas. 
Then, t = part of purse occupied by 1 crown, 
and : = part of purse occupied by 1 guinea; 
Costa 
=+==1 
ee (1) 
and Se ee (2) 
CY Tn 
Multiplying (1) by 3, pees tag Y (3) 
cy 
Multiplying (2) by d, ad a bd = an, (4) 
2 y n 


a 
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Subtracting (3) from (4), (ad — bc) 1 _ dm — in, 
z n 
_ n(ad — be) 
Ecard 
dm — bn N 
Multiplying (1) by a, oes LS (8) 
a y 
Multiplying (2) by «, Oe 5 06 om (7) 
x y n 
Subtracting (7) from (6), eh ag aL 
2s OPS Cas re =e (8) 
an — ecm 
Substituting 12 for c, 6 for d, 4 for a, 6 for b, 1 for m, and 2 for n, 
(5) becomes Vi A116) 
and (8) becomes y = 24. 
Hence, the purse will hold m (ad — be) or 16, crowns ; or n (ad — be Fors 
24, guineas. dm — bn an — em 
Page 205 
58. See next page. 
54. Let 2 = number of miles per hour ist train runs, 
and y = number of miles per hour 2d train runs. 


Since they are m miles apart, and approach each other at the rate of 
x + ymiles per hour, and meet in 4 hours, 


ii ape (1) 


Also, since the first train has traveled aa miles when the second starts, 
by the 2d condition, 


mM — Oe _ 


ae 2) 

a+y 
Reducing (1), ba + by =m. (8) 
Reducing (2), (@+c)e+ cy=m. (4) 


Subtracting (3) from (4), and transposing the terms containing y, 
(a—b+eax=(b—o)y. 
b—¢ 


Ce 
site : b2 — be ab — 0? + be 
=m. 
Substituting (5) in (8), ree ee re aes y 
A _m(a—ob ) 
y= ee i male 
Bie 
Substituting (6) in (5), fae s), (7) 
ab 


Substituting 800 for m, 9 for ¢, 1 for a, and 10 for 2, in (7) and (6), 
2 = 50, and y = 380. 


Hence, the rate of the train from Ais mO— 9), or 50, miles per hour, 


5 F —b : 
and the rate of the train from B is manors) , or 30, miles per hour. 
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53. Let #=number of gallons per hour discharged by larger pump, 


and y = number of gallons per hour discharged “by smaller pump. 
Then, @+y=m, (1) 
and co om. (2) 
Substituting (2)in(1), © y= men). (3) 
Substituting 5 for a, 4 for 6, and 1250 for m, 
(2) becomes x = 1000, 
and (8) becomes y = 250. 
Hence, the larger pump discharges on or 1000, gallons per hour, and 
a 
the smaller discharges ee)" or 250, gallons per hour. 
a 
55. Let x = number of cents better wine is worth per quart, 
and y = number of cents poorer wine is worth per quart. 
Then, ax + by = (a+ dje, (1) 
and bz + ay = (a+ b)d. (2) 
Adding and dividing by a + 2, e+y=c+d. (8) 
Subtracting (3) x 4 from (1), (a — b)x% = ae — Od. 
ac — bd 
t= ——_—. 
ar (4) 
Subtracting (3) x bfrom (2), (a — b)y=ad — be. 
ad — be 
“ ¥ =: 5 
roms (5) 


Substituting 40 for a, 20 for b, 100 for ce, and 80 for d, in (4) and (5), 
; x = 120, and y = 60. 
ac — bd 


Hence, the better wine is worth Sere or 120, cents per quart, and the 
a — 


poorer is worth a=, or 60, cents per quart. 
Page 209 

2%—y+22= 12, (1) | Substituting (5) in (6), ¢ = 5. (7D) 

2, e+3y+2= 41, (2) | Substituting (7) and (5) in (1 

gs (5) in (1), 

(a) x 2 yoy oe (3) 2= 12. 

xX 2, 2U+ 6y + 22 = 82, 

4) — (hy y=. for eye 
(3)—(1), 27+22=10, (6) Lot ot te ee) 
Substituting (5)in(6),2= —5. (7) | @) 3 9e—3y7+62=45. (4) 

Substituting (5) and (7) in (2), Q+@4, 102+ 52=56. 
by oe > e= 11" (5) 


(3) x 5,15@—5y+102=7%5. (6) 
( 8a+5y—2=8, (1) | (2)+ (6), 1%@+142= 182. (7) 
8. {4e+3y4+22=47, (2) | (5) x 14, 2824 14e= 154. (8) 


62+ 5y—22=11. 3 8) — (7%), =e 
(1) x 2,6a+ 10y—22=—16. (y Pa Fae (9) 
(4) — (8), Sy=5. Substituting (9) in (5), 2 = 7. (10) 


=1. (6) | Substituti 
Qe) 1 eee ; =a e ubstituting (9) and vo O), 
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209] 
e+y+2= 58, (1) | (8) x 2, 
5. @+2y+32=105, (2) 22—2y+42+ 60= 34; (6) 
a+3y+42e=184. (8) | (6) . Yr NiO == 30\s. WY) 
(2) -— (1), Y+22= 82. (4) | (2) x 
(3) — (2), Y+24= 29. (5) Baro en aa (8) 
(4) — (5), 2= = (6) | (3) + (0), 
Substituting (6) in (5), y = (3) 92+ 3y4+ T0= 43. (9) 
Substituting (7) and (6) in ( To eliminate y from the resulting 
a = 24, equations, (5), (7), and (9), 
2—y+2=380, (1) | (%) x8, By +210=90; (10) 
6. 8y—z—2=12, (2) | (9)— (10), 9@—140= — 47. (11) 
7z2—y+2e@=141. (8) | To eliminate z from the resulting 
(1) + (2), ay = 42. equations, (5) and (11), 
oti Dine =e iB) ey 56: 9” —18v = — 68. (12) 
Substituting (4) in (1), (11) — (12); 4v= 16. 
aoe 2 - a ee 0 = A, (18) 
— (1); + 0e— iil. Substituting (18) in (5), 
(6) — Beal Pore Sito aca 
A= I . oe * 
(5) —(, Done! Substituting (18) in o. ey ‘in 


7. See next page. 


f @+38y+42= 83, (1) 

8. 4 Boa Of AR faces eal (2) 
bea + 8y +32= 156. (8) 
(1) — (2), 2y 4+ 82e= 54. (4) 
(2) x 6, 62+ 6y+62=174. (5) 


(38) — (5), 2y¥ —32¢= — 18. (6) 
(4) + (6), ae 
fee (0 
— (6), Jes 2, 
(2) >~(6) aren 
(2) = (7) — (8), e= 8. 


Ba+2y+ 5z2= 82, (2) 


[ge tayeos= a (1) 
9 
Ave+8y+22¢=25 (3) 


(83) — (2), e+y—82=-—7. (4) 
(1) + (8),6¢+6y+ 62 = 54. 

ee, 
at ar res) 
6) — (6) — ©), = 2. 


- (2e—8y+42—0=4, (1) 

10. [4e424— 243051 (2) 

e—y+224+80=1%7, (8) 

[Be+2y—2+40= 20. (4) 

To eliminate z from the given equa- 
tions, 

Pee Samed tie (OD) 


(2) — (4), 


Substituting (18), (14), and (15) in (8), 
Cros 


( 8@—2y+2=2, (1) 
11. 42a4+5y+22=27, (2) 
e+ 3y+3¢= 26. (3) 
(1)+(2), S@+38y7+382 = 29. (4) 
(4) — (8), 4u= 4. 

Liesl (5) 

Substituting ®) oe (1), 
24 +2= — 1. —(6) 

aan (6) - ( i) 


OUD <> Gr 
eee 


32 
() - ©, rs: 
y 
(7) — (8), 2 


(4e2—5y+32=14, (1) 

12. < 2+ Ty—2= 18, (2) 
(2a+5y+52= 86. (3) 

(2) x 2,2a@+14y—22= 26. (A) 
(4) — (8), 9y—Tz=—10. (5) 
(8) x 2,4@+10y7+102 = 72. (6) 


Hell tl Wl 


(6)— (1), 189+ %72=68..° (7) 
(5) +(7), 24 y — 48. 


Substituting (8) in (7), 
ne = 28: 
2=4. (9) 
Substituting (8) and (9) in (2), 
1 Bett B 
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8a —dy+22= 388, (1) 
a; e+y—2=9, (2) 
(18@—9y+32= 71. (8) 
(2) x 2, 2@¢4+ 2y—22=18. (4) 


(1) + (4), 102—8 y= 71. (5) 
(2) x 8, 8a4+ 3y —32= 27. (6) 
(3) + (6), Re ae 

Sa fees (7) 
5) — (9), ip 
a @ = 11. (8) 


Substituting (8) in (5), y = 13. (9) 
Substituting (8) and (9) in (2), 
A == ND. 


(2e+y—82e+4w = 44, (1) 
13 ;}8@a—2y+2-w=—1, (2) 
da = get Bat w = 5S, (3) 
5a—B8yt+4z2-w=39. (4) 

To eliminate w, 


(1) + (5), doe a0: (6) 
(2)+ (3), 72 -By+32=54; (7) 
(4) — (2), 2a—y+32=40. (8) 
To eliminate x from (6), (7), and (8), 
(7) x2, 14e@—6y+6z2=108; (9) 


(9) — (6), y+52=68; (10) 

(8)x7, 14a—Ty +212 = 280; (11) 

(11) — (6), 20 2 = 240. 
2=12. (12) 


To eliminate 2 from (10) and (12), 
Substituting (12) in Gu 
= 9: (18) 
Substituting (12) and (1) in (8), 
= (ih 


1 
Substituting (14), (18), and (12) in'8) 


ee ee (1) 
2—-1=T2, 2 
is dee Lure: (3) 
(19¢@—1=82. (4) 

(2) — (3), T2=T(o—y). 
z=o-—y. (5) 

(4) — (1), 12@=30-—3y. 
4ez=v—-—y. (6) 
From (5) and (6), 2= 4a. (7) 
(1) x %, 492 —T=21y. (8) 
(2) x 8, 8832—8= 21>. (9) 


Substituting (7) in (9), 
1822 —3= 212. (10) 


(10) — (8), 88% + 4 = 21 (w—y). (11) 
are Ae in (11), 
32+ 4= 21 (42). 
C's (12) 


[209 


Substituting (12) in We 
Substituting (12) in a), 


Substituting (12) in ne 


( w+4y¥y+42=82, (1) 
15. {4@4+hy+ 42= 16, (2) 
la+iy+ie= 2 (8) 


= of 


Clearing of fractions 

62+3y+22=192, (4 

20%+ 15¥y+122= 900, ( 

18¢+12y¥+102=720. | 

(5)—(4), 14@+12y+102= 708. ( 

(6) — (7), ee aa 
Substituting (8) in (4) and (6), 


8y¥+22=120, (9) 

and 12y¥+102¢= 540. (10) 

(9) x 5, 15y+102=600. (11) 
(11) — (10), 3y = 60. 

y = 20: —G2) 
Substituting (12)in (9), 2 = 30. 

($ze7—fyt+ j2e=38, (1) 

16. t@—iy+t2=1, (2) 

z@—3Y+92=0. (3) 

1) x 2, t4a—#2y+42=6. (4) 

@-— 8) ae = 7972 (5) 

(2) x 3 ta—8y+42=3. (6) 

(6) — (8) e@—gey=—3. (1 

(5) x 3, ze — ty =8. (8) 
(8) (as z20 Y =-s- 

Substituting (9) in (8 , 2 == GOL 210) 

Substituting (9) and (10) in (4), 

2— 20: 

+Y¥432=29, (1) 

ts | PAS 8 + 22 = 09, (2) 

\8a—y=8(e-1). (8) 


Reducing the given equations, 


(4) 4 (5), -80+18e5 18h) 
(6) — (5), e—Ve= — 47.-(8 
are 8a — 212 = — 141. (9) 


19): 34 ee = 272. 
Substituting (10) in (8), 
Dia Oy 11 
Substituting (10) and (11) in (3), 
6. 
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(3 e+y—2+20=0, (1) | Subtracting (6) from (7) x 4, 

18) 2O 9 woes eae = 21, (2) 252+ 100= — 15 
\a—y+22—B0=6, (3) | or @+2v0=-8. (9) 
(42+ 2y— 82+ 0 =12, (4) (8) + (9), 62=6. 

To eliminate z, | Cal (10) 

(1)+(2), @+4y—-20=21; (6) nee ; 

ear re OAD and 2) Substituting (10) in (9), 

3a+4y—6v=39; (6) | O= 4.01) 

adding (1) : suede pas Substituting (10) and (11) in (7), 

To eliminate y from he (6) and (7), | Loe ee 

Oe (5), 2@—4v = 18, | Substituting (10), (11), and (12) in (2), 

Mi Oi =O) (8) | 2= — 2, 
Page 210 
(et y= 9% o> (1) (vcs yd (1) 

20. Silene ==, (2) Jery 5’ 

le+a@=5. (3) ye { 

Adding the given equations, 23. NEG GE. 8’ (2) 

Qe +2y+22=21. hee 
atyte=% (4) 2 1 9g) 

Subtracting (2), (8), and (1), succes- Lethe 7 


sively, from (4), 


2=$,y=4, and z= . 
[ee ye 16, (1) 
21. ue et 2 S18, (2) 


Yt 20 = 17, 

Ee Ose aie 

Adding the given equations, 

30+ 824+ 3y 4 82¢= 66. 

OAD Seis cs ep (5) 

Subtracting (2), (3), (4) and (1), suc- 

cessively, from (5), 

U4) e040, and 2 = 7. 


| i + as 6, (1) 
eG 
ioral 
=+-=-= 10, 2 
22, ly (2) 
tyis (3) 
Cee 
Adding the given equations, 
ee ee 34. 
By 
e190 (A) 


=+=+4-= 

BONY 2 

Subtracting (2), pee and (1), succes- 
sively, from (4) 


ae and} =6 
z 


Taking the reciprocals of both mem- 
bers of each equation, Ax. 5, 


re Ree 
yY @ 
or 
ees Sarg 
st, 78. © 
tLe LG) 
av @ 
Adding (4), (5), and (6), 
212, 2g 
Ae Die 
Ae Aree oe (a) 
Ep 


Subtracting (5), (6), and (4), succes- 
sively from (7), 


a ye he (2) 
(8a+ y+ 2= 20. 
Adding the given equations, 
d@+5y+4+ 52=50. 
HOS OP Got =i KU (4) 
Subtracting (4) from (3), (1), and (2) 
in succession, 
2@2=10, 2¥y=4, and 22=6. 
cee AON i= ANd zea, 
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(ytz+o—2= 22, (1) ( {wp ok (1) 
95 z2+0+a—y= 18, (2) & yo 
: Jotety—z=14 (3) 1 
ie Tee = 2 
lety+2—-v=10. (4) 27. 4 (2) 
Adding the given equations, | wen 
20+ 2a4+ 2y 4+ 2e= G4 ay hy (8) 
O+eU+y+e= 82. (5) le+e@ c¢ 
Subtracting (4), (1), (2), and (8), in | Taking the reciprocals of both mem- 
succession, from (5), bers of each equation, Ax. 5, 
2 0= 22, 27=10, 2y=14 and 24=18. Ui ee (4) 
Se sO ee Feandes a= Oe Paap ie 
Drpstet 
a ch pei hae) =+-=6 
sh ae ed 
on {i+ 24+8=0, (2) teks (6) 
| AN Adding (4), (5), and (6), 
= he tS (8) a eee 
le @ -+=+==a+6+e. (%) 
Adding the given equations, | re IGS oe 
OD | Subtracting (5), (6), and (4), each 
ae ets oo 0. | multiplied by 2,in succession from(7), 
: vue 
tata ae (4) un 
BY Ope 
Subtracting (2), (3), and (1), in suc- | whence, z= 2 : 
cession, from (4), ° a—b+e 
1 $50, (5) -==a+b-e, 
z y 9 
do ores 3) | whence, = 2 
yee (6) ¥ pre it a 
and Let Oe (7) | and 2a -atdte, 
2 
From (5), (6), and (7), whence ea 
e=t,y=-—4, ande=—1. ; b4+-c— 2a 
Page 211 
29. See next page. 
@+y—2=0, (1) 
30. z— y= 2b, (2) 
: : v+e=8a+5b (3) 
Adding the given equations, 8x=38a+8b 
} e=at+d (4) 
Subtracting (4) from (8), 2= 2a. 
Subtracting (2) from (4), y=a—b 
0+ a= 24, (1) 
31. t+y=2a—2, (2) 
Yo eS OO) (3) 
: lo-—e=ate. (4) 
Subtracting (8) from (2), e@—2=a—b—@ 
x=a—b. (5) 
Subtracting (5) from (1), V=at+b (6) 
Subtracting (4) from (6), 2=b-—ce (7) 


Subtracting (7) from (8), 


A SIMULTANEOUS SIMPLE EQUATIONS 


(azy—-z—y=0, 
29, { bea —z2—-2=0, 

lL cye—y—2=0. 
Dividing (1) by zy, (2) by 2a, and (8) by yz, 


(6) 


Upon comparison it will be seen that (4), (5), and (6) differ from (4), (5), 


and (6) in Ex. 27 only in having 0 instead of ¢ and c instead of 0. 


Hence, 


the solution of (4), (5), and (6) is given in Ex. 27, with d and c interchanged. 


Hence, r= ee Ol 2 é 
a—c+b @+b-—e 
ie ee es Op ee 
at+eo—b a—b+e 
2 2 
and 2 EAT Se 
y+2—32= 2a, 
32 g2+a—8y=26, 
; L+y—382=2e, 
2a+2y+v7=0. 
Adding (1), (2), and (8), —@—y—2=244+2b+2e. 
Adding (1) and (5), —4¢=—4a+ 204 2c. 
e=—}(2a+6+ 0) 
Adding (2) and (5), —4y=2a+ 464 2c¢. 
y=—i(2b+c+ 4). 
Adding (8) and (5), —42=204+2b+4e. 
g=—3(ce¢+a+ 6) 
Substituting (6) and (7) in (4), 9=34+30)+ 26. 
83. See next page. 
( w@+ytez=at+dr+e, 
34. 4a+2y+32=) + 26, 
lat 8y+42=)+8e. 
Subtracting (1) from (2) y+ 2e=c-—a4. 
Subtracting (2) from (8), yte=e. 
Subtracting (5) from (4), 2=— 4. 
Subtracting (6) from (5), y=ate. 
Subtracting (5) from (1), z=at+. 
V+U+y=a+2b+e, 
e+y+2=36, 
ES yt2eto=arts, 
2+0+a2=a+3b-—¢ 


Adding the given equations, 
30+ 382+38y7y+382=—380a4+ 90. 
o+atyt+2=at+3b. 
Subtracting (2), (3), (4), and (1) successively from (5), 
y9=a4,0=2b,y=c¢,andz=b—e. 


Key Acad. Alg.—10 
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( abayz + cay — ayz — bex = 0, (1) 
33. + bexyz + ayz — bex — cry = 0, (2) 
| canyz + bea — cay — ayz = 0. (3) 
Dividing each equation by 2yz, transposing, etc., : 
41% _¢_ a, (4) 
“peste ads 
23 Mian Oi See (5) 
A Re 
and Bo en (6) 
Be Pe 
Adding (4), (5), and (6), a4 : +2 ab+ be + ca, (7) 
Subtracting (5) from (7), oe ab + ca 
x 
2 
E> ———— 
db+¢ 
Subtracting (6) from (‘), 20 a ate 
y 
Leieie 
ere 
Subtracting (4) from (7), oS 
2 
cures 
a . 
a+b 
ax + by + cz = 8, (1) 
_a@+06 
36. pate re as. (2) 
b+e 
oe oe, 3 
a Repay = (3) 
Multiplying (8) by e, cyt can? . Yee Ta “ (4) 
Subtracting (4) from (1), az + (b—c)y=2— = (5) 
Multiplying (2) by a, aa +ay=1+ : (6) 
Subtracting (6) from (5), (b—-ce—a)y=1— : nt See 
j b b 
ae. 
a (7) 
Substituting (7) in (2) and in (8), exe) Sats a S, 
a c 
Page 212 i, 
1, Let # = number of cents in price of rye, 


y = number of cents in price of wheat, 
and 2 = number of cents in price of oats. 
Then, 2x%+3y+42= 480, (1) 
32+5y + 22¢= 640, (2) 
and 2u+4y+4+ 82 = 580. (3) 
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Subtracting (8) from (2), e+y—z=110. 
Subtracting (1) from (8), y —2= 50. 
Subtracting (5) from (4), xz = 60. 
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(4) 
(5) 
(6) 


Substituting (6) in one of the given equations and combining the result 


with (5), y = 80 and z = 80. 


Hence, the price of rye was 60 cents, of wheat 80 cents, and of oats 30 


cents, per bushel. 


2. Let # = number of cents in price of wheat, 
y = umber of cents in price of corn, 
and 2 = number of cents in price of rye. 
Then, 5@+2y+ 382 = 660, 


22+ 3y + 52 = 580, © 
3@+ 5y+ 22¢= 560. 
Adding the given equations and dividing the result by 10, 
a+y+2= 180. 
Subtracting Ce x 3 from (1), and (4) x 2 from (8), 


2a —y =120, 
and a+ 3y = 200. 
Solving (5) and (6), x = 80, and y = 40, 
whence, from (4), 9 =) 


Hence, the price of wheat was 80 cents, of corn 40 cents, and of rye 60 


cents, per bushel. 


3. Let x = first part, 
y = second part, 
and 2 = third part. 
Then, x+y+2=90, 
hatily+i42=30, 
and : =22-—2y 
Substituting (3) in (1), na z2—y= 90. 
Substituting (8) in (2), ge—2 a 00) 
Solving (4) and (5), z= 40, and y = 80, 
whence, from (1), 2 = 20. 


Hence, the parts of 90 are 20, 30, and 40. 


4. Let a = first number, 
y = second number, 
and z = third number. 
Then, ge 4Y ane S18, 
ta+tiy+i2=9, 
and yee — 38. 
Subtracting (3) successively from (1) x 4 and (2) x 5, 
a+tiy=10, 
and 2ea+iy=7. 
Subtracting (4) from (5) x $, oy =}. 
; ‘ “. y = 12, second number, 
whence, from (4), ao 6; first number, 
z = 20, third number. 


and from (3), 
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5. Let a = first number, 
y = second number, 
and zg = third number. 
Then, t+y+2=2, 
oa we em) 
Z 5 
ae b 22—2= ry. 
ultiplying (2) by z, t+y=tz. 
Subtracting (4) from (1), 2= 72 — tz. 
.. 2—= 80, third number. 
Substituting (5) in (3) and (4), 2a—liy= 30, 
and e+y= 42. 
Solving (6) and (7), y = 24, second number, 
and z = 18, first number. 
6. Let © = number of days it will take A, 
y = number of days it will take B, 
and z= number of days it will take C. 
Then, Leen = A; 
wy S10 
Ag esl 
a 38 
heel aed 
= = 
and ae 
Adding the given equations and dividing the result by 2, 
Lise 
a en BAH 
Subtracting (8), (2), and (1), successively, from (4), and solving, 
H yee) 142,, 
y = 345, 
2= 18,5 


Hence, it will take A 14,%, days, B 84? days, and C 18,8, days. 


7. See next page. 


8. Let x = digit in hundreds’ place, 
y = digit in tens’ place, 
and 2 = digit in units’ place. 
Then, 2—Y=y-2, 
100 a + ly+2_ 15 
C+y+e2 : 
and 100@ + 10y + 2+ 396 = 1002 + 10y +2. 


Reducing the given equations, 
@—2y+2=0, 
85a —5y—142=0, 


and —@+2= 14. 
Subtracting (4) from (6), 2y—-—2a=4, 
Adding (5) and (4) x 14, ' 992%—338y=0, 

whence, Y= 8m. 
Substituting (8) in (7), mss is 
Substituting (9) in (8), Vin 
Adding (9) and (6), z= 5, 


Hence, the number is 135. 


[212 


(1) 
(2) 
(3) 


(4) 
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7. Let x = digit in hundreds’ place, 
y = digit in tens’ place, 
and 2 = digit in units’ place. 
Then, e+y+2=14 
100a% + 10y¥ + 2+ 6938 = 1002+ 10y +2, 
and 2=y+ 6. 
Reducing (2), e—-2=—7. 
Subtracting (4) from (1), y+22= 21, 
Adding (8) and (5), 32 = 27. 
et ih 9, 
whence, in (8), : y = 8. 
Substituting (6) and (7) in (1), 2 = 2. 
Hence, the number is 239, 
Page 213 
9. Let az = first number, 
y = second number, 
and z = third number. 
Then, et+tyt+iz = 386, 
, ge tyt z2=40, 
and ta+iy+e=44 


Adding the given equations and dividing the result by 5, 
tatiy+42= 24. 
Subtracting (4) from (1), (2), and (3), successively, 
24= 12, 2y = 16, and 22 = 20. 


Solving, v= 18, y = 24, and z = 30, the numbers. 
10. Let «a = first part, 
y = second part, 
and z = third part. 
Then, 2+y+z2= 800, 
2+iy++#z2= 400, 
and sea+y+i2=400 
Subtracting (1) from (2) x 2, and (8) from (1), 
a—t2=—0, 
and da+22= 400. 
From (4), 2=5a 
Substituting (6) in (5), da + 18a = 400. 

.. 2 = 100, first part, 
whence, from (6), z = 500, third part, 
and from (1), y = 200, second part. 

i. Let 2 = number of miles from A to B, 

y = number of miles from B to C, 

and 2 = number of miles from C to A. 

Then, z2+y = 130, 

ete = 10; 

and y+ = 140. 
Adding the given equations and dividing by 2, 

a+y+2= 190. 


Subtracting (1), (2), and (3) successively from (4), 


z = 60, y = 80, z= 50. 
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Hence, B is 60 miles from A, C 80 miles from B, and A 50 miles from C, 
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12. Let x = first number, 
y = second number, 
and z = third number. 
Then, z+ty+42= 340, (1) 
42+4y+42= 600, (2) 
and —4e+4y47+4+2= 400. (3) 
Adding (2) and (8), sy + 32 = 1050. (4) 
Multiplying (4) by 3%, ty+42= 140. (5) 
Subtracting (5) from (1), c= 200: (6) 
From (5), ¥ + 2= 700. (7) 
Substituting (6) in (2), y+42=500. (8) 
Solving (7) and (8), z= 400, and y = 300. 
Hence, the numbers are 200, 300, and 400. 
13. Jet x = number of cents 1 pound of first kind is worth, 
y = number of cents 1 pound of second kind is worth, 
and z= number of cents 1 pound of third kind is worth. 
Then, 244+ 3y+42= 470, (1) 
424+ 3y+ 22= 430, (2) 
and 2—#a—ly—65. (8) 
Multiplying (8) by — 6, $2+3y—62= — 80. (4) 
Eliminating y between (1) and (2), and between (2) and (4), 
2— 2% = 20, (5) 
and 162 — 2 = 920. (6) 
Solving (5) and (6), 2= 60, and z = 40, 
whence, in (1), y = 50. 


Hence, the three kinds of tea were worth 40, 50, and 60 cents per pound, 
respectively. 


14. Let x = number of dollars A has, 
y = number of dollars B has, 
and z = number of dollars C has. 
Then, «—100= y + 100, (1) 
2(z — 100) = 2 + 100, (2) 
and 4(y — 100) = 2+ 100. PE(S) 
Eliminating z between (2) and (3) by comparison, 
x — 100 = 2(y — 100). (4) 


Eliminating x between (4) and (1) by comparison, 
2(y — 100) = y + 100. 
«> Y = 800; 
whence, by substitution, zx = 500, and z = 700. 
Hence, A has $500, B $300, and C $700. 


15. Let « = number of gallons first jar holds, 
y = number of gallons second jar holds, 


and 2 = number of gallons third jar holds. 

Then, CY + 2. 42) (1) 
Oo Ye 2a) 4 (2) 
C+yY+e2—3y 49 (8) 
From (1), e=32-—y. (4) 
From (2), C= 7. (5) 

Eliminating @ between (4) and (5), transposing, etc., 
y—2=2. (6) 


From (8), i Beaty ee Dy (7) 


213, 219] INVOLUTION 151 


Eliminating 2 between (5) and (7), and transposing, 


; y—2z2= —6. (8) 
Subtracting (8) from (6), 2 = 8; 
whence, by substitution, y = 10, and # = 14. 


Hence, the capacity of the largest jar is 14 gallons, of the second, 10 gal- 
lons, and of the third, 8 gallons. 


16. Let # = number of dollars A had at first, 
y = number of dollars B had at first, 
and z = number of dollars C had at first. 
Then, after the first giving, since all together had # + y + 2 dollars, 
2y = number of dollars B had, 
and 22 = number of dollars C had, 
whence, a — y — 2 = number of dollars Ahad; 
similarly, after the second giving, 
2a —2y — 2¢ = number of dollars A had, 
: 4z2 = number of dollars C had, 
whence, —@ + 3y— 2= number of dollars B had; 
finally, after the third giving, since each had $8, 
4a” —4y —4z2= 8, number of dollars A had, 
—2e+ 6y—2z2= 8, number of dollars B had, 
and —a—y+ z= 8, number of dollars C had, 
also, x+y +2= 24, number of dollars all had. 
Solving the first three equations, or any two of them together with the 
fourth, which is the sum of the first three equations, 
= 13,y=7, andz=4. 
Hence, at first A had $18, B $7, and C $4. 


17. Let 5 @ = number of nuts in A’s bag, 
5 y = number of nuts in B’s bag, 
and 5 2 = number of nuts in O’s bag. 
Then, 38a+y4+2= 740, (1) 
B8y+a2+2= 580, (2) 
and 82+a2+y = 880, (3) 
also, 5a+5y+52=1700, (4) 
derived-from the conditions or from (1), (2), and (8) by addition. 
Solving, xz = 200, y = 120, and z= 20. 


Hence, A had 1000 nuts, B 600, and C 100. 


INVOLUTION 

Page 219 
20. (a + 2)8 = a8 + 8a2(2) + 8a (2)? + @i= a+ 627+ 120 + 8. 
21. (a + 8)? = a + 8a2(3) + 8482+ BPH a+ 9a + Ba + 27. 
22. (@ + 4)? = a8 + 82 (4) + Ba (4)? + (48 = a + 120° + 48a + 64. 
93. (a + 6)8 = 2% + 8a2(5) + 8a (5)? + (BP =a? + 15a + THe + 126. 
24, (7 — 28 = 28 — 8.02(2) + 8a (2 — P= a — 6a? + 120 — 8. 
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Page 220 
87. (e+ 2yjt=at+ 423 (2y) + 622 (2y)2 4+ ew + (2y)* 
= a + 8 ay + 2427y? + 82243 + 16 7. 
Be aa) OO ee y 
822 — 12ay + 6 zy? — ¥°. 
39. aime are get eee rate ts 
8 a3 — 60 2? + 1502 — 
40. (a— 100 = = Cos ue oy (10) + 6 (@?)2 a 4 @) (10) + (10)4 
= z® + 600 a* — 4000 2? + 10000 
41, (1— ia = OS 4 (1)3 (3 27) + 6 (1)? Ce ee 4 (1) (3 x)8 + (8 2?)8 
— 12a? + 542* — 108 26 
42. (52?—ab)’ = (5 x)3 — 8 (5 22)2 (ad) + 8 2 ‘ ap (ab)8 
= 125 26 — 75 abat* + 15 a2l22x? — asp 
43. Gs a?h?)* = (1)* + 4 (1)8 (a202) + 6 (1)? ace x 4 (1) (a*b?)8 + (a2b2)4 
=1+ 4a70? + 6 atdt + 4 a8t6 + asd 
44. (2 av—b)> = (2 az)®—5 (2az)t b+ 10 (2az)3 2 1002 ax)? 03+ 5 (2ax) bt—5 
= 32 ax — 80 atdat + 80 a3d223 — 40 a2b822 + 10 abtr — 85. 
45. 
(ai— Bie Wie 7 (1) @+ 21 (1)a?2— 85 (1)4 PES S a9 a ae wB—gi 
— Te + 21a? — 35 a3 + 85 at — 21 28 
46. (1—22)6 
= (1)6—6 (1)°(2 @) +15 (1)4(2.2)2— 20 (1)8 (2 @)3 + aa das 6 (1) (2 z)P+(2 26 
=1— 122 + 602? — 160 23 + 240 at — 192 25 + 
47, (@—3)° = a8 — 6 a5 (3) + 15 at (4)? — 20 a8 (4)8 +15 22 (2)4— 6a (3) + (4)8 
= a — Bao + 15 ot — $98 4 15 g2 _ qs & + dy. 
48. (j¢—ty)* = (ba)t— 43 a)? (sy) + 6 ($a)? (dy)? —4 (4a) (dy)? + (Ly)! 
= zs et — g ey + + 4 ey? — 7 wp+ ay. 
49, (2a + 1) 
= (2a) + 5 (2 a)t (3) + 10 (2 a)8 (4)? + 10 (2 a)? (3)8 + 5 (2a) (3)* + (3)° 
a+ 


= 824° + 40 a4 + 2008+ 5a2 + Sa4 gy. 


© GO GG eee er oe ay sey 


=~ 4546-48 4¥. 
51. (; a Ap 
=) 86) (2) +256) () 9065) +19 2) (2 (ee 


=F oa + 1S 20+ 1h —60 42. 
62, (Bar +5) = (80%) + 808 a2) () +860 () + a 


= 27 a8 + Fath + L072 + 51, 28, 
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8 a\5 
53. ees 
(t+ 4 


= (1)5 + 5 (1)! ae + 10(1)8 Se 10 (1)2 (22)" + 5(1) cae a Cy 


=1 + 15g 4+ 48.42 + 195 g8 + 495 gt 4 248 
3, 5a\4 3\4 8\3 (5 a 3\2 (5 2\2 8) (5 2\2 5 a\4 
Eee We (ecg ee ey fe Ate Cul 44e) (== Bay 
Gea) -@ +48 G8 Ga te 
= fis + fot 6a + 19009 + Spe aA, 
55. (7-22) 


fs Ga). 5 Fee *(20) +10 (,) ea? 10 (2) 5 a (22) — (25 


5 45 _ 999 + 4028 — 3228, 
ax 


56. F a \'= (;)-¢ (\« 415 (;) 20(7)aP-+ 15 () a 6(;) a’ + a8 
a a @ a qm, a, a, 


=i, B_ 904 1502-6 at+ ab. 
a 


ab at 
87 (7 = 7 
= at +728 (; +21 28 [{) +252 () + 8528 (;) +212 () +72(2)'+ () 
Zz Zz z, @, x x, x, 


soap els az, 1y 


=a + 7a + 2102848527 4+ 


" 


—+ — 
x HS gd Yee 


+b—c—d?=(a@+b-—c+ a 

+d8—8(a4+ d2%(c+ a +38 a+ 45) (C+ ad)? — (¢ + djs 

+ 30% + Bab? +  — 8 (are + ade + Be + ad + 2abd + Bd) 

3 (ac? + 2acd + ad? + be? + 2 bed + bd?) — (8 + 30d + 3 cd? + a) 
34 30% + 8ab2 + 8 — 8 a% — babe — 3 be — 8.a*d — 6abd — 3d 
+ 3ac? + 6acd + 8 ad? + 3 be? + 6 bed +8 bd? — 2— 3 cd — 3cd? — a. 


59. 


ll 


(@ 
(a 
ae 
+ 
a 


60. (a+ a—yP=(a+e—yP 

(a+ a—8(a+aPy+38(at+ay—y 

a + Bate + 3aa2 + 2 — By (a? + 2au + a) + 38ay> + Bay —¥ 

a? + 8a + 3aa2 + 2 — Bary — 6 aay — 38axy + 8ay? + 3 ay? — 9. 


HM Ul 


61. (a—m—n=(a—m—npP i 
= (a — ms —8(a— ment 8(a— m)n—7 . 
= @ — 3am + Bam? — m3 — 8n (a2 — 2am + mM) + Ban? — 3 mn? — nb 
— a — 342m + 8am? — mm —8a2n + 6amn —8 m2n + 8an? — 8mn?2 — n8. 


62. ee ee Sie et spain 
=(a—2?+ 3(a—2)*y a 
ad ee bye a0 +A) + 8a — Bat + 8 
= g — 3 a2x + 8az* — 28 + Baty — baay + Bay + Bay? — 3a + ¥. 
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638. (a—z@—y=(a—a2—y) 
=(a—a —38(—2Py+ 3a—ay—-y¥ 
= 8 — 8 aa + 3 aa® — 2 — 3y (a — 2ar + 2) + 8ay* — Bay — x 
= a — 3a?a + 3 aa — 23 — 3 a*y + bay — 3a%y + Bay? — Bay — x. 


64. (a+ 2+ 2)8=(@+ 2 + 2)8 

(a + 2)? + 3(a@ + x)? (2) + 8(a + @) (2)? + (2)8 

a + 8aa + 3aa? + 2 + 6 (a? + 2av+ 2) +1204 12248 
a+ 3a%x + 3aa? + 2+ 60% + 12an+ 6224+ 12a4 12274 8. 


WU 


65. (a — a — 2)}§ = (a — & — 2)8 
= (a — x) — 3 (a — 2)? (2) + 8 (a — a) (2)? — (2)8 
= a — 8a%e + 3 aa — a — 6 (a? — 2ar + 2) + 12a—122—8 
= & — 3 a’a + 3 .aa* — 2 — 6a? + 12ae@— 622 + 12a — 122-8. 


66. (0+ 2b— 3c =@+2b— 3038 
= (a + 25)3 — 8(a + 2b)? (3 c) + 8(a + 2d) Be)? — (30) 
= +3 a? (2b)4+3 a (2b)? + (2 b)8—9 ¢ (a2 +4 ab+4 2) +27 ac? + 54 be? W708 
= @ + 6a) + 12. ab? + 83 — 9a%e — 86 abe — 36 B2e + WT ac? + 544c2 — 2708. 


+a+ y)% 
y+38@+d@+yP?+(@ty? 

(@a + 2abe + Pa + ay + 2aby + By) 
a + 2 bay + by®) + a+ 3 ary + Bay? + ¥8 
wx + babe + 3x + Bary + Baby + 3 by 
ba® + 6 bay + 3by? + 23 + Bary + Bay? + 48. 


67. (@+b+a+yR=(a+b 

(a + 6)? + 3(@ +.0)? (@ + 
@+ 30704 8a? + B+ 
+ 3 (aa? + 2awy + ay2+ 
= a + 3a) + 8ab? + 0 + 
+ 38aa?+ Bary + Bay? + 


on 


68. (a+b—2—-yfi=(at+b—at ys 
= (a + 8— 8a +dP2(@+y) +3(+d(@+yP—(@+ YB 
= & + 347) + Bab? + 8 — 8 (a2e + 2adbs + e+ ay + 2aby + By) 
+ 3 (aa? + 2aay + ay® + ba? + 2 bay +dy2) — (a + 8 a%y + 8ay? + y3) 
= a + 30% + 3.ab? + 08 — 3a — babe — 3 Px — 8a2y — 6 aby — Bbty 
+ 8 aa + Baay + 3.ay? + 3b2? + 6 bay + 3 by? — 23 — 3 ary — Bay? — 98. 


69. (@a—b+a2-—ys=a@—b+a—y 
= (a — 38 + 3(a— BF (@ — y) + 8 (a — d) (@ — 9)? + (@— 
= a? — 3% + 8.ab? — 08 + 3 (ate — abe + Ba — ay + Qaby — dy) 
+ 8 (aa — 2 aay + ay® — ba? + 2 day — by?) + a — 8 ay + 8 ay? — x 
= @& — 8 a% + 8ab? — 68 + 3 ax — 6 abe + 3 Pe — 8 ary + 6 aby — 8 diy 
+ 8 aa? — 6 aay + 3 ay — 3 ba? + 6 bay — 3 by? + a — Bary + 3 ay? —y. 


70. (a—b—2+y%=(a—b—a— ys 
(a — b)* — 8 (a — 8 (@ — y) + 3(a — d) (w@ — yp? — (@ — ys 
a — 3% + 3 ab? — 8 — 3 (ax — 2abe + Be — aty + 2 aby — by) 

+ 3 (aa® — 2azy + ay? — bar + 2 bay — by?) — (a8 — 8 a®y + 8 ay? — ys) 
= & — 3 a + 3 ab? — 8 — 8 ae + 6 abr — 3 Px + 8 a%y — Baby + 3 by 
+ 8aa®— Cary + 3.ay? — 3 ba? + 6 bay — 8 by? — 28 + Bary — Bay? +o, 

x 


71. (a-b—a2@-—yf=(a—b—ast ys 
= (a — 0) — 3 (a — bP? (@ + y) + B(a — b) (w + y? — (w + 8 
= a — 8a% + 3 ab — 08 — 3 (a®e — 2abe + Ba + a2y — Qaby + b2y) 
+ 3 (aa? + 2ary + ay? — ba® — 2 bay — by?) — (a3 + Bary + Bay? + y) 
= & — 3 a% + 8 a0? — BB — Bar + 6 abe — 3 Px — 8 ary +6 aby — 3 dy 
+ 8aa? + Baay + Bay’ — 3 ba® — 6 bay — 8 by? — 28 — 3 ary — Bay? — x3, 


i ll 


227] EVOLUTION 


EVOLUTION 
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9. (a+ bd2?—4(a@+4+d)+4|a+b—2 
(a@ + 0)? 


Q2(a+8) [4 +0) +4 
2(a + b)—21—-4(a +d) 44 
ee ee eee 


208 47° + 2a 

Qa + 2a? | 405+ 424 ae 
203 + 422 = 24% + 9 a? 
Qa8 + 4a2— we | —2Qat—4ae+ 2? 


2a8 + 402 — 24 | 4@34+ 8a2—4a+4 
20 +4a%7—27 +2 4o8 4+ 8a2—4a44 


11. 9 at — 1203 + 10a2-4a2+1|8a%2—2a+1 
9 xt 


6 22 — 1223 + 102 
6a2 —2a|/— 1208+ 42? 
622-42 6a2—4a¢+1 
6a2—4a4+1 6a2*—4e4+1 


12, Cy ce ee eee tee 
2 2 — 6 ay + 13 “| — 6a8y + 13 ay? 
202 — 8ay|— 6 ay + Yay? 
22% — 6 ay 4 wy? — 120y3+4y4 
20% 6ay +27 4 ay? — 12 ay8 + 4y4 
13. a8 — 2a%a® — atat + 208? + a8|at — ata? — at 
ws 
2 x — 2a%ae — atat 
2at — ux? | — 20% + atat 


— 2 atat + 2 aSe? + a8 


2 at — 2 ara? 
2 atat + 2 a%a? + a8 


2 at — 2a%a? — at 


14. 25 at — 3003 + 2902 — 12e@ 4+ 4|5a27—-Bar+2 
25 at 
10 2? — 30 28 + 29 2? 
1042 — 3a|— 3022 + 92 


10 a — 62 20 a —12@+4+4 
1022 — 6% +2 2022 — 12¢@+4 
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16. 


17. 


18. 


19. 


20. 
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1+ 6a + 150? + 2003 + 152* + 625 + 26(14+ 32+ 3272+ 2 


a 

+62 6 a? + 20 a3 + 152 

cee cee 627 4+ 1822+ 9a 

+ } 

ote ii ae as es aN att a 2 


2 — 22+ 3822 
2—a|]—2¢7+4+ 22 
2-22 222 — 423 + 3 at 


227?— 2034 of 
— 223 + 22t — 225 4+ 26 
— 2272+ 224 — 225 + g6 


2— 22 + 222 
2— 2@ + 2a? — x 


at — 20%) + 2a%c? — 262 + B+ cla®?@—-b4+ 
at 


2 a? — 2a) + 2a%c? — 2 dc? + F2 + ct 
2a2—b| — 2a% + 0? 

2a%— 26 2 ac? — 2 de? +c 
2a7—2b4+¢ 2 atc? — 2 de? + ct 


4a%— 12ab+ 922 + 16 ac — 24bc + 1602/2a—854+4¢ 
4a? 


4a—6b 16 ac — 24 be + 16 
4a—6)b+4¢e | 16 ac — 24 be + 16 ¢2 


oa AUC as 25 y? + 18 vz — 30 yz + 92|3e—5y + 82 
Vz 


6x — 80 ay + 25 72 
6x2 —5y| — 802ry + Hy? 


rr 
62—10y¥ 18 wz — 80 yz + 922 
62—10¥+4+ 82 18 vz — 30 yz + 922 
FEve— poe 2+1—4 
q2 x a x 
22 2a@—1 
2@2+1) 2241 
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21. 


22. 


EVOLUTION 


+ 


22 
a? aba + i 
a + an | a@x+ aa 


22 2 ax 
3 3 
2 22 9 ax 
Bie oan ee 
3 3 3 


157 


23, a8+4a7—227°—2025—3 044 8203 +4a2—-162+4)at+208—3a2—4 04-2 


78 


2 at 4x7 226 
9at+2a3 | 4a7+426 


2at+4 28 
2at+4 B—8 2 


2a4+4 2—6 2? 


— 6276 —2025—3 a4 
—6§ a#6— 12254924 


— 8x7'—12214+ 3223+ 4a? 


9at14 928—6 22-42) — 825-16 244+ 2423+ 169? 


9at+4273—6 22-82 
224+4 23—6 22-8 7+2 


25, 


Page 228 


2 —a 
2—ia|—a +i@ 
2—a —ia@ 
2—a—fa®|—4e t+ 


4at+ 8a8—1222?—1627+4 
4at+ 8a8—1202—1627+4 


158 


26. 


27, 


28. 


29. 


KEY TO ACADEMIC ALGEBRA 


1 1 1 
PNG pie Gene 
fa bs | ae shat ka tgas 
2a | 1 
1 1 
_— io 
eet 4a 
1 1 
2 a ne 
aoe 4a? 
al i 1 1 1 
2 Bape | Mes te ota aL = 
ae Bat Ghat 
ga42— 1 pa ee a 
a 4a’ | 8a* 64a6 
z?—1 pis de 1 
a2 2a 82 162° 
2a ee 
1 1 
2e¢——)—1+4+— 
: 22 * Ta 
492 


Nag 
2 

4—% et EAL i. a8 at 
5 128 * 4096 

a a as at 


2 32 128 4096 


J 228 


228, 230] 


EVOLUTION 


30. 
Page 230 
if 1-74-24 | 182 13. 
Al 
oe 14. 
10 x 2 = 20/74 
20 + 3 = 23/69 
130 x 2 = 260|5 24 
260 + 2 = 26215 24 
8. 1-93-21 | 139 
1 
10 x 2 = 20198 15. 
20 + 3 = 23169 
130 x 2 = 260/24 21 
260 + 9 = 269/24 21 
9. 5-71-21 | 289 
20 x 2=40]1 71 16. 
40 + 3 = 43/1 29 
930 x 2 — 460/42 21 | 
460 + 9 = 469/42 21 
10. 4-20-25 | 205 
4 
200 x 2 = 400/20 25 17. 
400 + 5 = 405/20 25 
£1, 9-54-81 | 309 
9 
300 x 2 = 600/54 81 
600 + 9 = 609/54 81 
12. 18-66-24 | 482 18. 
40 x 2 = 80]2 66 
80 + 3 = 83/2 49 
430 x 2 = 860/17 24 
860 + 2 = 862/17 24 


159 


See next page. 
13-46-89 | 367 


360 x 2 — 720/50 89 
720 + 7 = 727|50 89 
12-58-16 | 854 
9 
30 x 2 = 60]8 58 
60+ 5 = 65/3 25 
350 x 2 = 700/28 16 
700 + 4 = 704/28 16 
45-56-25 | 675 
36 
60 x 2 = 120]9 56 
120 + 7 = 127|8 89 
670 x 2 = 1840/67 25 
1340 + 5 = 1845] 67 25 
99-20-16 |996 
81 
90 x 2 = 180/18 20 


180 + 9 = 189/17 01 


990 x 2 = 1980/1 19 16 
1980 + 6 = 1986|1 19 16 


24.80.04 | 49.8 
160) 

40 x 2= ae 80 

80 + 9 = 89/8 01 

490 x 2 = 980|'79 04 

980 + 8 = 988/79 04 


160 KEY TO ACADEMIC ALGEBRA [280, 281 
13. 16-56-49 |407 | 19. 10.95-61 | 3.81 
400 x Reser 30 x 2 = 60/1 95 
800 + 7 = 807/56 49 60 + 3 = 6311 89 
330 x 2 — 660/6 61 
20. 00-12-25 | .085 660 + 1 — 661/6 61 
30 x 2 = 60/3 25 
60 + 5 = 65/3 25 
Page 231 
21. 1-02-01 {101 26. 1-11.09-16/10.54 
1 Leer 
100 x 2 = 200/02 01 100 x 2 = 200/11 09 
200 + 1 = 201| 2 O1 200 + 5 = 205/10 25 
ore aa 1050 x 2 — 2100/84 16 
22. 9-54-81 (309 2100 + 4 = 2104/84 16 
; L6 
300 x 2 = 600154 81 27. ee 23.25 
600 + 9 = 609/54 81 
set ky 20 x 2= 40/1 40 
23. 36-36-09 [603 40 + 3 = 43/1 29 
36 230 x 2 = 460/11 56 
600 x 2 = 1200/36 09 460 <3 = 469) + 2 = 462] 9 24 
1200 + 3 = 1203/36 09 2320 x 2 = 4640|2 82 25 
——— 4640 + 5 = 4645/2 39 25 
24. 13-32.25|36.5 
; [36.5 28. 1.01-80-81 1.009 
POSE Gee be 1000 x 2 = 2000]01 80 81 
60 + 6= 66/3 96 2000 + 9 = 2009] 1 80 St 
360 x 2 = 720/36 25 
720 +5—7 25 29. 13-00-32-36|3606 
a A aaN 9 
25. 1-01.00-25|10.05 30 x 2 = 60/4 00 
SF 60 + 6 = 66|3 96 
1000 x 2 = 2000]01 00 25 3600 x 2 = 720014 32 36 
2000 + 5 = 2005| 1 00 25 7200 + 6 = 7206/4 82 36 
38. 8.00-00-00-00 [1.7820 + 
10 x 2 = 20/2 00 
20 +7 = 27/1 89 
170 x 2 = 340/11 00 


340 + 3 = 343/10 29 


1730 x 2 = 3460/71 00 
3460 + 2 — 3462/69 24 


17320 x 2 = 34640|1 76 00 
Since the bee root of 3 is 1.7320+ and the square root of 4 is 2, the 
square root of i to four decimal places is my cai or .8660. 


231] : EVOLUTION 161 


39. #¢=.8. 
a . 8944 
6 
80 x 2 = 160/16 00 
160 + 9 = 169].15 21 
890 x.2 = 1780|'79 00 
1780 + 4=1784|71 36 
8940 x 2 = 17880|7 64 00 
17880 + 4 = 17884/7 15 36 


40. See next page. 
41, -60-00-00-00] .7'745 
49 : 


70 x 2 = 140/11 00 
140 + 7 = 147/10 29 
770 x 2 = 1540/71 00 
1540 + 4 = 1544/61 76 


7740 x 2 = 15480\9 24 00 
15480 + 5 = 15485|7 74 26 


42, & = .88888333+. 
.83-33-33-38 + |.9128 
81 = 


et 
les) 
So 
ap OX 


910 x 2 = 1820/52 33 

‘ 1820 + 2 = 1822/36 44 
9120 x 2 = 18240/15 89 33 
18240 + 8 = 18248]14 59 84 


43. 2 = 222999994. 
.22-22-29-22 + |.4714 
16 


40 x 2= 80/6 22 
80 + 7 = 87/6 09 
470 x 2 = 940/138 22 
940 + 1 = 941] 9 41 
4710 «x 2 = 9420/8 81 22 
9420 + 4 = 9424/3 76 96 
44, i= .875, 
.87-50-00-00|. 9854 
Slee 
90 x 2 = 180|6 50 
180 + 3 = 183/5 49 


930 x 2 = 1860|1 01 00 
1860 + 5 = 1865} 98 26: 


“9350 x 2 = 18700|7 75 00 
18700 + 4 = 18704|7 48 16 


Key Acad. Alg. —11 


162 KEY TO ACADEMIC ALGEBRA [231, 238 


40. § = .626. 
-62-50-00-00|. 7905 
49 
70 x 2 = 140}13 50 
140 + 9 = 149/138 41 
7900 x 2 = 15800|9 00 00 
15800 + 5 = 15805)7 90. 25 
45. 5.00-00-00-00| 2.2360+ 
4 
20 x 2 = 40/1 00 
40 + 2 = 42 84 e3 
220 x 2 = 440/16 00 
440 + 3 = 443/13 29 
2230 x 2 = 4460/2 71 00 


4460 + 6 = 4466/2 67 96 
22360 x 2 = 44720|3 04 00 
Since the square root of 5 is 2.2360+ and the square root of 16 is 4, the 


square root of 16 to four decimal places is a or .5590. 


Page 233 
3. a — 3a%y + 3ay¥—y¥|le—y 
: xs 
8 22 —3xy + 8 ay? — 
8a? — Bay + y?|— 8 ary + Bay? — x8 
4, m> —9m? + 27m — 27 |m—3 
ms : 
3 m2 — 9 m? + 27m — 27 
3 m2? — 9m + 9| — 9 m2 + 27 m — QI 
5. oe — 60 m?n + 150 mn? — 125 n8|2m—5n 
m 
12 m? — 60 mn + 150 mn? — 125 n2 
12 m? — 80 mn + 25 n?| — 60 mn + 150 mn? — 125 n? 
6. a Ak ate al ae yet 
27 x eee xy + 441 vy? — 3438 78 


27 a? — 63 zy + 49 7| — 189 ay + 441 ay? — 343 78 


Us Up + 675 ate + 1215 aa? + 72928 |5a+ 9% 
wo @ 7 
75 a 675 ate + 1215 ax? + 729 23 
15 a? + 135 aw + 8122 | 675 a2e + 1215 aa2 + 729 28 
8. 


1000 p® — 800 pte + 30 p2q2 — 98 [10 #—g¢ 
1000 76 vic vg ¢ 


300 pt — 800 ptg + 80 p2q? — o8 
300 p* — 80 pq + ¢ | — 300 pig + 30 7202 — a8 


283] EVOLUTION 163 
9. ae Ee AO mes Brie AD pate 6 an [eee tale 


3 m+ 6 m+ 15 mt + 20 m3 
3 m*+6m3+4m2 | 6m>+12 m+ 8 m3 


8 m*+12 m3 +12 m2 3 m*+12 m3+15 m?+6m+1 
3 mt +12 m3 +15 m2+6m+1 | 8 mt+12 m3+15 m2+6m+1 


10. Ce Ser epee Oe hrs eee 
3 a4 — 62° + 15 at — 2028 
se — 6a + 407 | — 6a + 12at= 8a 


3a* — 1243 + 150? —647 4 


3at — 1248 + 120? - 1 
3 at — 1228 + 1b? —-6a+1 


8a* — 1222 + 1522-6241 


11. a Ba Wat tea! + See 8 alae ee 
aw 


3 a4 325 + 9at + 13.23 
3at +8034 a? | 8254+ 3at4+ 28 


8 at + 623 + 322 6a* + 12273 4+ 18274 122748 
8at4+ 603 +9a2+ 6r+4 | Gat+ 120% + 1822+ 127+8 


12. 98 +12 25+ 63 at4+184 28+ 315 v?2+ 800 w+ 125 |2?4+42+5 
a | EO 
3 at | 12 2+ 68 t+ 184 23 
8 at+1222+16 a2 | 1225+48at+ 642% 
3 at+ 24 23+ 48 2? 15 2t +120 7+ 315 2+ 300 2+ 125 
3 at+ 24 284 63 224+600+25 | 15 a4+120 24315 22+ 300 2+125 
13. 2+ 62°—182¢—11223+ 1802? + 600a—1000|a2+2%—10 
a 
3a4 62>—18at— 11223 


8at+ 6a3+4a2 | 6a5+12244+ 825 
82*+12234 122? —30at— 12028 + 180 22+ 600 2— 1000 
3a2+1223—182?—602+100 —30a4— 120 22+ 180 a?+ 6002—1000 
14, 1208 + Sha 112+ SE Bla 443 
x8 x op EG! x 


3 a? — 1222 + 54a — 112 
3¢2 —127 +16] —1227+ 482— 64 
3a? — 24a + 48 62 — Thus (Aare artes 
av Hb z 
302 24a+ 04-444 62 — 7 «A Ee 
x H bp x @ wv 
15, 1—60+21 a?—44 a8 + 63 at— 54 a5 + 27 a8 (1-2 a +3 a? 
1 
3 —6a+21 a—44 08 


8—6a4+4a2|—604+1202— 8a 


8—12a4+12 a 9 a2— 36 a3+ 68 at— 54 a> + 27 a& 
3-12. 4421 a?—18 234904 | 9 a2—36 a +63 at—54 a + 27 ab 


164 KEY TO ACADEMIC ALGEBRA 


64 — 144 p + 156 p2 — 99 p? + 89 pt — 9p + p®|4—3p +p? 
64 


[233, 236 
16. 


48 — 144 p + 156 p2 — 99 p? 
48 — 36p + 9p%|—144p + 108 p? — 27 p® 


48 — 72 p + 27p? 48 p2 — 72 p? + 39 pt—9 p> + pe 
48 — 72-p + 39 p? — 9p? + pt |48 2 — 72 p? + 39 pt — 9 p> + 78 


akb®g? — 8 arba® | saca’ cab | aba® ca? 
it; 3 c b B83 ¢ b 
a3b32° 
& 
3 a2b2a8 _ Barbee , Bacal _ Aah 
ce c b 58 
3 aba cat | 8 arba® | saca’ | e826 
ce pee Be € b 68 
cae ae: | 1 
2420+ — 4+ —4+ =] 22424 — 
18. et oe ca aete ok 2 
3 at 6 at + 152? + 20 
Bat+ 6ar+ 4 6at+ 1222+ 8 
15.4. 6 i 
3 at + 1222 + 12 oF eet oie ae 
6 ‘ domo 1 
2 Ai a2 CALE ALES ee 
Bat + 122 Raat 32 sa ea cae ie 
Page 236 
3. 29-791 | 31 6. 300-763 | 67 
27 (2h 216 = 
2 791 3 (60)? = 10800) 84 768 
3(30)2 = 2700 3(60 x 7) = 1260 
8(30x1)= 90 2 = 49 
oe Ss el 12109| 84 763 
2791} 2 791 Fee 
: % 681-472 | 88 
4, 54.872 | 88 eee eS 
— 9" 8 (80)? = 19200/169 472 
8 (80)? = 2700/27 872 
3(80 x 8) = Fol POS 
82 oh 64) 82 = 64 
3484|27 872 ae 
5. 110-592 | 48 8. 941-192 | 98 
oe 729 
8 (40)? = 4800] 46 592 3 (90)? = 24800) 212 192 
8 (40 x 8) = 3 (90 x 8)= 2160 
2 = 82 = 64 


5824] 46 592 


26524| 212 192 


236] 
9. 
3 (10)2 
3 (10 x 8) 
B2 


3 (130)? 
3 (130 x 4) 
42 


11, 


12, 


13, 


14, 


HWW 


Hh th Ul 


2-406-104 
a 


209 104 


209 104 


8 (30)2 
8 (300)2 

3 (300 x 5) 
52 


3 (80)? 
3 (30 x 6) 
62 


3 (360)? 
3 (360 x 4) 
LoS 


(20)? 
(20 x 5) 


3 
3 
52 


3 (250)2 


3 (250 x 8) 
82 


EVOLUTION 165 
134 10. 69-426-531 | 411 
64 
3(40)2 = 4800/5 426 
3(40 x1) = 120 
12 = tak 
4921] 4 921 
3(410)2 = 504300) 605 531 
3(410 x1) = 1280 
{2 — uh 
505581| 505 581 
28-372-625 | 305 
27 
=~ 2700[ 1 872 
= 370000| 1 372.625 
Ee ABD 


25 


274525| 1 372 625 


2700 
540 

36 
3276 
388800 
4320 
16 
893136 


ttl 


48 228-544 | 3.64 
20 


21 228 


1 572 544 
17-178.512 | 25.8 
8 


9 173 


1 548 512 


95448-9983 | 4.57 
64 


3 (402 = 4800/31 448 
3(40 x 5) = 600 
52 = 25 
542527 125 
3 (450)2 = 607500] 4 318 993 
3 (450 x 7) = 9450 
42 ; = 49 
616999] 4 818 998 


166 KEY TO ACADEMIC ALGEBRA [236 


15. See next column. | 15. emer te | .029 
if 
16. .001-906-624 |.124 | 3 (20)? = - Boi 1200/16 389 
es Brae 3 (20 x 9) = 
2 
Bate “7321 i 16 389 


3 (10 x 2) 
2 


17. -000-912-673 | .097 
3 (120)? 178 624 ei: Gene 


Os 3 (90)? _ 30 1a OT 673 


pee TAO 3(90.7) = 1890 
44656|178 624 
'26239/1883 673 


18, 259-694-072 |.638 
216 
3(60)2 = 10800{ 43 694 
3(60x 8) = 540 
32 = 9 


11849| 34 047 


3 (680)? = 1190700! 9 647 072 
3 (630 x 8) = 15120 
82 = 64 


1205884| 9 647 072 


19. 926 .859-375 [9.75 
729 
8 (90)? 24300[197 859 


3(90x 7) = 1890 
72 = 49 
26239|183 673 

3(970)2 = 2822700] 14 186 375 
3(970 x 5) = 14550 
5 = 25 

2887275| 14 186 375 

20. 514-500. 058-197 | 80.18 
Sita 

3(802 = 19200] 2 500 


3 (800)? 
8 (800 x 1) 
12 


1920000] 2 500 058 
2400 


1 
1922401] 1 922 401 
Maceeeen 577 657 197 
72090 


9 ’ 
EE 577 657 197 


Hu Tl 


3 (8010)? 
3 (8010 x 3) 
32 


Heel 


236] EVOLUTION 167 


21. 2.000-000-000 [1.259 
8 (10) = 
3(10x 2) = 
3 (120)2 43200| 272 000 


1800 
251 


3 (120 x 5) 
52 
45025| 225 125 


Holl Ul 


3 (1250)? = 4687500 46 875 000 
8 (1250 x 9) = — 88750 
92 = 81 


4721331| 42 491 979 


22. 5.000-000-000 [1.709 
1 


8 (10)? = 
8(10 x 7) = 
fe = 


3(170)2 = 86700 87 000 
8 (1700)2 =8670000 87 000 000 
8(1700x9)= 45900 
92 = 81 
8715981 78 443 829 


23. . 800-000-000 |.928 
729 
3 (90)? 
8 (90 x 2) 
92 
3 (920)? 2539200] 21 312 000 


3 (920 x 8) = 22080 
82 = 64 


2561344] 20 490 752 


94. 160-000-000 |.542 
500 Mea 
3(502 = 7500/85 000 
3(50 x 4) = 600 
# = 16 
8116/82 464 
8 (540)! = 874800) 2 536 000 


8 (540 x 2)— 3240 
Q2 Se 4 


878044) 1 756 088 


168 KEY TO ACADEMIC ALGEBRA [236, 237- 


25. Since, Ex. 22, the cube root of 5 is 1.709+, and since the cube root 
of 64 is 4, the cube root of “; to three decimal places is Be aa or .427. 


ce Os Seek Aen 666-666-666 + |.873 
512 
8(80)2 = 19200[154 666 
3(80x 7) = 1680 
2 = 49 
20929/146 503 
8 (870)? = 2270700] 8 168 666 
3 (870 x 8)= 7830 
3? = 9 
2278539| 6 885 617 
27. 4 => 875. 28. a3 — .1875. 
875-000-000 [956 .187-500-000 [.572 
729 125 
3(90)2 = 24300/146 000 3(50)2 _ = 7500/62 500 
3 (90 x5) = 1350 | 3 (50 x 7) = 1050 
2 = 2 2 = 49 
25075|128 875 8599/60 198 


3 (950)? = 2707500] 17 625 000 


3 (570 
3(950 x 6)=17100 3 (570 x2) = 34 
62 


2 = 9747 q 2 307 000 
20 
4 


= 38 22 = 
2724686] 16 347 816 978124| 1 956 248 
Page 237 
1. 16— 82a 4+ 2427 — 823 4 at |4—42 4 22 
16 : 

8 — 822 4+ 2422 4—42+42%|2—2 
8 —4a@|— 8224 1622 4 
8—bds8z2 822 — 823 + gt 4 —42+4 22 
8— 824 2? 8 2? — 825 + at 4—v\|\—4274 22 


Hence, the fourth root of 16 — 82a + 2422 — 823 + 2tis 2 — 2. 
2. a + 12 a8y + 54a2y? + 108 ay? + 81 yt [a2 + bay +97? 


2 22 12 a8y + 54 ay? w+ 62y+ 972% | v+3, 
222 + 6 ay} 12 ay + 86 a2y2 a : - 
2 a2 + 12 ay 18 242 + 108 ay + 814 22 Gay + 9y? 


22 + 12ey + 9 y? | 18 227? + 108 a3 + 81 yi 2a@+By|6ay + 9y¥? 
Hence, the fourth root of zt + 12 ay + 54 a2y? + 108 ry® + 81x is a+ By. 
8. 16 m*— 32 m3 + 24m2%—8m+1)4m%—4m41 


16 m4 ria 
8 m? — 82 m3 + 24 m2 4m?—4m+1|2m—1 
8 m2 — 4m] — 82 m3 + 16 m2 4m? 


8m — 8m | 8m—8m+1 4m |—4m+1 
8m — 8m +1 8m? —8m+1 4m—i1j)—4m+4+1 


Hence, the fourth root of 16 mt — 32 m3 + 24m? —8m+1is2m—1, 


EVOLUTION 169 


237] 


‘OD + XSL gg) + LeeD Q + glyPyOD GT + eed OZ + p@—0gV GI + oY Y + oF JO JOOI YIXIS OY} ‘QOUDTT 
‘OD + @ 9q O} pUNOF SI a0 + won Z + ze JO JOoI aaunbs oJ, 
G9) TF UDO + eM QT + elgg BI + weed | yD + Mean g + oqo GT + LOD BT + -wE 
9990 + UAV Q + Wyy0 GT + seg) GL + We S are SL + eVOY BT + WE 
st%9eV BF HPV SI + qLIDY | gee + eLODG + LE 
egg 0G + ¥e9zD GI + oVODY UE 
aie 
gg + &ID% + gv | gv + Tq YF glyPyO QT + eUgPe 0B + yegD GT + gov g + ov 8 


'E — FB SI GGL + 2 9TES — e@ OOSH + eo OSSF — WX O9TS + o® OLE — ge FQ JO 001 YIXIS OY} ‘2OUOTT 
“§ — ©% oq Of punoj st 6 + VST — wwF Jo yoou oaenbs oy, 


63L + @ O16 — c® OOBP + eX SECS — SEP | IS + eHee — wore + ORs — eH 


66L_ + ©9166 — e& O98P + s& S6GS — ye SEH 2 GEV + et 88% — SP 
e% 8GLT — # BELT + o% OLE — ZeUPL + & PHL — 3€ QP 
e® 0BEF — ¥ O9TS + o OLG — 5 OF 
9% 19 
6 + TST — FH | 6BL + TOTES — ew OORT + oe OSEP — +7 O9TS + or OLG — gr 79 ‘h 


‘ased yxou 999g 


Shs + GOP + OLB + P06 + PET IR + Gal + 06 + OE + ME= 


(8) + (8) (e?) @ + cf) ele?) OL + (2) (er) OL + ¥(e) © 
Shs + YP SOV + ¢? OLE + 5? 06 + PCT 3? & = x(z) G 
or 
+27 | SES + cP COV + xP OLS +9? 06 + gP CT + ov ‘g 


T+ 2OL + LOM + 08 + 08 


L+2OL + Op + e® 08 + 08 = 
oT) + eT) @e)e+ He a(@ @) OL + (1) el@e) OL + (eB)E 


08 = vee) a 
o& BE 
T+USZ| T+ 2OE + wOPt o%08 + 3708 4 or ee v 


T+ OL + LOF + 08 + #08 


170 KEY TO ACADEMIC ALGEBRA [237, 238 


6. —12 25 + 60 2t— 160 2 + 240 22-192 2+ 64 |a?@-47+4 
fi 


ats —12 2 +60 2t—160 2° 

3 at — 1203 + 16 2? —122°+48a4— 642% 

3 at — 24 23 + 48 a? 12a4— 96 23+ 240 2?—192 2+ 64 

3 zt — 2423 + 6022-48 7+ 16 | 12 2*— 9623+ 240 229-192 7+ 64 

The square root of z2—42+4 is found to be z—2. : 
Hence, the sixth root of z6—12 2°+ 60 z*— 160 23 + 240 2?— 192 7+ 64 is r—2. 


Page 238 
2. 8875 = 38 x 58; | 5. 759375 = 8° x 55; 
3/387 = 8 x 5 = 16. ”. 2/759875 = 8. x 5 = 15. 
8. 1296 = 24 x 3; 6. 4084101 = 3° x 7; 
41296 = 2 x B= 6. . §/4084101 = 3 x 7 = 21. 

4, 581441 = 3° x 3°; if 262144 = 26 x 26 x 2; 

. £/581441 = 3 x 8=9. 2 8/262144 =2x2x2=8. 
9. 5-06-25 | 225 2-25 [15 

4 1 

20 x 2 = 40/1 06 10 x 2 = 20[1 25 

40 +2=42| 84 20 + 5°= 25/1 25 
220 x 2= 440) 22 25 
440 + 5 = 445| 22 25 Hence, ~/50625 = 15. 
10. 4-66-56 | 216 

4 — 

20 x aay 3/216 = 6. 

40 +1 = 41/41 Hence, £/46656 = 6. 
210 x 2 = 420/25 56 
420 + 6 = 426/25 56 ° 
11, ae [729 

9 
70 x 2=140/4 14 729 = 9. 
140 + 2 = 142/2 84 Hence, £/531441 = 9. 


720 x 2 = 1440|1 30 41 
1440 + 9 = 1449}1 30 41 


12. Pera te: | 2401 24-01 | 49 
16 


20 x 2= 40]1 76 40 x 2 
40 + 4= 44]1 76 80 + 9 


240 x 2 = 480 _| 48 a 
2400 x 2= 4800! 48 01 49 = 7. 


4800 + 1= 4801] 48 01 Hence, £/5764801 = 7. 


238] 


EVOLUTION — 171 


13. See next page. 


14, 


10- 604-499-373 | 2197 
8 


3 (20)2 
3 (20 x 1) 
12 


1200|2 604 


HWW 
S 


= 


261 
3 (210)? 132300|1 348 499 


3 (210 x 9) 
92 


ol A 
on 
= 
=) 


188051|1 242 459 


14888300] 101 040 373 
45990 
49 


14484839} 101 040 373 


3 (2190)? 
3 (2190 x 7) 
72 


Hl 


2-197 | 13 
1 


3(10)2 = 
32 = 


399} 1 197 Hence, {/10604499373 = 18. 


a+ 6e2+ 112¢+6a—8|a%+38a+1 
at 


2 a2 6 v3 + 11 2? 
2224+ 382)|6a3+ 922 
227+ 62 207+ 62—8 
227+ 62741 2a%7+62+1 


Therefore, 


xt 
223 + 222 ee 
203 + 2a2 + 2a | 42% 
2073 + 202+ 42 
Q2a8 +4 2024474 2° 


Therefore, 


—9 
a+ 6224+ 1122+ 62-8 
(a? + 8a@+1)?-—9 
(a2 + 38a+1+ 3) (@+32+4+1-— 8) 
(a2 + 8a + 4) (a? + 3a — 2). 


ot ll 


y+ 205+ 5at+ Sa8+ 822+ 8a4+3| e+ 072+ 2074+ 2 


e+ 
Gps or 
o+4a%+ 8243 
e+4e27+ 8244 
3S) 
+205 4+ 544+ 8a2+ 8a2+82r+3 
(a8 + a2? + 2a 4+ 2)?—1 
(28 + a2 +2a4+241)(% + e+ 20+2—-1) 
(a8 + a? + 2x + 8) (x + a + 2a + 1). 


eu 
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13. 2413-75-69 | 4918 4.913 [17 
16 1 
40 x 2= 80/8 13 3(10)2 = 300/83 913 
80 + 9 = 89/8 01 3(10 x 7) = 210 
72 = 49 


490 x 2— 980] 12 75 1 bale | 
980 +1=981] 9 81 

4910 x 2 = 9820] 2 94 69 

9820 + 3 = 9823] 2 94 69 Hence, .°/24131569 = 17. 


4. a — 4954 62+ 623 — 19224 10249 [2 —2a2?+ 045 
ae 
2 28 — 4254 624 
2 a3 — 222 — 42 + 424 


223 — 472 2at + 622 — 19 a2 
2%3—4dar+ 2 2a4— 423+ 
228 —4924 27 10 2? — 202241024 9 
208 —4e2?4+2274 5 10 a3 — 20 a? + 10a + 25 


— 16 
Therefore, 2 —4254 624 + 623 — 1922+ 10249 
= (23 — 22? + w + 5)? — 16 
= (#8 — 242+ a+ 5 + 4) (#8 — 2224 4¢+4 5-4) 
= (@ — 22? + @ + 9) (#8 — 242+ 2+ 1). 


5. ig ED eee, ide peeree au 223+ 8024+ 42744 
x 


4 x 12 2° + 25 at 
4¢2 + 3a7|122°4 9at 
4a° + 6 a2 16 2* + 40 23 + 40 22 
484+ 622+ 4a 16 at + 2423 + 16 a2 


424 6274 82 16 v8 + 2422 + 82a 4 15 
484+ 6a4+827+4 162 + 2427 + 322+ 16 » 
—] 
Therefore, 426 + 1225 + 25at + 4028 + 40 22 + 822+ 15 
= (228+ 322+ 4e+4 42-1 


= (2a + 8224+ 42444 1)(2a3+4 8224+ 4244-1) 
= (228 +822 + 4a + 5) (2a3 + 8224 42 + 8). 


THEORY OF EXPONENTS 


Page 244 

11, st = 2. 19), 64 ote ee 
12. si= (84)2 = Oe (64.4)2 42 16 
Clie cle ea aaa pe fa ed 

gt 9 20. (— 8) (at a 16 
14. (—8)}=-Q, 
15. (64)4 = (6442 — 42 = 16, G4 fa Bah ee 
16, 32% — (3243 - a8 Sen (—82)?. (42)? 8 


17. 253 =(253)8=(45)3 = + 125, 


: 1 1 
18. 814 =(814)3=(4 3)8=4 97. 


22. ieee =+-: 
16t,— (2 2)®" a8 


244, 247] THEORY OF EXPONENTS 


23. S/at+at+ 884 328 — 52 327 
= w§4at4+44 828 -5at_ 2 


24. 43/¢+529 — 8a? + 2 5/e-1— 88 ~ 2at 
= 4Agt+5—8e4+20%_ 4 92% 


= Q7?41-—a7% 


25. </a® — S/o + Ja —b+ a+ 42/a% — 4 addh + 3/68 
= at—att?+ att! —b4+ a4 40808 — 40808 +5 


= a+as 808d — 3 atd3. 


Page 247 


16. (a? + 64) (a? — b2) = (a2)? — (632 =a — B, 
17, (78 + y#) @? — 9?) = wip — yap = at — 8, 


1 


178 


18. (#7? + 10) (#7? — 1) =(@? 2 + 9a? —10 = 2-14 9a? — 10. 


19. (x? — 4) (x? + 5) = (w2)? + ze? — 20 = a? + 2? 


— 20. 


20. 2? — v3 21. vt ay t +8 


+ aby —y + aby 
a— aye + aby? —y ab 


22. w§ — 0-3 + atd-3 +1 
) at — b3 
a— ao + abd-t + a8 
— ati? — att} + 5-5 — Ot 
a— abo-® + abot — abot + 63 — ot 


238. 24. 
1—-2+2# at +o4 
Bee et art a7) + 073 
=8 _ g-2 =1 SS ea 
: oS a . ae 4 20 a2+ ath + ae 


+ at o+2 ts Galo 


——$ ———__—__. #4 
a8 4+ gl + 2 + 2a}? 


25. ab? —ab? + bt 
a72b-2 + a-8b-1 + a-* 
ap = ab + a~2b? 
+ ab — a-2b? + a 308 
+ @-2b2 — q-3h8 + a-4b4 
1 + ab? + a‘04 


1%4 


36. 
37. 


38, 


39. 


40. 


41, 


45. 


KEY TO ACADEMIC ALGEBRA 
Page 248 
(a — b) + (a? + b4) = [(a})? — (64)2] + [(a#) + (6%)] = a? — BF. 


(a — b) + (a3 — bY) = [(a4)8 — (03)3] = [(a3) — (04) 
= (a3)? + add) + (632 = a3 + abot + 53. 


(a + b) + (a + 55) = [(a4)> + (0%) 5] + [(a*) + (64)] 


[248 


= (a4)t — (a*)3(b8) + (a8 20 8)2__ (a8) (b*)8 + (b#)8 


= at — abot + abot — abot + BF. 


at + . +o 
a? + ads | atti — aid + 08 


— ahpi + 2 

— abd — aid 
aipt + B2 
aids + 22 


a—1 ‘ ran 42. 2? —242% a? — 2? 
a+aiian pees pr eae) gz? — go eens 


Set ee eet | 


pool at a et rs 
a@+2aoi +d 1 /ab+o4 43. —4a14 3/213 
a+ ato atb-3 aaat ee Ee 

Sra SS ae -3 -1 — #143 

ab? + b- Fipee® 

aot + 02 oes 
ey — by oy bat iy 
Sey age 4y-1— 2 

aos y+ v-2zs 

Steen 
ees a} + 08 
2 3 
Ce ee ee att! + ab — abd + ate — 38 
— aid? — BB 
— abt — add 

ath — 38 
ath + abi 
= ubto 
— abi — ait 
ait? — 38 
at? + ati 


248 THEORY OF EXPONENTS 175 


55. (a? — 62)? = (a3)? — 2 (a4) (62) + (64/2 =a — 2atot + 2, 
56. (a) + b')e = (a3)? + 3(a42 (04) + 3(a}) OI + (4) 
=a? + 8ab9 + 8a2d3 +b. 
57. (a7! — 638 = (a-1)3 — 3 (a72)2 (b8) + 3 (a) (632 — (B48 
= a3 — 3a-%3_ + Ba-s — 02 
58. (a4 — yb) = (wt — 44a) + 6 (4p Wa *)(y2)8 + (ys 
=a?— 42 ty + 6a ly — 4andyi + y* 
59. (a7) + 28 = (a7!) + 8 (a7 Pa) + 3(a-#) (3)? + (48 
= @3-+ $071 4 307% + i, 
60. (1 — w8)t = (1)* ~ 4 (1) (@?) + 6 (1)? (@w)? — 4 (1) @8)8 + wt 
=1 Be Ae + 26, 


61. J/et = (al)! = 64. a Bb-8 = (a-8b-) = abo, 
_ 2 » fatyt = — (aby -8)8 — — aly? 


62. a* = (a7 sd an’, 
63. Jak = (a~*)t = qs 66. L/azbY = (a7bv)® = = Gabe. 


67. (as a 208)-2 = (4)? (a2)? (03)? = 216 ad} 


68. (bm-n*)? = (38 m1)? ae = jbl, 
69. (4. atny-BeA)? = 48 (em)h (y-9)? (24)? = 82 ainy” Fe. 


Oo 
a 


70. a+ 22! +3a2+4a8+842e24+21[24 23 +1+a4 
a 


2a 223 +82 

2a4+a | Qai + 2 

224223 22+4a' +3 

2a +208 +1 2¢4+ 2a +1 

27+ 2a? +2 Qa +24 20% +27) 
224+2a8 +24 a4 Qa% +24 204 +47} 


11. 2 —Qayi +yt+4ae1—4yie14422|c-—y? +223 
2 


22 —2Qay? +y 
22—yt —2ay +y 
2a —2y3 | 4ael—4yie1 4 42% 
22 —2y' + 22-1 4agl—4ye1+ 422 
72: a—4atb) +403 + Gate — 12d'ct + 9ct [at — 204 + 8e4 
a 
oat —Aatbt + 433 
2at.—20' | —4atod + 423 
2a? —4d% Barc? — 12d8ct + Oct 


176 KEY TO ACADEMIC ALGEBRA f249 
Page 249 
73. a+ 6a? +1203 +8([a3 +2 
az 
3a8 6ai + 1208 +8 
3a8 + 6a8 +4 6a? + 1203 +8 
74. a—3aibi + Bats! — 2 [a — 28 
a 
Bai — 3038 + 3050} —B 
3a? — 8atd? + 08 |— 302d? + 38ahd8 — 2 
75. 8a-1— 12a 8y + 6a dy? — 8 | Qa 3—y 
Digs eae ieee Ee 
12073 — 122 %y + 6a by 
12¢7§ — Gay + y|— 120 3y+ 6a ty x 
76. zi — 62+ 1523 — 20+ 15a? —6e14a%|e? 242? 
32 —62 + 152? — 20 


38a— 623+ 4 | —6e4+122' — 8 
3a —12a' +12 3a — 124 1504 —6a14a% 
3a —120? 415-607? +a-1/3a? —12 4 15a? —6a14 2? 


78. §128,  a%—b2=(a1 4b) (@1— 9-3) = (; + 5 (; = at 


@. 76) 226 
79. $128, 9 — a2 =(3 + 271) (8 — 2) = (3 4 ’) (3 es ). 
x &, 


80. § 128, 16 — a~# = (4 + a-’) (2 + a~}) (2 — a) 
“(Ser e-3) 
a a a 
81. §188, 27 — b-38 = (8 — -1) (9 + 30-1 + B-2) 
l Sed 
= eo = aa \e 
Bi) (P+ So 5 
82. § 182, b-8 + yy = (b-1 + y-}) (0-2 — Bly + 9-2) 
ire faa ER Rae 1 
in (; ‘. ,) lee by A = 
83. § 133, a8 — a8 = (@ — a7) (a2 + 20 + @-2) 


“pH lerey 


§ 188, ~(e—3) (e+ 1+) (e143). 


249, 252] 


84. § 125, a@+2+a2%= (a+ a)(a+a4= (a+ 1) (2+ A 


85. 
§ 128, 


86. 


87. 


88. 
89. 
90. 
91. 


92. 


93. 


8 
4 
5. 
6 
7 


RADICALS 


177 


1 1 


a a 


§ 125, bf — 8 + 165-4 = (02 — 4-2) (82 — 40-2) 
= (0 + 20-1) (0 — 26-3) (6 + 20-1) (6 — 25-1) 


“b+ )0-DO+H 0-3 


$181, 12—¢1~g2= (44 2-1)(8— 2-1) = (4 4 ;) (3 = a: 


§ 181, 2-82 — 202 = (24 2-1) (1 — 2a!) = (2+ 4 
@, 


at = 2, 94. 123 = 25. 
(x4)3 = 28, a’ = 100. 
a ©. (a8)? — 1008. 
; a z = 1000. 
u* = 5, 
(23)t = st 95. 227 = 2. 
C— 16s a? 3 . 
ee @yt=@ys 
Bel ey. ee 
ght ab a : 643 = 16 
2 = 32: 96. x?=6 
(a~4)-2 = 6-2, 
#§ = 16 Bd ees 
(v4)? — 162 62 36 
fas 97, a? = 16. 
igi=9 jet 163 
zt Eos = alg a . 
(x2) — 978 16? 64 
cabs 98. 2ai—1 
a7? =, aw’ = 25 ; 
(a7#)-2 = 5-2, @iyta~@y? 
= xk. @ = 25? = 125, 
RADICALS 
Page 252 


MS VER Ea 1A x 8228 
fe tote 0x8 = 9/20 x ./8' = 6/8. 


Hib = YEWR = 3B x 38-238 


Riles =. /64 x 2-= ./64.x ./2 = 8,2. 


/250 = 3/126 x 2= 3/125 x 3/8 = 52/2. 


Key Acad. Alg. —12 


@, 

99. x? — 243. 

 (w8)® — 24g. 
Pi O) 

100. 7? + 32= 0. 
i 82. 

(8)® — (— 398. 
C= — Se 

101. z? + a® = 0. 
ae — ge: 

(a#)8 — (-— as), 
z= a. 

102. z* — 64—0. 
a® = 64, 

GS 82. 

108. 27? + 27 =0, 
gi = = oF. 
(v~8)-3 = (—7)-3, 
ie ace ieee 

= 7a 


178 


KEY TO ACADEMIC ALGEBRA | 252° 


4/88 = 4/18 «2 = Y16 x 4/2 = 20/2. 

./600 = ./100 x 6 = ./100 x /6 = 10/6. 

{500 = 100 x 5 = ./100 x /5 = 10J5. 

2/160 = 2/82 Brix 6. = 2/82 x fi == Be. 

2/3000 = 3/1000 x 8 = 4/1000 x Y/3 = 108. 

JR = {2x3 = S27 x AB = 3/3. 

2/189 = 82x 1 = 3/27 x Afi = 80/7. 

/162 = /81 x 2= /81 x /2 = 9/2. 

Je = 9 x2 = /9P x /2=38a,/2. 

[256 = 25 x b = ./25 x fb = 5d. 

(988 = (WF x 2e= JME x /2Re= Te./2¢. 

n[50a = 25 x 2a = ./25 x 2a = 5/24. 

2/640 = 3/32 x 20 = 2/32 x 2/20 = 22/20. 

4 = JF x B= 4 x 21 = 2/21. 

Si = 28 x9 = 3/8 x S/9 = 20/9. 

3/192 = 3/64 x 8 = 3/64 x 2/8 = 4/8. 

{800 = /400 x 2 = ./400 x../2 = 20/2. 

3/8645 = 3/729 x5 = L129 x A/5 = 90/5. 

135 = 49 x 15 = ./49 x /15 = 7/15. 

»/248 a = [Bate x (Ba= 9a Ba. 

3/128 abt = 2/64 a8 x 3/26 = 4 aL/20. 

/405 aby? = /81 at? x 5a = 9ary./Sa. 

/B75 aby = [25 aby? x /1by = dary /1dy. 

(245 a8y-4)? = (49 aby-4)? x 54 = Tady-2/5. 

(135 aty)* = (27a8y3)) x (5 ay?) = 3B ay3/5 ay? 

(+ 5a2)) = Jak (@+ 5) = Je x Jat 5=ajfat 5. 

(16 — 16)? = /16@—1)=./16 x je -1=4/2—1. 

/i8e—9=. /9Re—-1l=/9x /2#—-1=38/2e—1. 

Sa — 2 a8 = 2/28 (@ — 2) = S/a x S/x8 — 2 = ai/a? — 2. 

JF — 208 = /4(2—5R%) = /4 x /2-5RP=2/2—- 5B. 

5/40? +4=5,/4(@ + 1) =5/4 x Je +1 = 10 fa? + 1. 

J52—ay+ by= /5(@—yP = /@— gy? x (5 =(e—yJ5. 

/4a8 — 24 a®x + 86 aa = /4a (a — 82)? = /4(a— 82? x Ja 
=2(a —32),/a. 


252, 253] RADICALS 179 
41. (8 am? + 6am + 8a)? = /Ba(m+ 12 = Jimt ip x (8a 
=(m + 1),/8a. 
42. (aty — 3 ay? + 3.2%? — ay)? = fay (@ — y)? = S\(@ — yy x S/ay 
= (« — y)a/ay. 
Page 253 
45. /t= J/§ = V5 x 8 = 48. 
Ot = Jt Sale X JP = 4/5. 
48. t= $= 5 x 6 = 1/6. 
49. $= Je = Jt x 6 = 16. 
50. R= f/f 98, = 2 fig x Y90 = 12/90. 
51. /§ = S/398 = X/chs x S100 = 42/100. 
208 pee Se sa 4% oe 
52. WNT he = [2 x fee = * Bab, 
Bay fide? AP et 
te Aig? (Nag oN agN 
54. /2= w/t = fA Jay = Ac y 
0 ay ae Bok Boe fe 
nee ee 
Ree hy: OF ee a 8 
28. Je 97 9 # ayy z 
4a 124 4 Spee Ba. 
a J 322 ~N/ 922 om *V 3aN 
a 6B axy -J 1 x /6 ax Satehe Ea 
A Je 50 a8y os 100 aty? ol Say, 10 aty i. 
9 ab ab — + 3/9 ab. 
Bes ie ee wl aria * 92 = 5,894 
a ee 
60. (a + d) = (a + 0) eS op 
b 
cB = oo ti 
ie te —op™ Fe 


180 


61. 


62. 


63. 


SORE St Sue 


10. 
11. 


12. 


13. 


14, 


KEY TO ACADEMIC ALGEBRA [258, 254 


RBg eo eae ee <ee 


a—2y 2y a—2y 47 
ae 2s x /2ay — 4y? 
eA Sea 
ee ee oe 47. 
z—2y Yi ey, 


1—@#+2 /(1 + a+ 2) (1 — @+ 2) 
8 ee = (1 
e o) [a ate a| “ La 


=(1—2),/1 + a4 at. 


(a+ bP s/a+db _ (a+b? 3/@—2d) (a+ d) 


a—b ta a—b (a — b)8 
_(@+ bP 3/q2 
ae. le—m* fi 
_ (a+ 6)? 
teeny She 
Page 254 


{36 = Je = 6 = 6 =./6. 
ab = C/o = ot = IS: 
4/144 = 4/1? = 1% = 138 = /£x 8 = 2,/8. 
S81 = £/ = 94 = 93 = 8/9. 
4/1600 = 4/40? = 40? = 408 = \/4 x 10 = 2./10. 
&/2Zae = {a} = (8a)! = Ba)t = Ba. 
PB = fB= R= 7 = Ji. 
4/289 = 4717 = 178 = 17% = ./17. 
{/9 PRES = 3/9 a2B%c2-ct = c.4/(8 abe)? = ¢ (3 abe)t 
= ¢(3 abe)? = c,/8 abe. 
2/121 a8at = 4/121 a?-atat = aa J/(11 a)? = aa (11 a)? 
= ax (11a)! = aw /i1a. 
Saad = arte. & = ds/(@ved?P 
= d (a%e2d)? = d (a®be%d)’ = dd/a%be*d. 
tia? — 2ay +4) = Jew =(@— yt =(¢-yh = Jay 


264, 265] 


Cor See eo an Oo) 


18. 


19. 


20. 


2/2 = J4/2 = 8. 
8/5 = 9/5 = /H. 
5/2 = [25/2 = /60. 
342 = {8142 = 162. 
82/8 = 8/28/38 = 2/81. 
4,/5 = ./16./5 = ./80. 
1/8 = 4,8 = 2. 


RADICALS 181 


10. 4/2=x/1,/2= ~/f. 

11. fet = JP /8 =i & 
12. i./be = ./i./be = ./¥ be. 
3. /§ = JRVG = VT 
14, 3/43 = 78/38 =). 
15. 3 


ee 3/4 ss 3 Sa Sia, 
16. 22/1it= Felt = fh. 


a/b = Dy ‘ash. yA $88 = SHAR = Af. 
pS Le fe eet | pe vest Zee, 
Ue aT+y (x2 — y)? Span 2—Y 
eke G+ aad _ Ely aes 
i - 45> (a—42N a+4 geek 
be = (ooh =e 

re b) e Ay (a — d) oS 

Page 255 

2 = 23 =ot— 3. i re 

= a/10 = 104 = 10*= 3/100, 
fo = bt = 58 = 4/126. ; 


6] ora 6) = 36, 
See next column. 


£10 = 8/10. 


Sf8 = 54 = 68 = 8/25. 


Sh = 4b = 4% = 1216. 
4/3 = 2? = 2% = Wf. 
JB = 84 = 8% = 12/729. 
Had = 22/18: 


fb = 54 = 5% = 10/3125. 


off = 48 = 4% — T2/A6. 


w/o BF ti S720, 

2/5 = 54 = BY = 12/625. 

fdr = 4 (8)8 = 48) = QPF. 
9. 

Jab = (ab)? = (aby? = 12/a8d8. 


3/ab® = (ab?)3 = (ab?) = 12/atb8. 
SBS 22 Sor 6. 
10. 


Jo=at=a®= 12/98, 
Jo =b8 = OF = V/A. 
Sie = xt = at = 12/a8. 


Sy = yt =o =P 


182 


11. 


12. 


18 


14, 


15. 


ee Se 
Oe Oo 


— 
> 


oF AD OT P wo Ww 


KEY TO ACADEMIC ALGEBRA [255, 256 


» Sa+b= (at d= (a+ 8 = Sat dP © 


Jaty=(aetyt=(e+yi= Set 


Vee on am = ae. 
fey = (@y)* = (2y)2n = = gry, 
ofp = (ayyr = (ayn = 2ahA. 


(a + b) fa — b= (a + b)(a— b)? = (a +d) (a — B)F = (a + B)S/(a — BYE. 
slab =(a—b)'=(a—d)8 = Sia — by? 
Ja+b=(a+ dt=(at dJi= Yat OF. 

Aa +R = sar +B. 

Ja—b=(a—b)?=(a— d)? = Ja — dP. 


Page 256 


/50 + ./18 + ./98 = 5./2 + 8/2 + 7/2 = 15,2. 
J2t + /12 + /% = 8./8 + 2/8 + 5/3 = 10/8. 
./20 + ./80 + ./45 = 2./5 + 4/5 + 8/5 = 9,/h. 
0/28 + ./68 + ./700 = 2,/7 + 8/7 + 10./7 = 15,/7. 
3/250 + S/16 + 3/54 = 58/2 + 23/2 + 83/2 = 1103/2. 
A/128 + S/686 + A/f = 44/2 + TYR + 42/2 = BSD. 
9/185 + 2/820 + 3/625 = 82/6 + 4.3/5 + 53/5 = 123/65. 
4/500 + 2/108 + S/— 82 = 53/4 + 88/4 — 23/4 = 6/4. 
V4 + /125 + JE + STE = 4/2 + $2 + 124+ 22 = 48. 
Ji + 5 + 3/8 + /12 = 1/8 + 5/8 + 2/8 + 2/8 = 8.8. 
JSE+ 48 + EY9 + S147 = 138 + 1/84 4/38 + 1/8 = 9.8. 
Q/40 + /28 + 8/25 + 175 = 23/5 + 2/7 + 3/5 + 5/7 
= 82/5 + 7/7. 
A/375 + 44 + 3/192 + ./99 = 52/8 + 2/1i + 43/8 + 8/T1 
= 90/8 + 5/11. 


256] RADICALS 188 


15. /245 — ./405 + /45 = 7,/5 — 9./5 + 85 = WJ. 

16. /12 + 3,/75 — 2,/27 = 2/8 + 15./8 = 6/8 = 11/8. 

17. 5,/72 + 3./18 — ./50 = 380,/2 + 9/8 — 5/2 = 84,/2. 

18. 2/128 + 2/686 — 2/54 = 43/2 + 73/2 — 83/2 = 83/2. 

19. /112 — /848 + /448 = 4/7 — 1/7 + 87 = 5/7. 
2/185 — 2/625 + 2/820 = 83/5 — 52/5 + 43/5 = 23/6. 
Sir f+ YRa=Wwi + Yi + 33] = 63% = 4B. 

22. 2/864 — 3/4000 + 3/82 = 62/4 — 1032/4 + 23/4 = — 23/4, 

23. S/1282+ J/75 a — S/4e = 43/20 + 5L/3e — 33/2 

= J/22 + 5.3/8 @. 


ia hoa if eM 
cna ae pee Na 
Sa Dee 
Sates ;) Ne 


x 
a 16 aa 4 ax? 
25. aca te, 
by? by? by? 
abet a GLE = 4 aba? 
zs ee B22 
wercee Wve = sg a B. 
a 
a b Pe ot epee Ae ae 
Sie BLE — = —,/abe + —,./ abe + —,/abe 
a, be ioe ac ny ab seN ae™ aN 


Sa + be — (a — be = (a + b)Je — (a — b), Je = 2d,/e. 


28. 63/89 + 43/99 — 8.3/838 — 65/49 + 43/8 — B3/ARB 
= 43/5 + 23/5 — 62/5 = 0. 


29. 3/— 96at + 22/824 — J/5a + </4004 
= — 2.2/8 at + 22/8a! — J/5a+ 2av/5a 
= (2a — 1) 2/52. 


30. S/aba — {/ata* + 8/8 aPb?a8 
= S/aba — S/abe + 2/2 abe = X/2 abe. 


184 KEY TO ACADEMIC ALGEBRA [256, 257 


31. /3 2% + 8022 + 75a — ./3a? — 622+ 32 
= ,/8a(@ + 5)? — /8a(@ — 1? 
=[#+5—-—(@—1)] /32=6/382. 


32. ./5a> + 3044 + 450% — /5a® — 40 a* + 8008 
= ./5 a (a + 8)? — /5 a (a — 4? 
= [a +.3 — (a — 4)]./5a8 


= 7./5a8 =%a./5a. 


33. ./60+ S/9 4/4 + 3/— 244 2/27 — {/64 
= 6/2 + 2/8 — 2,2 — 223 + 3/8 — 2./2=./2. 


84. /3 + 6/3 — 3/18 + 1/86 — Y/8f + W/125 — 2% 
= 3/6 + 3/5 — 3/2 + 6 — 3/6 + 5 — 32 


Page 257 

4, eee ee Sele = : 7. /8 x ./48 = ./144 = 12. 

8) /2 % S/O 12 = 8, /8, 8. 2,/5 x 3,/10 = 6/50 = 30,/2. 
6 8x /15=/45=3,/5. 9 8/20 x 2,/2 = 6/40 = 12, /10. 
10. 3/2 KB/S SOK. BY aS: 

11, 32 x 2.8 = S/4 % 25/188 = 9/600. 

12, 2/8 x 8/38 =N/9 x 82/2 82/248. 

18. 2./6: </16 = 2, /108 = 12.78, 

14, 23/8 x 83/45 = 63/185 = 18.3/5. 

15. 22/6 x 8,/6 = 22/6 x 8.34/86 = 64/216. 

16. 3/8 x 23/5 = 88/27 x 25/25 = 6/675. 

1M /5 x C10 eV 8G SOOO 5 Leon: 

18, 23/250 x /2 = 108/4 x £/8 = 105/82. 

19. 28/24 x J/18 = 43/8 x 3/18 = 43/64 = 12,3/8. 
20. /28x 83/7 = 2/7 x 8/7 =2x 8x T= 42. 
21. 22/2 x Y/B12 = 2(2)* x (2% = 2 x 2 x Ve = 4B, 
22. Jab x be x Jed x /da = J/aPER = abded. 

23, fry? x /12e x /ay = aye x 2/8@ x dy [Se 


= 10 ay? /9 x8 = 80 a%y2, /a. 


— 


25. 


26. 


27. 


28. 


29. 
30. 
$1. 
32. 
33. 
34. 


36. 


37, 


207, 258] RADICALS 


V2 ab x Rabe x JF PR = 8/8 0 x SPR x /8 abb8 
= 0/64 adie? = 2 ab 2/aPi2 
= 2 ab./abe. 


Page 258 


Jn x S/min x Smid = [mint x 8/mbn® x 8/mnt 
/2axy x Say x SloPay = 12/64 ababy x WZatyt x 12/qba8y8 
= 2/64 azly8 — aay!2/64 xy. 

Sey x fay x fey = faly x fa x 3/a- yp 
Vee x emp 

= a 2y2 3/ny2.g-8 

— a By? 3/ gy. 
JSa—b x Ja? x 2{(a—b)? = ./a—b x x/(a—b x Jad 

= ./(a—bp x fab = ./ab. 


lI 


x 
hea 
oe 
x 
es 
on 
ll 
or 
lI 
a 
iss) 
Ot 


«<2 ee ie St x [i = Adz = WP. 


oe 


cole 
x 
nD 
es 
GS 
= 
‘ 
x 
for) 
‘Shoo 
| 
a 
= 
| 
x 
ols 
II 
ole 
S 
for) 


. aes es: 9 = Sf. 
ix J§ = Gix§ x 43 = 48 = YR = 1. 
A ere 38. /6— ./5 
fs — JB Jb — 5 
aoe 41D 6 — ./30 


: 6 — 2/80 + 5 


as = 11 — 2,/30. 


Jit /2 39. 5— /5 


@ 
toKe 
x 
Cle 


ee 
elt 
x 


. 1+ /6 
eal taney 51/6 


a2 5/6 — 5 
oi ae 5+4,/5 —5 
= 5, = 4,/6. 


185 


186 KEY TO ACADEMIC ALGEBRA (258, 259 


40. 4/7 +1 af; 
flere sake 
112 + 4/7 4/8 — /10 _ 
za _ —4ft=1 = : 24, /2 — 12,/15 
112 Es — 4,/15 + 15,/2 
= 111. 24, /2 — 16,/15 + 15./2 
41. 2/24 /38 oe aos 
4/2 + /8 a Se + 0 
16 + 4,/6 @ + abj/2+P 
26 +8 are ee 
16 + 6/6 + 8 ath, /2 — 2 ab? + abs /2 
= 19 + 6/6. att? — ab’, /2 + 
as + 5 
42. 2/3 + 3/5 46. 
3/8 + 2/5 a — Jaye + yz 
18 + 9,/15 fe + /ye 
4, /15 + 30 w/e — a./ye + ye/e 
18 + 18./15 + 30 ar/ye — yee + yer/ye 
= 48 + 13,/15. an /a + yer/ye 
t 47. 
48. 80+ Vb ofa — oly + ye — ald 
2a — /6 [e+ /y 
6a? + 20/5 a? — a./ey + xy — y./zy . 
felis UE aa /ty — ay + yay — 
6at— a f6—5 . a —-¥ 
Page 259 


4 00+ 8 =f = J =}. 
bf 2 SG aye = SS. 
6. 4/6 + /0 =4)/5 = /2. 
7 6/7 + ./126 = 6/2, = ./2. 
8 2/44 /2= 8/16 + £/8 = $2. 
10. 0 
» 8/16 + 8/82 = 8/256 + $82 = J/8 = ./. 


259, 260] RADICALS 187 


12. 


13, 


14, 


15. 
16, 
17, 


18, 


19. 
20. 


22. 


23. 
24, 


oO AD ow -p 


20/12 + /8 = 28/144 + 2,/2 
aa 144 2 8/8 = 8/16. 
Slaw + Jay = cea es 
nes 
/2 ab? + Satht = b,/2ab + ab — 1 * Pas. 
Je ~ /2an = Sate + §/8 x = S/Tax = 4 $/Bam. 
/9 0? + /3 ab = 8/81 abt + 8/27 a8 = 8/3 ad. 


4 ey + Say = {8 ay + {Lap = 8/2 ay. 
Jé=b+Jatb = /4=? = PLOT a YR 


a+b (a + bP Ze 

Bf + JE= 89 + LP = OH, = 2B. 
Ao ls 8 a1 /2|./6—2./3 +4 
[8 — 1 /8 — 2/5 + /8 
= /8 — ./6 + 2/2. 


1,/6|_/2 + 2:+ 14,/42 
B/E + BR + 7 
= /8 4/6 29%. 
(5/2 + 5/8) + (/10 + /15) = (./50 + ./75) + (/10 + /15) = 6. 
5 + 5,/30 + 36 |/5 + 2/6 
5 + 2./30 5 + 8./6 
3/30 + 36 


3/30 + 36 


Page 260 
(3. /ab)? = 32 (ab)? = 9 ad. 
(2.3/8 2)? = 22-88a! + 4.5/9 a2. 
(wQ/Ba8)? = (a®{/2)? = at-28 = at. 
(n2./4 6)? = nt (4 b)8 = 4 dn! 
(ag/a?b)? = a? (a?)* 04 = aP-a-08 = ab fb. 
(2,/5)8 = 23-58 = 8.5.54 = 40, /5. 
(3./2)8 = 88.28 = 27.2.2 = 54/2. 


188 


11. 
12. 
13. 
14, 


15. 


16. 


17, 


18. 


19. 


20. 


21. 


22. 


23. 


24, 


25. 
26. 


27. 


KEY TO ACADEMIC ALGEBRA 


(2.3/a2)3 = 23 (a2)8 = 8 a2. 

(3/a268)8 = (0268)? = a3b* = ab?-aidt = ab? S/o. 
(2/4 78)8 = (4. n3)8 = (4 n8)) = /4 03 = 2n,/n. 
(— 2,/2.ab)* = 16 (2 ab)? = 16 (2 ad)? = 64 ab? 
(—/2.8/a)?. =— (2)Pa® = — 2.232% =— 2. /2e. 


(—./2/aa)t = + 2% (aa?)) = 4 aa? (aa?)’ = 4 aa? 3/az. 


(— 2/a2/y)> = (— 2). aby? =— 32 ay-atyé 
= — 32 a%y-a8y® —— 32 ary, S/ady4. 
(— 8 abate = (— 3)8 3a = 729 a8ng2n, 
(2 +../6)2 = 22 + 2-2/6 + (/6) 
=4+4+4./6+6 
=10+ 4/6. 


(2 + ./2)2 = 22 + 2-2/2 + (/2)? 
=4+4+4,/242 
=6+ 4, /2. 
(2 +./5)8 = 2% + 3 (22/5 + 3-2 (/5)? + (/5)8 
= 8+ 12/5 + 80+ 5/5 
= 88 + 17/5. 
(2 —./8)? = 2 — 8 QP 3 + 8-2 (3)? — (8) 
= 8 — 12,/3 + 18 — 38 
= 26 — 15,/8. 
(/7 —./6)? = (/7)? — 2./7./6 + (/6)? 
Shi 2. /42 + 6 
= 18 — 2,/42. 
(2,/2 —./3)? = (2./2)? — 2-2./2./8 + (/8) 
=8—4,/64+8 
= 11 — 4/6. 
(/@ + 1)? = (,/a)? + 2/1 + 12 
Sates. Ie + il 


(Va —/b8 = (Ja? — 8 (JaPJb + Ja (Jo? — (/8)8 


= a/a— 8 a./b + 3b, fa — d/o. 


(Ve + 1% = (Ja) + 8 (fat + 8/0 (1? + (198 


[260 


261, 263] RADICALS 189 


Page 261 
30. mf = (2%)? — a — nape $2. WIE = (xt) — ob = fa. 
1. /Yo=oHas= 5 38. /You@iada ya 


84. ./2/a® = (2¥)) = af = aca? = 25. 
85. / ara = [(a"at)*} = (ara = Rf oral 
36. 22 = (22)! = 2a) = Y 8a. 
a7. JT a8 = (10) = (a= S/TaA, 
38. 0/8 mins = (8tmiat)) = Qimiat)s = etmiat = 4ma. 
89. .3/— 27. /28 = 3/— 2748 = — 82. ; 
40. 3/— 64 aby = (— 64)} [(ay)t}) = — 4 (ay) = — 4.5/ay, 
a. o—Joe = — [(ad)3}) = — (ao) = — ow. 
42. [Fate =,/3/@ ache = [2 a2%)8}} = (2.a2%)) = 3 Faal, 
43, 3/ [aa = 3/aba = a2 3/22. 
44. (/8 a2*)) = [/(2 aa) ]} = [(2 aa)! ]} = (2 aa)! = /2aa, 
45. (./aRyA)™ = [(ay)* J = (ay)? = Yay, 
EFF 
a-2y a-2y" y" 
n/a” XL n|/ one 
= aE = yw a2, 


Page 263 


19. By §111, the rational binomial of lowest degree in which 
Je + </b, or a5 + 03, is exactly contained is (a3) + (03)%, or a? + 3.' 
Therefore, the simplest rationalizing factor is the quotient, a4 — a? b} 
+ ¥8, f 
20. By §111, the rational binomial of lowest degree in which 

c/a — 2/2, or a* — 2%, is exactly contained is (a*)!® — (a*)5, or a> — 2°, 

Therefore, the simplest rationalizing factor is the quotient, a® + a®a* 

+ atat + a tat + a Pat + a8e + abe + aba® + a?a® + abe? + abe? + 00¥ 

+ ata’? + aba’? + a. 

21. By §111, the rational binomial of lowest degree in which 

_ Je + X/y, or a? + y?, is exactly contained is (x*)10 — (y*), or a5 — y, 

Therefore, the simplest rationalizing factor is the quotient, x —~ aty® 
+ ay? — gtyt + aly’? — w2y3 + aly? — wy® + aby — y*, 


a 


190 KEY TO ACADEMIC ALGEBRA {263 
oF _ 2/316 _ 8 _ 8 x 3/88 _ S96 _ 3/96 
oe Sid 2 Ax f2 Ye 2 
= ala _ Jac/e _ Se@ee _ aSfae _ S/ax* | 
c= Sawer S/a8 ar z 
38 Jat+b_ jJa+d/a—b_ Je —eF 
a/& — b Ne ap a—s 
se Jj2—2 _ Je—2Je+2 _ J/P—4 
: vate. Jie + 2F r+2 
36 JR + a/ _ (8 + /2 ) (8 + /%) 8+ 3/6 +3_5 49%, 
as (8 — /2)(/8 + J) s—38 
s 5(/5 + V8 —5(3 + V9) _ 5/5 +N). 
ae a (5 — x Bie 3) 5—3 2 
38. J2-1 _ (2-NER z 3) —8—/6— /2+ 8 
(2+ /8  (/2+ 5 8) 3-3 
= /6+ /2— J8—& 
go, 5— 8/8 _ 6-8/9 8+ 9%) _ 4-8 _ 4-2 
2-2 (@- POL Ia 42 2 
a. i= ii AS + JD _ 2/8 — 2/4 + 7 
J — 7 py cen ry bas Se 
= 8/3 — 2/14 + 7-7. 
ay, Met Jy _ (WJ2+ Ji) (Je + Je) _ 2 + Bay ty, 
Jez — </y Seve z—y 
ag, 4/2+ 6/3 _ 3/8 + 2/2 BY3 + 22) _ 2QT+ 18/6 + 8) 
&./8 — 2/2 eee ee a7 —8 
_ 70+ 2/6 
19 
43. Jz+1-2 — (/er+1—%)(/e+ 1-2) _ _241-4jeyi+é 
fet1t+2 (/4+14+9(YeF1-9 z+1-4 
—~t+5-4 feed 
44. z—3 
e—Jj/@—-1_ (@—./—1)(e- fe —1) _ 2-22 /P—14 8-1 
2+ j/@—-1 (2+ /®—-i(e- Y#—-)) 2e—(e-) 


=282— ae /a—1-1, 


263, 264] RADICALS 


47. 


53. 


54, 


56. 


— anfa— Se +i — @fa— Je + I) (aja — Jz $1) 
Je+ fer l (Je@ + J/e+i(Je— jer) 
_ @—2ajf/aw+atat+ 


ae—a—1 


Page 264 


fe ty — fey _ (Je + y — Ju —y) (Jet y—J/e—y 
Jetry+ /e-y (Je+y+ Je—y(Jat+y—-Je—y 


z+y—(e@—y) 2y 


J/@+at+1-1 ae, ee 


JPpariet (GP xetl t+ )W/evari—) 


191 


Se et ee 


et eel — 2 2/@+a+1+1_a@+a+4+2—-2/e+a41, 


GPE yy | @+ a, 
5 _ 5/2 _ 5 x 141421 _ 9 pone 
ie ees 2 “art 
2 _ 2/5 _ 2 x 2.23607 _ go4y 
J 5 5 : ‘ 
6 _ 6/2 _ 6 x 1.41421 _ 8 x 1.41421 _ 4 Jorg 
8 4 4 2 F ‘ 
10 _ 10,/5 _ 10 x 2.28607 _ 2 x 2.28607 _ 1 yay 
JB 18 Be 16 3 aes 
15 _ 15/2 _ 15 x 1.41421 _ 3 x 1.41421 _ 9 j013 
Sgr 10% 10 2 j 
oes 08944. 
{125 25 


SA 4/8 a8 — 3) (2 + 8) _ 16 + 6/8 — 3 _ 13 + 6/8 
2 js (@—./8) 2+ /2) 4278 
= 13 + 6 x 1.73205 = 23.3928. 
14+ J8_ (1+ J2) @+ 2) _243/84+2_9 45 5 
2-2 (2—.~/2) (2+ 2) 4—2 
= 2+ $x 1.41421 = 4.1218. 
B+ 2/5 _ (5 + 2/5) (5 + 2/5) _ 25 + 20/5 + 20 
5— 2/5 (5 — 2/5) (5 + 2/5) gs 
=9+4,/5 =9 + 4 x 2.23607 = 17.9442. 


192 KEY TO ACADEMIC ALGEBRA [ 264, 266 


59, M2-V5-VI_WR- VD - V5, W2- VI + 
GPO Est Li2+ Sele ee 
_2-2/144+7-5_ 4-2 /14 
Siete 2/10 
= 2- JH _ 2/10 — 285 _ /10 — Ji, 
5 


60. /10 
RC, meee Ce are ene Cs Ob 

J+ 2-J6 (8+ )9—J6 (8+ s2)+ V6 
_ 84 2./6 +24 8/2 + 2/8 _ 2/6454 3/2428 
Pek eee en 5624 
_ (2/6 + 5 + 8/2 + 2/8) (2/6 + 1) 

(2,/6 — 1) (2/6 + 1) 

_ 24+ 10/6 + 12/8 + 12/2 + 2/6 + 5+ 8/2 + 2/8 


24—1 
_ 29 + 12/6 + 14/3 + 15/2. 
23 
1 = 2+ 3 — 5 
J2+ JB + f5 (2+ V8 + Jd) (24+ V8 — 5) 
2+ /8—J/5 _ 2+ 8 — 5 


61. 


| See jee ss 2./6 
— 2/8 + 8/2 — /30 _ = Bo/8 + 88 = 0/50 30. 
2/6 - /6 


62. 2/2 — 8,/8 + 4/5 _ — 2/2 — 8/8 + 4/5 |, V2 + J8 + J5 
J2+/8- J (2+ VB)- JB (2 + V8) + 5 
_ 15 —/6 + 6/10 + /15 


2/6 


_ 15/6 — 6 + 12,/15 + 8/10 


12 


— 5/6 — 2+ 4/15 + /10 
; : 


Page 266 
un, ./12 44/5 = /12 + 2/20 = /10 + 
2. f+ 4/7 = 0/114 2/8 = 74 J2= 8 +2. 
3, ./12— 6/8 = /12 - 2,7 =. 9-8 =3— 3. 
14. 17 + 12.2 = 17 + 278 = 9+ (B= 84 2/8. 


266, 267] RADICALS 193 


16. ./15 — 6/6 = ,/15 — 2/4 = ./9 - J6 =3 —/6. 
16. /18 + 6/5 = ,/18 + 2/6 = /15 + V8. 


17. fat+b+2aj/o= /u2+0+42/0 = JP + fo=at fo 
18. ./2a—2/@—B = ./(a + 0) + (a— 8) -2fla+ (ad) 


= j/a+b6—./a—. 
Page 267 
2. Let Ja + Jy = /25 + 1096. (t) 
Then, Je — Jy = ./25 — 10/6. (2) 
Multiplying (1) by (2), a — y= ./625 — 600 = ./25 = 5. (3) 
Squaring (1), arty + 2%Q/ry = 25 + 10/6. 
“ &@+ Y = 2. (4) 
Solving (4) and (8), «= 15, y = 10. E 
< LN ed ales LO: 
Hence, ./25 +10, /6 = ./15 + ./10. 
3. Let Jet Jy = /19 + 62. (1) 
Then, [2 —y = /19 ora NO eget (2) 
Multiplying (1) by (2), a — y= ./3861—72=,/289=17. (8) 
Squaring (1), a+ty+2,/zy = 19 + 6/2. 
we Cit 9, (4) 
Solving (4) and (3), e=18,y=1. 
Cone ee Be AY =k. 
Hence, /19 + 6/2 =8,/2 + 1. 
4, Let Ja + Sy = [45 + 202. (1) 
Then, fe — Jy'= ~/4 — 30.2. (2) 
Multiplying (1) by (2), a — y = [2025 — 1800 = ./225 = 15. (8) 
Squaring (1), ety + 2/zy = 45 + 80,/2. 
ee et pee: (4) 
Solving (4) and (8), # = 380, y = 15. 
eat = 2/30, /y = xs 18. 
Hence, V45 + 30V2= ./30 + ./15. 
5. Let Ja —aJy = ./35 — 14,56. (1) 
Then, Ja +Jy = /85 + 14/6. (2) 
Multiplying (1) by (2), e—y = ./1225 — 1176 =, /49=7. (8) 
Squaring (2), 2+ y+ 2/ey = 35 + 14/6. 
AP ae oe) pst) S (4) 
Solving (4) and (38), a= 21,y= 14, 
ie af ey Chan Sexy 14. 
Hence, [85 — 14,/6 = 21 — /14. 
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194 KEY 


6. - Let 


Then, 
Multiplying (1) by (2), 
Squaring (1), 


Solving (4) and (8), 


Hence, 


7. Let 

Then, 

Multiplying (1) by (2), 
Squaring (2), 


Solving (4) and (8), 


Hence, 


8. Let 


Then, 
Multiplying (1) by (2), 
Squaring (1), 


Solving (4) and (8), 


Hence, 


9. Let 


Then, 
Multiplying (1) by (2), 
Squaring (2), 


Solving (4) and (8), 


Hence, 


10. Let 

Then, 

Multiplying (1) by (2), 
Squaring (2), 


Solving (4) and (8), 


Hence, 


TO ACADEMIC ALGEBRA 
Je + Jy = fT 6/2 
Je —/y = [11 — 6,/2. 
a—y=./121 —72= ./49 = 7. 
Bes Sct 


+ y= il. 
a= 9, y= 4 
RS = ae = 5 


/11 + 6/2 =3 +./2. 


Je — Jy = [24 - 8 
Ja + Jy = [24+ 85. 


a —y = ./576 — 320 = ./256 = 16. 


BAY Sete 24 + 8/5. 
e+ y= 24. 
e207 4 


“aft = 2/5, /y = 2. 
./24 — 8/5 = 2/5 — 2 
aft +r/y = ./16 + 6/7. 
Je — Jy = /16 — 6/7. 
2 —y = 256 — 968 =. /4 = 2. 
a Ve 
“ = 16. 
ae Sis 
Je =, Jy = /7. 
‘hone ee /‘. 


Je —/y = /21 — — 8/5. 
Ja + Jy = /21 + 8/6. 


2 — y= M41 — 820 = ./121 = 11. 


8 Ber ope 


2 @+ y= 21, 
wi 6), 
Jz = 4, Jy =f. 


Meas [5 = 4-8. 


Je — Jy = /4t — 12/71. 
Ja+ fy = wai (+ 12,/11. 


eyagee7 


(1) 
(2) 
(3) 


(4) 


(4) 


(1) 


(2) 


Ci 3309 = — 1584 = ./625 = 25. (3) 


e+ yt Say = 41 efit 


e+y=4 
ne 86, Pcie i 


_ Ve=6, Jy = Ji. 


</4t— 19/7 BV =64./T1, 


(4) 


* 


267] RADICALS 
Parcit ft aly = 56 4 56 + 32.8. 
Then, Je — Jy = f56= 82.8. 
Multiplying (1) by (2), a — y = ./3136 — 8072 = ./64 = 8. 
Squaring (1), oi ENS = 56 + 82./8. 
: =O 
Solving (4) and (8), t= 32, y = 24. 
ON Dee 4, /2, Ni 2/6. 
Hence, (56 + 82/38 = 4/8 + 2/6. 
12. Let Ke ALO Se /35 — 13./6: 
Then, Jt+Jy= </s5 + + 12/6. 
Multiplying (1) by (2), @ — y = ./1225 — 864 = ./361 = 19. 
Squaring (2), a+y + 2 /ay = 35 + 12/6. 
ayy 2 Ut + Y= 30. 
‘Solving (4) and (3), EOP Ue toh 
“. Jt = 8,/8, Jy = 2/2. 
Hence, (35 1 - 12/6 = = 8/8 — 2,/2. 
13. Let Jt — /y = ./86 — 12.8. 
‘Then, n/t Hy = 56 + 12./3. 
Multiplying (1) by (2). 2 — y= ./8186 — 482 = ./2704 = 82. 
Squaring (2), 2+ y- + NEY = oy + 12,/8. 
eye 
Solving (4) and (8), t= OA yi 2) : 
on fe = 3,6, Jy = /2. 
Hence, ~/56 — 128 = = 3/6 — ./. 
14. Let fe Ie eS pa 
Then, J2— o= = 8 
“*, Multiplying (1) by (2), a—y=A~/4 =1. 
' Squaring (1), at+y+2/ay =2 +8. 
a Of ses 
Solving (4) and (8), = 3, y= 40 
1 Jt = 4/6, Jy = W/2. 
Hence, Se 8 ae 3/2. 
15. Let J2+ JSy= a 6 +/85. 
Then, Ja — Sy = [6 —/85. 
Multiplying (1) by (2), 2— y= 2/86 — 85 = 1. 
Squaring (1), etyt 2a = ; + /36. 
Ame 1G. 
Solving (4) and (8), ee =hy=}. 


Hence, gee ae = 4/14 + 4/10. 


= 4/14, /y = 4,/10. 


(2) 
(3) 
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16. Let far fy = fit 1+ 4/2. (1) 
Then, J2-J/g= J1- 42. : (2) 
Multiplying (1) by (2), g-y=,1-$=/$=t (3) 
Squaring (1), aty+?2 zy = z ~ 20/2. 
neeysl (4) 
Solving (4) and (8), 2=%y=%- 
3 Me = 3./6, = 1/8. 
Hence, J1+FJ2= 1/6 + 8 
17. Let Je+/y= Ale + $/6. (1) 
Then, Je -— Jy = /2- 46. (2) 
Multiplying (1) by (2), a—y=./4— = JA =F. (8) 
Squaring (1), a+yt2%R/ry=2+ £/6. 
ee y=2 (4) 
Solving (4) and (8), z=s%,y=4 
fa = 4. /30, fy = Zf6. 
Hence, 24+ 4./6=1,/380+ 2/5 
18. Let Je + Jy = /30 + 20/2. (1) 
Then, Je — Jy = ./30 — 20/2. (2) 
Multiplying (1) by (2), 2 — y= /900 — 800 = ./100 = 10. (8) 
Squaring (1), a+y + 2/ey = 380 + 20/2. 
“2+ y = 80. (4) 
Solving (4) and (8), a=20,y=100 | 
im /t = 2, /5, Jy = at ie: 
Hence, ./ 80 + 20,/2 = 2,/5 + ./10. 
19. Let Je— Sy = /18 — 6/5. (1) 
Then, J+ /y= 18 + 6/6. (2) 
Multiplying (1) by (2), a—y= ./324—180= /144=12. (8) 
Squaring (2), 2+ y- = 2./zy = 18 + 6./5. 
e+ y= 18 (4) 
Solving (4) and (8), Sd) y=13: 
ae = /15, Jy = /8. 
Hence, /18 — 6/5 — 6/5 = ./15 — /3. 
Page 271 
18. fe + 16 —./e = 2. 
Transposing, w/e 16. = WE + 2, 
Squaring, @+1=r+4 /fa4+4 
Canceling, etc., Reis, 


Squaring, 0: 
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14. 
Transposing, 
Squaring, 
Canceling, etc., 
Squaring, etc., 


15. 

Squaring, 
Canceling 22 = a2, 
Solving, 


16. 

Dividing by 3, 
Squaring, 
Canceling 22 = g2, 
Solving, 
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22 —,/2 eo 15 = 
J/2e-1=/22—15 


17; Ja+2= fe $32. 
Squaring, a+4j/e+4—2 + 82. 
Simplifying, 4, /a = 28. 
Dividing by 4 and squaring, a = 49. 

18. 5—/e+56= ./2. 
Transposing, —/2a+5= fx —65. 


Squaring, § 218, Prin. 1, 


+ (@ + 5) = 2 —10,/a + 26. 


Canceling, etc., 10, /z = 20. 
Dividing by 10 and squaring, B= 

Page 272 
19. 2./e—2 = 2 — 8,/z. 
Transposing, etc., Race 10. 
Dividing by 2 and squaring, f= 20 


Notr. — The given equation is satisfied also by x= 0. The rootz=0 
was removed by dividing both members by ./z. 


4a27+62—10=227+ 4. 


20. 

Squaring, 4a2+ 6x%—10=42? + 162 + 16. 
Canceling 42? = 4 2, 6a2—10= 162 + 16. 

Solving, pe acti a 

2 = — 13 satisfies the equation —./42 + 6x — 10 = 2a + 4, but not the 


given equation, which is an ¢mpossible equation. 


f/m —Se+74+2=2. 


21. 

Transposing, /8—Sa+T=a— 2. 

Squaring, a2—5e+T=@—4a74+4. 

Canceling 2? = 2%, epee eo 
imi 


Solving, 
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22. 4 /4— 8a + 9a = 32. 

Transposing, —/4-—82e+92=32—4. Fae 
Squaring, § 218, Prin. 1, + (4— 8a + 92?) = 9a? — 24a 4+ 16. 
Canceling 9 a? = 9 2?, 4—8a= — 24a + 16. 
Solving, B= 2. ; 

23. /2 (1 — #) 8 — 22) —1= 22. 

Transposing, /2(0 — 2) (8—22)= 27 +1. 
Squaring, 2(1 —2)(8—22)=4a?4+4a+1. 
Expanding, 6—107+4a2?=42a?+ 42741, 
Canceling 4a? = 42%, 6—107=42+1. 

Solving, @ = 5%. 

24. J/2e—-1+j/2"+4=5. SS 
Transposing, j2@-1=5—-/22+ 4. 

Squaring, 2¢—1=2%— 10/274 4+ (22+ 4). 


Canceling 22 = 2.2, transposing and uniting terms, 
10/22 + 4= 30. 
Dividing by 10 and squaring, 27 +4=9. 
x 


Solving, == (3h 
25. /Re—5 + Bat T= 6. 
Transposing, J/ir+7=6—/8e—5. 


Squaring, 3a + 7= 36 — 12,/32—5+ (Be—5). 
Canceling 3 2 = 32, transposing and uniting terms, 

12/32 —5 = 2%. 
Dividing by 12 and squaring, 8@—5= 4. 


Solving, Ci oe 

26. J/164+3 + /162 +8 =5. 

Transposing, /16@+8=5—./16 a + 38. 

Squaring, 162 +8 = 25 — 10, /16@ + 8 + (162 + 3) 


Canceling 162 = 162, transposing and uniting terms, 


10/16 @ + 3 = 20. 
Dividing by 10 and squaring, 162 + 3 = 4. 


Solving, v= x. 

27. J/9e+8+/9e—-4=0. 
Transposing, (Ye —4= —/9e + 8. 
Squaring, § 218, Prin. 1,9@—S/9@ + 16= + (92 + 8). 
Canceling 9 x = 92, — 8/92 + 16=8. 


Dividing by — 8, transposing, etc., /9@=1. 
Squaring, Oat ae 
So Sk 
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28. St+aje+ ait. 
Squaring, 1+ v/a? +12=1+4 2% + a 
Canceling 1 = 1 and dividing by 2, ./2? + 12 = 2 +2. 
Squaring, w@+12=4+42 4+ 2%, 
Canceling 2? = 22, Dp 4s Ae 
Solving, D2, 


Norr. — The given equation is satisfied also for z = 0. 


29. ie Boe 16 —4— 0. 
Transposing, [t+ [5a +3. /5¢—= 16 = 4. 
Squaring, i ES /5 2— —16= 16. 
Transposing, uniting terms, and dividing by 3, 


52 — 16 = 3. 


Squaring, 5a@—16= 9. 

Solving, i by 

30. 20 +./4a2— /10e 7 = 1, 
Transposing, / 422 — /1622—%7=1- 22. 
Squaring, 4e2— ./16227—T=1—42+4 422. 
Canceling 4 22 = 4.2, © — /16a2—-7=1-—42. 
Squaring, § 218, Prin. 1, + (1622 — 7) =1-—8a@+ 162%. 
Canceling 16 2? = 16 2?, —7T=1—-— 82. 
Solving, Ashi 


z =1 satisfies the equation 2a — ia a — ./1622— 7 =1, but not the 
given equation, which is an ¢mpossible equation. 


31. Rt ics je =a. 
Squaring, 14 Ji4 far J+ 2fe=0. 
Transposing, etc., i + [44 Ji + 2/2 ed eee + 2./a = 2. 


Squaring, 1+/4+ Ji + 2Je=4 
Transposing, etc., Rive + /1 + 2Je ie 2 /a = 3. 
Squaring, 4+ oh 1+ 2/7 = 9. 
Transposing, etc., my 14 2./e'= 5. 
Squaring, 1+ 2./a = 26. 
Transposing, etc., 2. /e = 24. 


Dividing by 2 and squaring, aw = 144. 
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32. ee eae ee 
/32 + 2 
Multiplying by ./3 2 + 2, 5=82+24+ /9a2+82—2. 
Transposing, etc., 8—82a—=./92? + 32-2. 
Squaring, 9— 182+ 9227 =927 + 8a — 2. 
Canceling 9 2? = 9 2?, 9—18%7=32-— 2. 
Solving, 2=H. 
33 SM2E+9 _ f2+ 20, 

22-7 22-12 
Reducing to mixed numbers, 1+ pee te pont ae 
joe /2% — 12 
1 2 


Canceling 1 = 1 and dividing by 16, 
Clearing of fractions, etc., 


Squaring, etc., 


34. 


' Canceling 1 = 1 and dividing by 16, 
Clearing of fractions, etc., 


Squaring, 


35. 

Clearing of fractions, 
Squaring, 

Canceling 2? = 23, 
Solving, 


36. 


Reducing to mixed numbers, 


Canceling 1 = 1, changing signs, 
Clearing of fractions, etc., 


Dividing by 2 and squaring, 


Seat aes i 


/2@ — 2,/2@ = 12 — 14. 


— ,./22= — 2. 
eter 
ale 218 SPs 
Je+2 f/e+6 
1x 16 rl 82 si 
J/t+2 /r+6 
Jet? Je+6 
n/e —2./e= —6+4. 
= Ge 
t= 4 
a@—1_je—8. 


e—1=./a+2a—15 
z—2¢+1=224 2a— 15. 
—22+1=22— 15. 


2= 4, 
a—6 a — 8 
le —1 z—5 
Reed Benes 3 
a—1 z—5d 
woe : ce 
Ja-1 Afe-5 
5./e — 8,/e = 5 — 8. 
2./a@ = 22. 
pha oO 
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87. Ve=8 _ Je—4, 
feel, a= 2 
Clearing of fractions, /e@—5e2+6= /e2— 82-4 
Squaring, @—5e7+6=e¢-—82-—4 
Canceling z? = 22, —$a%+6=-—32-—4. 
Solving, w= 5; 
38. J2e+6_ a+? 
J2e+4 2x41 
Reducing to mixed numbers, 1+ we =1+ === 


Canceling 1 = 1, 


Clearing of fractions, etc., QK/2e— j2a#=—2+4 
nea 2. 
Squaring, etc., i= 2: 
file — 2a+38 8 
Clearing of fractions, 8/11 a + 38/22 + 3 = 8 /ile—8 /22+3. 
Transposing, etc., 11, /22 +8 =5,/112. 
Dividing by ./11, J11/2@ + 8 = 5/2. 
Squaring, 22 @ + 33 = 25a. 
Solving, de 
- 2 44 aoe +8 
aa = ders es te 
Reducing to lowest terms, VJ2e+2 = Jo+i+3, 
22-2 fe+1-3 
Reducing to mixed numbers, 1+ vee | + —=— : 
(22 —2 j/2+1—8 
9 

Canceling and dividing by 2, eee Dae Seats 

be ae eee Oe tae 
Clearing of fractions, etc., 2./e+1—-38/2¢=6-6= 
Transposing and squaring, i8W2=—427+4+4. 
Solving, x = 2. 
41. See next page. 
42. dz +8 + 2Je—1 _ 5 

a/4 a+3—- 2, /e —1 

Clearing of fractions, etc., 12./¢—1=4,/4a + 3. 
Dividing by 4 and squaring, 9(a@—1)=42+83. 


Solving, r=}. 


U 
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a . / S529 — / J5a — 2. <4 
JJee+ /fex—16 

; J5e-9_ J5x— 21, 
Squaring, Jse+il /5e—1 6 
Reducing to mixed numbers, je a Miata i a 2 

/da+ 11 /5 2 — 16 
Canceling 1 = 1 and dividing by — 5, ‘ : 
J5e+1l for—16 
Clearing of fractions, etc., 4. /5a—./5a = 64 + 11. 
/5 #= 25. 
Squaring, etc., x = 125. 
43 Je+1—Je-1_ 1. 
Je+1+ife—1 
Clearing of fractions, etc., j2#+1= 38 /e—1. 
Squaring, ze+1=9(a-—1) 
Solving, ted 
44, 22538 _ Jer. + 2/8. 
mY eagles a ca eae 

Reducing the first member, “/@ + /8 = etn + 2/8. 
Clearing of fractions, Q./e + 2/8 = Jzt+ /8 + 4/8. 
Transposing, etc., /@= Bx/d: 
Squaring, Core 
45. 19 2 + Re 


S192 — 2a + 11 


Clearing of fractions, 6/19 a + 6./2@ + 11 = 18. /19 a — 18.2% + 11 


Transposing, etc., 19, /22 + 11 = 7/192. 
Dividing by ./19, /19./2@ + 11 = 7./e: 
Squaring, 19 (2% + 11) = 492. 

38.2 + 209 = 49 z. 
Solving, Dal Oy 
46. _ | &xfe— 4a — 2 — 2 =0. 
Dividing by /2, /2¢—.//2e—11—-1=0. i 
Transposing, ~2ei1=1—\ Bz. 
Squaring, + (2% —11) =1-—2.22@4 2a. 
Canceling 22 = 22, etc., —12= — 2.22. 
Dividing by — 2, 6 =../2a. 


Squaring, ete., “ Wie 18: 
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. Page 273 
ree - t+ — BaP + 16 = 2(8 ~ 2). 
Transposing, etc., (8 —52)?+ 16=5 — 22. 
Squaring, etc., E 9—3 @ + 2502+ 16 = 2% — Wa t 42% 
Canceling 9 + 16 = =yo0y 25 a2 — 30a = 42? — 20a. 
Transposing, dividing by 2, etc.; PA lee OP 


Notr. — The given equation is satisfied also for 


48. Jt+Je-J@ == Ja. 


Transposing, Jt —J@—a = Ja —aJ2. 
Squaring, z—/a—2@=a— 2/ax + 2. 
Canceling z = z and squaring, + (w — 2) = a? — 4a, /ax+4aea. 
Canceling a? = a?, —#@=-—4a,/ae + 4az. 
Dividing by — ./z and transposing, 4a,/z +./a =4a/a. 
Squaring, (4a + 1)?@ = 16a. 

see LOO 

~ (4a + 1? 

49, fe + fe—(a—bP<a + b. 
Transposing, Je—(a— bf =a+b—./2. 
Squaring, etc., ¢— a2 + 2ab-—P=a2+2ab+R—2(at db) eta. 
Canceling, etc., (a + b)/@ = a? + ae 
Dividing by a + band squaring, z = c = =) lee 


50. /mn — « — /a.mn —1=./mn/1 — @. 

Squaring, 

mn — &— 2./a (mn — &) (mn — 1) + max — & = mn — mnz. 

Transposing and uniting terms, and dividing by 2, 
Mne — 2 = WE (mn — 2) (mn — 1) 

Dividing by ./mnzx — 2, /mna — x = ./mn — &. 


Squaring, MNL — L= ae — 2. 
. @=1. 


Norsr. — The given equation is satisfied also for x = 0. 


51. ar/x — b./e = a +  — 2ab. 
Dividing by a — 0, = OO, 

Squaring, z= (a— 6). 

52. J ae —92+a=./5az. 

Transposing, - J/bax—9at=/baa—a 
Squaring, Sax — 9a? = 5ax—2 2 an /6 aa + a. 
Canceling, etc., — 10 ee — 2a /5aa. 

Dividing by — 2a and squaring, 25 a? = 5. aa. 


. 2= 5a. 
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53. pise = i ae 
/z+ 3a 

Clearing of fractions, a+8a=6a—./r(@ + 8a). 

Transposing, etc., 2—8a= —./2 + 3 a2. 

Squaring, zt—6ar+9@= + (2? + 8az2). 

Canceling 2? = 2%, —6ar+9@=38a2. 

Solving, Cathe 


54. See next page. 


55. f2e+/We+1= 22+ 1. 

Squaring, Qu +e ri =2242/8e+1. 

Canceling 2 = 22, /10@2+1=2,/22+41. 

Squaring, 102+1=824+ 4/2241. 

Transposing, etc., 22 = 4,/22. 

Dividing by ./2 2, (2 a= 4, 

Squaring, etc., Cio: 

Notsr. — The given equation is satisfied also for x = 0. 

56: Jetat+J/e-a_., J/# ae 
J/e+a—J/e—a 


Rationalizing the denominator of the first member, 


@+at 2WQ/a? — -@+a2—a Z—a Cee dest 


Pare say ing (a as 


a 
et /e—@_2a+ je at 
a 


a 


li airs 
58. /22 + /82+/5a=./m. 
Factoring, vets LB + ./5) = ./m. 


Multiplying by ./2 +./3 — 
Jz (2 + So + 3 —5) = /m(/2 +,/8 —./d). 
J2-2/6 = ./m(/2 +,/8 —/). 


Squaring, 24a = m(/2 +./8 —./5)2. 
ga M2 +./8 —/5)?. 
24 
59. S22 +/82 —/52= Se. 
Factoring, r/e(/2 +./38 —./5) = fe 


Multiplying by ./2 +./3 + /5, 
Je (2 + 2/6 + 8-5) = /e(. 2 +./8 +./8). 
Je2J6 = Se( 2 +8 +./8). 


Squaring, 24a = 0(/2+/8 +./5)% 
ok ge CW +4/8 +./5)2 | 


24. 
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54. NES I prea eae ae 
(22-4 7 

Clearing of fractions, ./42? — 142 — (2a — 7) =3. 
Transposing, etc., J4e2— 144 = 24-4. 
Squaring, 4z*—14%7=422— 162 + 16. 
Canceling 4a? = 4 22, —14e¢=—- 1627+ 16. 
Solving, (Drssteh 
60. Je —a+./2 (@—a)= [32 + a2. 
Factoring, Jz—a(1 +./2) = ./8 @ + a2. 
Squaring, (@ — a) (8 + 2,/2) = 8a + @%/2. 

8a + 20,/2 —8a—20,/2=382 + a,/2. 
Transposing, etc., 22/2 = 3a + 8a,/2. 

2a ba + 5/2) _ 32 (2 + 2). 
2/2 

61. Je—1+22—-2=./8e—-3 +2. 
Transposing, ./2—1+./2%—2- /8#-8= ve 
Factoring, a/e — 141 +./2 —./8) = 


Multiplying by 1 +./2 +./3, Z 
Je-1(1 + 22 + 2-8) =.2(11+2 +). 
2.3 je—1 =</2-+2 +./8). 


Dividing by ./2 and squaring, 4 (2 — ni = a +/2 +./3)%, 
Cth +4/3) 
2 
whence, a=1+f Lv +f 
= EERE 
62. te —8 + /4a—6 = 22 oe 
Factoring, jt — 38 (1 +./2) = f/e(/2 + 1). 
Dividing by (1 + ~/2), [22 — 8 = fe: 
Squaring, 22-3=2. 
ton Dh Oe 
REVIEW 
Page 274 
(1, Gat — Ta —5e_a2(2a+1)GBe—5)_2e+1, 


tae ~ (3a + 5) (8a —5)  8a4+5 
8 a + 18@—5_ (4e—1)(27+5)_ 245. 
42a2452-2 (42—1)(87+2) 82+2 


3. cote ota al 
z 
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4. @—2a/b+) _ (a — JOP = gfe, 
a+ Jd a—</d 


5, 2 —s/8 =A/ _ (V2 —/5) V8 ,, (V2 — 0/5) +8 
M2 +/8 +J5 (2 +V8) 4/5 (2 +/8) -V5 
_ 2-2/10+5-8_ 4~- 2/10 
24+2,/64+38-5 eae 
= 2S 10 AIA = 4/15, 
V6 . 


(g, Boab, 2/8 _ 2 —/5) @ —W/5) , 2/8 
24+./5 243 «(2 +./5) (2 —./5) 9/8 


48 
= 4,/5 — 83. 


og Sy gee 4 ay? SS Oey 4 g2y2 
BEY yaw jet gt ce 8) te ee 
_ 2(2+ y)_ 40% 
— gay gts 
— 2a + 4a? + 2yt — 4 ary? _ 2 (at + x), 
y* ef 


qt — 


g, V2—N8_ V2 + V8 _ (V2 —W/8)? — (2 + 8? 
J2+/8 2-8 (2+ 8) (2- ¥8) 
— 2-2/6 +3-2-2/6-8_y @ 
8 a 26-3 _ 4 
9. ee 
e+ aJ/yty,2 e+ y — (@ + Jey + WWJe- Jy) t/e + y/y 
Jet aly oo (e+ Jy) (fe— nly) ~ e+y 
— ele yy, eae + ysly : 


Sige, cry 

_ v/a — vy /y + eye — YJy + Jet ayy — ey Je — yy 
vey <3 

— 2 (2 Je — y/y) 

a 2 x ; 

10. 1 4 ee ee 

Ja + a/b ia (/a + ei ere. 

= /a@—at+d 


a—b 


Pare 4 in AS wo ARE EV 207 


afl at — S/o? ~ 14+ — JI = 2%) (TF 1 — 22) 

Si +at+ JT . (/1 + 2? + “= 3) Cie ees 
=p 1 tO 2 Agi 28a 1 
2 e; az 


1+ a — (1 — a2) 


12. 1 i I —1+,/2%4+1 = J/2@+1_ ‘ 
1— ./22 1% ie er T= 27 =a 
t+ JP a e~ fA @ _ (x +./e— wp — | — ./a? — a? 
@— ./@? — a? m+ ,/g? — ar x? — (x — q2) 

— 42/2? - aw — a : 
a2 


eee eden t ari ent 
i= re Ja+1+ Ja-1 
= Wa Ft Jai) — a FA — fa iy _ aad a rai. 


a+1-—(a—1) 


15. VU —2ar—32? | 6ar+ Tar+ 20? 
' 8a?+ 5av+ 222 a?—4dazr+ Ba? 


— (a—382) (4+ 2) y BU+ 2a) (2a+2)_2a+ea 


(8a + 22%) (a+ 2) (@ — a) (a — 82) a—2 


16. a — 4a./o + 4b 
=e a+ 2a/b+b 


— @+ Jb) (a—./r) , (a — 2./8) (a — 2/8) _ (a — 2./6)?. 
(a — fo) (a—.f8) (a + Jd\(a + YB) a — 


oe a 


i alee, 
b 


l+ta+@ 
18. 1+ Ja+a_ 1+a+a Re Tem 
1—jfa+a 1+.fa+a 1- fata 
tiazxse i . ) 
a(l+fa+a+Ja+a , 1- Ja ae 


1+ /ja+a 1— fata 
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19. 


20. 


21, 


22. 


23. 


24. 


25. 


26. 


27, 


28, 


13 (+ 


| 


a _ fe 
ea 
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a+b [ab a+b 


( 


_ v2 


a 


| 


BI 


a—b a+b 


_(@+b+a—d)Jab _ 2a/ab. 
S. a— eB a? — B 
a Jt P+e 

see t_P+e 
ee ee 


lots ee an/z 
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(a® — 0) = (a®)? — 8 (a2 (02) + 3 (a) (02) — 
= a® — 8 abh2 + 38 a2dt — BE. 
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(Qa — 3d)! = (2.a)* — 4(2a)3 (3d) + 6 (2a)? (34)? — 4 (2a) (82)® + (3D) 
= 16 at — 96 43d + 216 a20? — 216 ads + 814 


é-1- 


1\6 
(ar+ =(aa)>+ 5(a2x)t 


(a? + a-1)2 = (a-2)? + 2 (a?) (a) + (a1)? = a4 + 2a-8 + a2. 


a 


(3) ~ 


| 


= ae + 5 adz* + 10 aa? + 


e 
3) \2 
ab | ab 
6 4 


1 
a 


= (5) &) ~() 


1022 52 1 
+ pei . 
a ae a 


(a? + b)t = (a-3)* + 4 (a-2)8 + 6 (AZ + 4 (2-2) BB + BF 
=a + 4a-% + 6 a-%B? + das + Ot 


(a3 — b4)8 = (a3)s — 6 (a3)5 (64) + 15 (a*)* (64)? — 20 (a3) (64) 
+ 15 (a*)? (b*)* — 6 (a4) (b4)5 + (04) 


= a — 6 aid? + 15.0% — aid? + 15ab2?@—6 abd? + 38, 


rs 10(a2)°(2)"+ 10(aa? (;) + 5(a2) (;) + 


1\6 
H 


(at — b-4)* = (a8)t — 4 (a4) (0-3) + 6 (a*)2(b- *)2 — 4(a8) (b- 48-4 (b- 3) 
= a@— 4a'd-* + Gab — 4abd-2 + o-2, 


29. (a~}—d- 58 = (a 48 — 6(a~ 45 (0-4) + 15 (a 8) 4 (8 82 — 20(a7 33(0- 98 
+ 15 (a7 42 (6-4) — 6 (a4) (6 HS + (b-A 


=a"? — Baz 8b-4 + 15.7 85-3 — 20 a-1 8-1 + 15 a 8-8 — Ba 480-3 + 8-2. 
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30. See next page. | 


81. (a — \/b)t = at — 4086 + 6 a2 (62 — 4a (./b)8 + (./b)4 
= a4 — 4a3./b + 60% — Aad Jb + 02. 
82. (Je + /y) 
= (fa) + 6 (Ja) /y + 15 (Ja) (Jy)? + 20 (/2)3 (/y)8 
> + 15 (Ja? (Jy) + 6/e (JM + (Ja) 
= 2 + 6a? /xy + 15 aty + ay /ay + 15 ay? + 6 y2/ay + 
33. (./2 — ./8)! 
= (/2)t = 4 (/2)8 /3 + 6 (./2)? (/3)? — 4/3 (/8)8 + (./8)4 
= 22 — 4-2, /2-3 + 6-2-3 — 4-3, /2-3 + 32 
= 4-8/6 + 36 — 12,/6+9=49— 20.6. 


34, (/5 — 28 
= (./5)8 — 6 (./5)8-2 + 15 (./5)#-22 — 20 (./5)8-28 
+ 15 (,/5)?-2¢ — 6,/5-25 + 26 
= 58 — 6-52, /5-2 + 15-52-22 — 20-5, /5- 28 
+ 15-5-24 — 6./5-25 + 26 
= 125 — 300,/5 + 1500 — 800,/5 + 1200 — 192. /5 + 64 
= 2889 — 1292/5. 
85. (W/4 — S/2) = (0/4)? — 8 (Y/4)? (Y/R) + 8 (/4) (2/2)? — (2/98 
= 4—3-25/4 + 8-232 -2=2 — 63/4 + 63/2. 
86. (/2 — </2)8 
= (/2)8 ~ 6 (/2)5(Q/2) + 15 (/2)# (4/2)? — 20 (/2)8 (4/2) 
+ 15 (/2)?(Q/2)* — 6/2 (2/2) +. (2/2)8 
= 28 — 6-22, /2- 3/2 + 15-22 3/4 — 20-2, /2- 2 
+ 15-2-22/2 — 6./2-2,3/4 + 22 
= 8 — 248/82 + 602/4 — 80,/2 + 603/2 — 24/2 +4 
= 12 — 245/82 + 6002/4 — 80/2 + 60,3/2 — 24,9/2. 


Si: 9a* ; 4a  4| 823 2 
9 gee ar 22 4 £88 8 
ae aires 7 etek: 


9 at 
aE ee 
3 a2 3 23 
as 323 + a 
8a%4+ 22 Slee f 4 
BO ee 
ee te aa 22 3 +9 
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30. @ + UN = os + 6 (a4) (b4) + 15 (a8)* (02)? + 20 (a9) (64) 
' bie 3 +15 (a3? (3) + 6 (a*) (ay + (646 
= ¢@2 +.6a252-+ 15 03d + 20 ab? + 15020? + Gadd? + 2 


38. ae i P jon EN NS. Z 
lite TE Aref yg ae eS yee 
4 LY + ri qi) ¥ 16|2 Mee 
we 3 
4 
a — 22zy : 
x— 2y|— 2ay +4y 
es 2 
T—2Y 4 ¥ 16 
= 2 
a—A4 Be ae =e 
Lk ar 4 ¥ + 56 
39. a2 + 124308 + 54ad + 108 a*d? + 812 | a+ Gait? + 90 
ae ‘ 
2a 12 aot 
2a + 6a*|12 a2b? + 86a 


2a + 122d} 18 abd 
2a + 12023? + 95 | 18 ab + 108 ats? + 8122 


40. . 14+.2j/¢—2-2e/e+e|14+j/e—¢ 


hee 
2./x 
per 2./e+ 2 
2+ 2x/a — 22 
2.4+.2/¢.—.c}]—-2e—2a/e + 2 


41. a —4,/ab + 46 + 6 Jac — 12,/be + 9e | Ja — 2/6 + 8/e 
i Soa 


2/0 — 4/ab + 4b 
2/a— — 4. /ab.+ 4b 
a/o= cas : | 6./ae — 12,/be + 9e 
2/a — : | 6./ae be 
42. aw — 42x /xy + bay —4y Jay + y? |e — 2/ey+y 
ie 
2a _ | 4e.fay 
2a — 2,/ay| — 4a,/ay + 4ay ae 
2a —4./ry el 


2a — 4 /ry + y 2ay — 4y/ay a e 


Cay AY 


Q75].° toh ek: TRE VIE 211 
43. See next page. 
44, 81-23-41-69 | 9018 45. 64-06-40-46 | 8004 
ee 64 a 
900 x 2 = 1800/23 41 8000 x 2 = 16000]6 40 16 
1800 + 1 = 1801] 18 01 16000 + 4 = 1600416 40 16 


9010 x 2 = 18020|/5 40 69 = 
18020 + 3 = 18023|5 40 69 AT. er .3162 


46. .00-02-28-01 |.0151 30 x 2 = 60/1 00 

1 60+1=61] 61 

10 x 2 = 20/1 28 310 x 2=6 

20 + 5 = 25/1 26 620 + 6 = 626/87 56 
150 x 2 = 800/83 O1 3160 x 2 = 6320/1 44 00 
300 + 1 = 3013, 01 6320 + 2 = 6322/1 26 44 


50. 


51. 


52. 


53. 


54. 


(384 br Je+ Be ; be 
0 8a + 6aJe — 3./e + 1k 8a? — 6x /e + 8/e—1 


8. /56 + 14/15 = /56 + 2JTX TXB x5 


ae = ./35 + 21 + 2,/85 x 21 = e/ 8B + ./21. = 


ae 12/15 = /47 — 2/2 x 8x2 xBXBXD 
= £/27 +20 —2, 27 x 20 = 27, /20= 8/888 
/2 + 20/6 = ./62 + 2/600 = /50 + 12 + 2/50 x 12 
= /50 + /12 = 5/8 + 20/8. 
VER = a ae 
= ./274+24 2, 27x = Jt —/A = 8/8 - 26. 
ee — 9a + 2at— Me (esse! 
i je 
3 2? } =e 
3a? —9 4 Da-2| —9a + 27a} — a8 fe : S 
ri Rae 1 
Otee 6 eed Oe oh te 
ara + os 8s Bae aa tee 
27 a 27 a? 
2702+ 9e+ 1) 2%a? +9e741 
wa Elan 
2702 4+ 18a+3 ne CSN ‘as 
%; Mites 1 1 
ear Pp era a 
27a? + 18a Pe on 9a to oT 


SRS eas eee 
73. - 


3 a2 [a 
‘ea, [e+ 8a? + mae 


3a? — 62,/z 


a+ a 


[275, 276 
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212 


o/<—afe—v] 9/9 —9/*99 — 0/99 + 9/<a et — 990/Ser + 9/vg — 9/98 — vfaet t+ a/v9— 2 


8 — Awol t+ fiyzg —& of ¥9 + 


9 + ghee COL — oe p®96 + eQT — 


9 + 09/9 + on/e — Ger + Q/ el — 98 
Q¢1 + q/*el — VE 


a) q8 — »/ G3 + 9/99 —|9h + G2/°9 — VE 


q/vg — 
»/ 77) 
Dp 


souloooq jermoudod oy} ‘Sursue1ie pus SurpusdxT 


oe 
hy — | s—vrefet ofa — ee 


9Le e2eqg 


68 —A CH + eS — zB 


fige96 + ,fxgt — Ae@Fe + het ZI — £8 


gt PHT + frp — Agree) Age or + hi gu Zl — 2B 
hx ¥% : Agel — 2s 
Avge + fest —| Apeg— ze 
fea vB 
ee 


45% COL — ch gr OFS + ge 09T — 4,209 + Agr BI — ot 


DE 


‘Oe 


"gg 


276] REVIEW 218 
57. 510-082-399 | 799 
343 Se 
702 x 8 
70x 9x8 
92 


7902 x 3 
790 x 9x3 
92 


1893711|17- 048 399 


58. 1-042-590-744 | 1014 
LW 
1002 x 8 = 30000/42 590 
1005 3h = 300 
12 = a 


3030130 301 
3060300|12 289 744 


12120 
16 
8072486/12 289 744 


59. See page 167, solution of Ex. 21. 


10102 x 8 
1010 x 4x 38 
42 


MU ul 


60. 


25 at 

6 
5 a Bae 20at 
Reg, | go tres 


61, See next page. 


62. a — 404 /ab3+ 6a3b-1—4.ab-1, /ad-1+ b-? [a8 2a, [ab +b} 
as 
ha fae 
2 a8 — 2a jab | — 4 at, /ab1+ 4080} 
2a — 4a,/adv 2035-1 
208 — 4aj/ai +b) 2a3b-1—4.ab-1, /ab-} + b-? 
Since the square root of the given polynomial is a? — 2 anrfab + d-land 
the square root of a? — 2a,/ab-! + b-1 is a,/a — ./o-, the fourth root of 


the given polynomial is a,/a — /o"}. 


2 a8 
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61. Lp a eee 
i oe 
3 x 

a igilc) eae 

Oe fe 

Dis aaneets fe 

ea A eas aia 


68. 8 — 48. /a+120 a—160 a, /a +120 a2?—48 a2 /a + 8 a8 
= 8(1 —6./u+15 a—20 ay/a+ 15 a? — 6 a2, /a + a). 


[276 


i hee a,/a+15 a? — 6 a2 fa + a8 |1—3,/at+3a—a,/a 


2_ 6 Ja 6a 7 
2—6j/a+8a 6a— aslo + 908 


—2a/a+ 6@ 


2—6/a+6a 


[8 Jat20— ae ale 


i aah 
— 8,/a + 8a—an/a 


pes 


Since the. sixth-root-of 8 is equal to the square root of 2, or to nes and 
the sixth root of 1—6./a+15 a—20 a./a+15 a2—6 a2 ./a+a' is equal to the 
cube root of the square root of this polynomial factor, or to 1 — a{@, coer 


sixth root of the given polynomial is equal to \/2 (1 — /a). 


64, a” x a” = a” for all values of and n. 
Tf 42-0} 2 am ~ @9 = qintd — qm, 
Dividing by a, Qe 
Since (1) is true for all values of m and n, let m = — 2 and n = 2, 
Then, a-2 x @ = a-3+2 = qo: 
Therefore, by (8), Ax. 1, ‘@-? x a®= 1, 
Dividing by a2, Ax. 5, eo? = * 
w 
65. ~ a" x a” = a” for all values of m and n. 
let m= % and-n — 3. 
Then, by ‘(), a x ai=aitiz= as. 
Taking the square root of both members of ( 2), 
Ax. 7, § 26, a = ./a. 
Again, let m = } and n = 2 
Then, by (1), @ xa = att? = Ql. 
Ifm=1 andn=1,a? xa x a =a x at = gt = a, 
Hence, § 24, al = ( (at)? = (./a)s, 


From (8) and (6), Ax. , at = /a8 = (Jays. 


(1) 


_ 2) 


(3). 


(4) 
(5) 
(6) 


276] REVIEW. . ; ots 


66. a” x a” = a™*™ forall values of mand n. (1) 
Let m = —tandn=1. 
Then, by (1), at x ada attiz Gg 
by Ex. 65, (3), = Pes (2) 
2 1 
Hence, Ax. 4and 5, =(a 3 x a) =e a, 
a 
that is, 2a 2% = aye 
a 
67. a” x a” = a for all values of mand n. (1) 
Then, (ab)” x (ab) = (ab) for all values of mand n, (2) 
since @ in (1) represents any number. 
Let n = 0. 
Then, in (2), (ab)™ x (ab)? = (ab)mt? = (ab). ; (3) 
Dividing both members of (3) by (a)™, Ax. 5, ah 
(ab)? =1. 
68. (abc)? = abe: abe- abe 
§ 82, = aaa-bbb-cce 
g 24, — 93h3¢3. 
a\? a a a. 
5 = 1 
a Ge bbb @) 
b3 = b-d-d. (2) 
3 ; 
Multiplying (1) by (2), Ax. 4, (5) 02 ( x 0) fF x 0) ( x 0) 
SS 102, 24, =aaa= a. 
Dividing by 2%, Ax. 5 Nae 
Dividing by 0%, Ax. 5, () = a 


70. 16? = (1/16)? = 8 = 8. 

Whe 208 = (2/27)? = 32 9. 

72, 8% —1+8? =1 + ({/8P=1+%= 
78. (att)? = at® 7® = qsa6. 


aa 2 ACW ACD 5 F-8y-6 
74, (BY? = Oy Y* = way 
nhn)-— — Mea) Aa) -1g-1 — he 
75. (ab) x=a b =a ab 
76. (ffs) * =1 = (A)! = (1 + A)? = GAY) = Rip = Ag. 


Py a = 10) = it ec ans it. 

8, (— fy Pats (-— Ff) =15 WA als (-Pa1s tee 
79, Sinceb—a = — 1 (a—D), (6 — a) = a ae =(- 1)" (a — 6)". 
If n is even, (= 1)" = 1 and (— 1)" (a — 0)", or (6'— a)" = (@ — by”. 

tee = (8 ? ah = ab + (98)? 


a 
es Aedes 


80. (360-8 + 25 it, - a 


g, 
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aa 


81. (Bata x 64a-42-5)-3 = (28-28-a-ta)§ = 2 8abat = at 
2 
82. (atot)’ + (abt)? = ao +a — aot = =e 
b 
83. (./a8a-8 + 3/q2g-2)8 = (aa? os aig-?)8 == (a -8g-2+4)8 
= (ata *)t = ag 3 = a 
ae 


84. (fate + /a%) 3 = (aR = adtyt = (ce? Fy} 


= (a3 bi) = apt = a 
BF 
85. (fa + 3/a)+ a=(a? + at) + at =a8 sataa wat. 
a 
Page 277 
—b a+b 2 atd 
$9. 22. | ELAS a ls Dae aa 
a—o a+) ai — 33 
1 3 
= (at + atdt + 08) — (at — abot 4 a8) 4 2 OO 
a — di 


2atd _ 2ad§— 208d + 208d _  2add__ 


= 2ato 
: pon ai — 38 at — 38 


87. 2 
1—a- bd 1—ab-1+ a@b-2 1 — a-3p8 


Multiplying both terms of the first fraction by a, of the second fraction by 
b?, and of the third by a, 
eat , Pape es 


L+atd _ (; me URoe nt Nyaa A 


a—b 2 —ab+a® ai—d8 
eb i OE 
a—-b a-—b 
88. Ob) 1 8 6a. 


Multiplying by 2? — 1, 


a+ 2e+1— (a? —2e+ 1) = — (8-52). 
4%=52—3. 
cae Oe ae 
89. ot geese al a teeters Wea Kiva 
10 5 : 22 30 
U3 SLR ee 
10 55> “Beh See 0a: 0a 10 
Transposing, etc., oe 31. 
isi 10z 30 


277) REVIEW 


+ Dy — 9) + 112. 


90. 4a—17 _ 3§-Be_,_6 
9 33 a 
4a0 Li il 28 6,2 
pS RN ep kee 7 Yee S25 
Ca Sar eet a 
Canceling, oe eae: 
z 
DiS. 
oS fae wages 
91. {y 3 8 2 12’ 
Ue 0S a) 22 fae 2 ¥ — 94) 
eee) 3 (t? pare 
Reducing (1), 5a—9y=—-1. 
: fe lls 14 40'2 5 
Expanding (2), CID spots RS 89 = 0 
arg ea. Bo dee, 
~. 808 a — 31 y = 2082. 
Multiplying (8) by 31, 15527 — 279y = — 81. 
Multiplying (4) by 9, 2772 a — 279 y = 18288. 
Subtracting (5) from (6), 2617 2 = 183819. 
eee 
Substituting (7) in (8), y= 4. 
8a+1=2y 
de l@+ y+ = 
Reducing (2), 4e+y= 17. 
Multiplying (8) by 2, 82+ 2y = 34. 
Adding (1) and (4), leag+2y4+1= oy + 84. 
Bia. 
Substituting (5) in (1), e205 
93 cu y == 3, 

, exch@+ 2) —@—D ee oily? 
Reducing (2), 4z2—l1ly=—2. 
Multiplying (1) by 4, 4a@—4y= 12. 
Subtracting (3) from (4), We om ie 

°°. Y=s. 

Substituting (5) in (1), ZO) 
a ra 2 a 2 Pade ice Je re 
era 80 8 vat 

: Ba-1+ 2a et 3+ 2aa 3+ ax 

2 24a 2a 
_ 9-44? _3—2az, 
~ 2a(8 + 242) 2a 


96. (a-2[ak(at)iyp)! = (a-2[atal 9)! 
= {a-?-at}! = (a2)! = af, 


217 
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=)" ee : 
Pay —1)8 xe | a 
96. ay 5 MOEN ee 7] heats 
a3b2\8 b  asb4\® 
ee ee 
~ zby8 ~ GSA bad 
_ ay @r_ @y—2), 
bat bat bat 
97 Es 2 oi = (aby) + ayp)-8 = (a ty)? = aty, 
ab y-l (zy) 
98. ((atbi ye = (a7 By ays — a {aroot + ab- 2\8 — = (a 10H 8 
= GA TOHTS —— oe 
a 
99 a+b a—b _a@+ads+a3d+ 08 — ai — ad — add + 38) 
win. dee (a8 — b) (a3 + 88) 
_ 2ab§ + eas = 2h + 08). 
ree ves b3 
[- 523 xe gel a pee ») | 
a-1— $71 
100, 0 ——_$_— —_____ Sua aT 
b+a 
ab a 
: G26 3 
=) | yp b —b 
Fane: ya »| 5 sae) 
b 
= b) x “=a. 
(a + b) x Sune a 
QUADRATIC EQUATIONS 
Page 280 
‘3, 7a? — 25 = 5 a2 + 78. 
Transposing, etc., 2 a2 — 98. 
Dividing by 2, Ae S40). 
Extracting the square root, = -—%. 
4, (@ + 4)? = 8a + 25. 
Expanding, w+ 82+ 16=82 + 25. 
Canceling, etc., ies). 
Sumi the square root, Cie 
rx (a — a)? = (8a + a) (a — a). 
nee —2an+ a=3 22 — Qazx — a2, 
Canceling, etc., 2a? = 2 a2. 


v= a2. 


Extracting the square Poot. fh. C= =a 


280] ““QUADRATIC EQUATIONS 


6. aa? = (a — b) (a? = 0?) — ba? 
(@ + 6) 2? = (a —b) (a? — B?). 


Transposing, etc., 


Dividing by a + 4, e= (a — i) (a— b). 
Extracting the square root, = +(@— 0): 
He Mi: aa? + 2 ax® = (a? = 1)? — 22, 


Transposing, etc., 
Extracting the square root, 
Dividing by a + 1, 


(a? + 2a +4 1) 


8. . (@ +2)? —4(@ + 
Expanding, w+4e4+4—424 — 
Canceling, etc., 

Extracting the square root, 


a? = (a? — 1). 


(@+1)2= + (@—1). 
x 


wh 


op ss lg 
6 x+ 8 
Clearing of fractions, a? — 64 = 36. 
Transposing, etc., z= 100: 
Extracting the square root, x= + 10: 
1 1 
10. aa SNe cP OD 
1—2 x 1+2 3 
ay 2 8 
t aoe Ee 
Uniting terms, ae oe 
Dividing by 2 and clearing of fractions, 8 = 4— 42a? 
Transposing, etc., ifs he 
Extracting the square root, C2 ae 1 
e , @—1) . we 
i 12 be «8 
CN mgt! Oe 
2°5 2 5 
Canceling and clearing of fractions, v2 — 36 = 0 
Transposing and extracting the square root, . = + 
fea Bhs jdeeoe 
12. MEA ae 
Clearing of fractions, . (w+ 3)? oF C — 3)? = 42? — 36. 
Expanding, etc., + 18 = 42? — 36. 
Transposing, etc., Ce 
Extracting the square root, a= +38./8. 
C2 Tepe aoe 1 
13. Zt or : 
Clearing of fractions, 
at—B8a4+2+ 02+ 8e4+2= —2 41. 
3a? = — 3. 
= — 1. 


Extracting the square root, 


t= ta/—1. 


on 
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My _— 

ee ee a. 
14. aed - 
Clearing of fractions, gz? — (a2 — ) =0. 
Transposing, zg? = a? — 0. 
Extracting the square root, 2=+/a— 8. 

z—3 , 2+3 2 

—— ————_—_ = ees 
cg ST vil PRE 
Reducing to mixed numbers and subtracting 2 from each side, 

Sten tee ee ae 

Pee ea fate ‘ 
Clearing of fractions, -S¢—16+ 8%—16=—2+4 
Transposing, etc., Ah smitty 
Extracting the square root, Cab. 
16 a, @_ ab. 

DB 8 Te 
Transposing, @_ab_a_a(b—1). 
Gk yok x 

Clearing of fractions, x? = a? (b — 1). 
Extracting the square root, t=+a,/b—-1. 


6 
17. a/t2 + 8 — — = &. 
a/v + 8 


Clearing of fractions, a+8—6=2,/2? + 8. 
Uniting terms, 24+ 2=.2,/a? + 8. 
Squaring, w+4+4a?+4= 2 + 82%, 
Canceling, etc., 4= 422, 
es ale 


a 2 m2 
18. a+ ./a% + m2 = —~—. 
/x2 + m2 


Clearing of fractions, 2/2? + m? + a + m? = 2m? 


Transposing, etc., w/a? + m? = m2 — 2%, 
Squaring, xt + mx? = m* — 2 ma? + at. 
Canceling, etc., 3 m2? = m4. 
ge — 
3 
Extracting the square root, v= avo 
19. Z+QG,e—-a_ @+ PR 


: @.uOmar One ene 
Clearing of fractions, 
a+ av — bea —ab+ 2 —ar+ be -—adb=a? + B2. 


Uniting terms, etc., 202 = a? + 2ab+ v2 
a= (a+ 6). 
Extracting the square root, w@=+4(a + d)./2 
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a Oras) . 

Seen Je +3 

Clearing of fractions, 2/2? + 8+22+3=6. 
ransposing, etc., L/v? + 38 =3 — 22, 


20. a+ /@+3= 


Squaring, M+ 322=9 — 622 + at. 
Canceling, etc., 9 2? = 9, 

Sei ohse el ae) 
21. Sa A SEN ee oe 

ge + 12 
Clearing of fractions, 24 — (a + 12) = w/a? + 12. 
Uniting terms, 12 — 2 = a, /2? + 12, 
Squaring, 144 — 24a? + at = at + 12 2%. 
Canceling, etc., — 36a? = — 144. 
a = 4. 

Extracting the square root, C= 2, 


C+a, @—a 20 | 
@T—-a@ w+a 1-a@ 
2 (22+ a) _ 2a. 
a@—a 1-a 
Dividing by 2 and clearing of fractions, 
a? + a? — az? — a = aa — ab, 


22. 


Uniting terms, 


Transposing, etc., a (1 — 2a) = — a2. 
2 
ividi 1—- 2a, 2 g 
Dividing by pe 
Extracting the square root, Ct Ane /2a —1. 
23 Ee OR AS al em a Pe 
w@—Te +e 2 — 738 
Spe tenes ee 
Uniting terms, etc., ay hie 
Clearing of fractions, 4 a? — 292 = a? — 49. 
Transposing, etc., ice foals 
Extracting the square root, z= +9. 
ae 2 
24. a (foe =. 
Clearing of fractions, «,/a? — a? + a? — a= a, 
Transposing, etc., 2/22 — a? = 2a? — 22, 


at — a?a2 = 404 — 4072? + aA. 


Squaring, 

Canceling, etc., 8 a2az? = A 
a 

Dividing by 3 @?, i 


3 
Extracting the square root, a= +2a,/8. 
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25. See next page. 
26. 20+ /4a®—1_ 4 


20 — fe —1 
Clearing of fractions, 224+ /42 —1=82—-4 /4e2—1. 


Transposing, etc., 5/4? —1=—62. 
Squaring, 100 2? — 25 = 36 22. 

mo C= Be. 
Extracting the square root, (ne ae 
27 See a ee 


iptiae? 1+j/1—2 


Rationalizing the denominators, 


a/t+ @— (1+ 2), Vine 0-2) 0, 


1—(1 +2) 1— (1 — 2) 
that is, vive=toe, =Ji-2+1—-a_ 9 
2 
: 1 ae aimee ee ee 

Transposing, etc., pe ee oe = ie 
Squaring, 1l+a@—4e2f1+4+4+4a2=1-2. 
Simplifying, dividing by 22, 1+2¢=2//1 442. 
Squaring, 14+42+422=4+4 42. 
Canceling, 4q2 — 8. 
Extracting the square root, etc., e=+4,/8. 


a@+1—Jje—1_ 1 
fe+i+ je 1 2 
Clearing of fractions, 2/22 +1 — 2 ze —1= Jat + Gee /e—1. 


28. 


Transposing, etc., Jet +1 = 8/22 -1. 
Squaring, 4 1 = 9a — 9: 
Se ae a eee ig =e 
Extracting the square root, @= +h x Jb: 
89 PAE aie eg eee 
SRY merase 


Rationalizing the denominators, 


1—jfi-—@ ji+e-—1_ 


1 
1 (ft Sele ee ion oe 
1 


that is, oben oer Dey: 
x @ z 
a1 jfSeS jie Ne 
Transposing, etc., 1>/1+e= /1=2. 
Squaring; ** - Peau iia s Leen 
Transposing, etc., 14+22= a.0/1 3 + @. 
Squaring, ; 14+ 474 47=—4+442.. 
Canceling, 42 = 8. 
Extracting the square root, etc., w= +4,/8.. 
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25. = a/25 — 6a + 25 + 6a =8. 
Squaring, 25 — 6a + 2/625 = 5 — 3622 +25 + 6a = 64. 
Canceling, etc., ./625 — 36 2? = 7. 
Squaring, 4 625 — 86 x2 = 49. 
: a iG; 


Extracting the square root, +4. 
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2 i 2 eas 
a+ /2—2 «2-2 
Clearing of fractions, 
2a — 2/2 —at + 2a@+ 2/2 — a? = 228 — Qe. 


30. 


Canceling, etc., 62 = 223. 
Dividing by 22, 3 = 2. 
PR ig) +./8. 


Notr. —The given equation is satisfied also for x = 0. 


31 epee Je— 2a _ a 
Jen si+ ipa oe 
Multiplying both terms of the first fraction by ./z + 2a — ./x — 2a, 


a+ 2a—2/2%—40 4¢7+2—20a 


(@ + 2a) —(@ — 2a) 


250) pe Age 

Uniting terms, 2a — Bj — tot 
2 

that is, 2 =I £ 


II I! 


. 


| | 


iy Sle SIs 


s ie ie 
Canceling, ~ je Le =0. 
Squaring, + (a — 4a?) = 0. 
Transposing, ge 4A, 
Extracting the square root, t= +24 
le a ae e+G 4 
32. ——— = a. 
Ne + A R— 4 


Multiplying by ./z + a./z — a, or i = @, 
e—-atet+a=ar/e2— ae. 
i 2a = ar /a? — a’. 
Squaring, 4 x? = ate? — af, 
Transposing, etc., a2 (at — 4) = ab. 


Extracting the square root, Es we =e 


223 
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1. Let z = the number. 


Then, a + 25 = 187. 
az? = 169 — 25 = 144. 
el na 12. 
Hence, the number is 12 or — 12. 
2. Let xz = the number. 
Then, a2 — 252 — 20? 
= 625 — 400 = 2285. 
S 2— 1: 
Hence, the number is 15 or — 15. 
3. Let = the number. 
Then, (z + 5) & _ 5) = 75. 
— =e 
pS = 100! 
F seg? ot 
Hence, the number is 10 or — 10. 
4, Let 3 x = first number, 
and 4 2 = second number. 
Then, 9 a2 + 16 22 = 15? = 225. 
B= 3 


whence 32 = 9 or — 9, and 4a = 12 or “ak 12. 
Hence, the numbers are 9 and 12, or — 9 and — 12. 


5. Let 42 = first number, 
and 32 = second number. 
Then, 1622 + 9a? = 400. 
a2 = 16. 
.@=4+4 


whence, 42 = 16 or — 16, and 2 = 12 or — 12. 
Hence, the numbers are 16 and 12, or — 16 and — 12. 


Gyeeluet 2a@ = number of yards in length of smaller room, 
and 3 z= number of yards in length of larger room. 
Then, 9a? — 2.-4a?= 9. 
en Oesaeatnd oe 


whence, 27 = 6or — 6, and 382 =9 or =o) 


Hence, the negative values being inadmissible, the smaller room is 6 
yards square and the larger is 9 yards square. 


7. See next page. 


8. Let 3 2 = number of rods in length of field, 
and 2a = number of rods in width. 
Then, 2x = number of rods in length and in width of the 


square field; 
* 427 = 160 x 10 = 1600. 
Solving, m= 20, 
whence, 32 = 60 or — 60, and 22 = 40 or — 40. 


Rejecting the negative values, the dimensions of the original field were 
_60 rods by 40 rods. 
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7. Let & = number of rods in side of the part sold. 
Then, : 42? = 80? = 6400. 
: sot =n 40: 


Hence, the negative value being inadmissible, the field sold is 40 rods 
square. 


9. Let « = number of rods in each side of garden. 
Then, 42 = number of rods of fence, 
and x = number of square rods in area of garden; 
= @== 160) « 22 = 400. 
Solving, z= + 20, 


whence, rejecting the negative value, 4@—= 80, the number of rods of 
fence required. 


LOS et 5 + @ = one number, 
and 5 — xv = the other number. 
Then, (5 + @) (5 — a) = 21. 
25 — a = 21. 
Solving, t= + 2) 


whence, 5+ «= 7 or 8, and 5 —2=8or/7. 
Hence, the numbers are 7 and 3. 
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11. Let 8 + x = one number, 
and 8 — @ = the other number. 
Then, (8 + 2) (8 — 2) = 55. 
64 — a2 = 55. 
Solving, w= + 3; 


whence, 8 + 2 = 11 or 5, and 8 —2=5 or 11. 
Hence, the numbers are 11 and 5. 


12. Let 13 + z = one number, 
and 13 — zw = the other number. 
Then, (13 + 2) (18 — x) = 69. 
169 — 22 69. 


Solving, z= + 10, 
whence, 13 + 2= 28 or 8, and 13 — z = 8 or 23. 
Hence, the numbers are 28 and 38. 


13. Let 3 + @ = one number, 
and 3 — @ = the other number. 
Then, G+ 2)(3—2) = — 14. 
Loge Ae 
> — @ 
Solving, : Diack 
whence, } + «= 7 or — 2, and 3 —# = — 2or7. 


Hence, the numbers are 7 and — 2. 


14. Let 42+ a and 147 — # represent the two factors of 60 whose alge- 
braic sum is 17. 

Then, (42 + 2) (2 — x) = 60. 

289 _ 92 — 60. 

Solving, Y= + f, 
whence, 4¢ + 2=12or5, and 32.—.# = 5 or 12. 

Since the two factors of 60, whose algebraic sum is 17, are 12 and 5, 

a + 17a + 60 = (a + 12) (a + 5). 


Key Acad. Alg. — 15 
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15. Let 1+ and 1W— 2, whose sum is ei be the two factors of — 2. 


Then, (1 + 2) tar _ ae ne 


Solving, a= +./8, 
whence, 1+ 2= 1+ /8orl — /8and1—2=1—./8or1 + Vf. 
Since the two factors of — 2 whose algebraic sum is 2 are 1 + /8 and 


1— /8, + 2a—2=(@4+1+4 /8)(@4+1— 7). 
16. Let —1-+2and — 1 — 2, whose sum is — 2, be the two factors 
of — 1. 
Then, (ee) Noe asta ee 
1—-@=-—1., 
Solving, a= + /2 


whence, —1+2=—1+4.,/2and —-1—2=-—1F./2. 
Since the two factors of — 1 whose algebraic sum is — 2 are —1 + /2 


and — 1— ,/2, a —2@—1=(r—1+4 ./2)(@—1—./2). 
17. Let 12 + x = first part, 
and 12 — z= second part. 
Then, (12 + 2) bey -_ @) = 148. 
144 — a? = 143. 
Solving, c= +4, 
whence, 12 + z = 18 or 11, and 12 — z= 11 or 18. 


Hence, the parts are 13 and 11. 


18. Let z = number of rods in width. 
Then, 4 = number of rods in length; 
4z-x2 = 160-10. 
Solving, % =.+ 20, 
whence, 4z= + 80. 


Hence, rejecting negative values, the length of the field was 80 rods, and 
its width was 20 rods. 


19. Let x = one number. 
Then, xv? = its square, 
and az + 56 = square of the other number, 
whence, ./a? + 56 = the other number; 
* w+ a2 4+ 56 = 394, 
Solving, e2= 4 18, 
whence, </a? + 56 = + 15. 


fuer the numbers are 13 and 15, 13 and — 15, — 18 and 15, or — 18 
and — 1! 


20. Let 50 + # = number of rods in a side of one, 
and 50 — « = number of rods in a side of the ‘other. 
Then, (50 + 2)? + (50 — 2)? = 160 x 295, 
5000 + 222 = 8200. 
Solvi z= + 40, 


MEanek: $0 + «= 90 or 10, and 50 — 2 = 10 or 90. 


Hence, the larger field is 90 rods square, and the smaller is 10 rods 
square. 
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18. Let 


whence, 


whence, 
19. Let 


whence, 


whence, 
20. Let 


whence, 


whence, 
21. Let 


whence, 


whence, 
22. Let 


whence, 


whence, 
23. Let 


whence, 

whence, 
24. Let 

whence, 


whence, 
25. Let 


whence, 


whence, 
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Cg vedi: py= 891. 
900 — p? = 891. 
p= 3, 
30 — p = 27 and 30-4 p = Bb 
¢ Wa Cee seo 33 7) (vx + 33) = 0, 


= — 2'-Or-— 38: 
(— 22 + ) (— 22 — p) = 408. 


484 — p? = 403. 
1p = 93 
— 2+ p= — 18, and — 22 — p= —31. 
a2 — 440 + 408 — (x — 18) (# — 81) = 0, 
a = 18 or 81. 
er Pa ied a — 629. 
fied oh — 629. 


De. 21, 
10 — p= — 17, and 10 + p = 87. 
es ee aaa eat 37) = 0, 


w= or — 322 
(— 15 — Det Be — 2275. 
225 — p? = — 2275. 
p = 50, 
a6 p= — 05 and 15 4p 35. 
“. a — 30a — 2275 = (a — 65) (@ + 35) = 0, 
x = 65 or — 3865. 
(12 — p) Ae + p) = 119. 
ite ane 
70" 
12 — p= and 12 Patt. 
at Aes WA + Det Mh <0, 
a= — Kor — 1%. 
ees EASE as cee 
1— p= — 828. 
18, 


= 
1—p=-—17and1+p=19. 
*, g2 4+ 2a — 323 = (w — 17) (2 + 19) = 0, 


2 = 1 i-or— 19, 
(—8— p)(—3+ p) = — 4%. 
9 — p? = — 475. 
Seep. 


=8 =p = — 20, and —8+p=19. 
a? — 6a — 475 = (x — 25) (@ + 19) = 0, 
x = 25 or — 19. 


4—p= — 24, anal 11) p88 


+g? 4+ 82 — 768 = (a — 24) (x + 32) = 0, 
z= 24 or — 32. 


228 
26. Let 


whence 


whence, 
27. Let 


‘ whence, 


whence, 
28. Let 


whence, 


whence, 
29. Let 


whence, 


whence, 


20. 
Factoring, 


31. 
Factoring, 


82. 
Factoring, 


838. Let 


whence, 


. 2+5e¢+2= 


whence, 
that is, 


84. Let 


whence, 


S ieee en lee 
@=—}+4,/41 or -}- 


whence, 
that is, 
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Ga”) Gt 2) = 
Pp 


4—p= — 27, and } + 
ai of + @ — 756 = (2 — 27) (a + 28 


Ores and — 


am & 


(x — 12) te +14 


wm 
roo 


aes 


(a —9) (@ + 19 


— 


1 


8 


rs 


Hal 


(@ — 11) @e +14 


| + 
cs _ a at 
HOS ooo 


TE TN, 


Ce ) 
3 
ot 


b—~p=4— JT, end ee 
~ 4/11) (e+ 8+ 2/7) 


mem} byl or ab 


— 418. 
1672 

. pe ae 
— 19, and § + p = 22. 


=P: 
*, a + 8a@ — 418 = (w — 19) (@ + 22) = 0, 
a = 19 or — 22. 


= = or — 26. 
— "56. 


“° 
o 
beri 
| 
— 
us 


° 
4 
| 
ae 
ot 


1 or — 14. 


+ 

toe 
2 
ae 
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35. Let ata it pH) 
tot 
ap =a). 
whence, —}-—p=-—}3-}/5, and -L+p=—}+}4,4. 
e—e—1=(@—}— 4,/5)(@—3+ 4/5) = - 
whence, C= 2 2. /5.0r 2 — 10/5, 
that is, ileal ios a=3+4/6. 
36. Let Cah) (= ep) an 
Lap eS — 4. 
no Dene, 
whence, —1—p=—1-./5, and bp me ede ea 
“2 —22—4=(2—1—./5)\@—1+4+./5) =0, 
whence, #2—1+4+ ./5or1— ./5, 
that is, ve xe ete. /5: 
37. Let (-—$-p)(-i+p)=-9. 
ase a aa ae 
ze op =, 
whence, —{-p=—}-4,/5, and -3+p=-4+4,/6. 
. &—8a—9 = (w@ — } — 3/5) (w — $ + $,/5) = 0, 
whence, @= 3+ 3./5 or 3 — 3,/5, 
that is, : : a= $+ 3/6. 
88. Let (2 — p)(2+ p) =8. 
ee 
: Dh ny geo ana 
whence, 2—p=2— 2,/—1, and 2 stg eet irs ti 
Me See ac Gees 1); 
whence, a= —2+2,/—1 or —2- 2,/—1, 
that is, €>—-242,/—1. 
39. Let (3 — p) ae er 
p= 
whence, 8—p=8—-—./- ie er a 
a+ 624+ 14= (2+ 3—./5) (2+ 3 + /5) =0, 
whence, a= —8+./5or —3—./5, 
that is, ex=—38+,/—65. 
40. a+ 8a2= — 2. 
Transposing, + 8x2+ 2=0. 
Let (4 — p) (4 + p) = 28. 
16 — p? = 25, 
ee en OE ge Pel a 
whence, 4—p=4-3,/-1, md ti p=4+ te BES A 
25 AG ea ghee ae 8,/— 1)(@+4+38/-)=0, 
hence, pe 2A 8/24 or = 4 8 = 
stds v Hea Bel, 


that is, 
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15. 

Completing the square, 
Extracting the square root, 
Taking the upper sign, 
Taking the lower sign, 


16. 

Completing the square, 
Extracting the square root, 
Taking the upper sign, 
Taking the lower sign, 


17. 

Completing the square, 
Extracting the square root, 
Taking the upper sign, 
Taking the lower sign, 


18. 

Completing the square, 
Extracting the square root, 
Taking the upper sign, 
Taking the lower sign, 


19. 

Completing the square, 
Extracting the square root, 
Taking the upper sign, 
Taking the lower sign, 


20. 

Completing the square, 
Extracting the square root, 
Taking the upper sign, 
Taking the lower sign, 


21. 

Dividing by 5, etc., 
Completing the square, 
Extracting the square root, 
Taking the upper sign, 
Taking the lower sign, 


22. 

Dividing by 6, etc., 
Completing the square, 
Extracting the square root, 
Taking the upper sign, 
Taking the lower sign, 


Page 286 
z+ 382= 10. 
w+ 32+ (3)? =10+3= 2. 
e+e = + §. 
~@=— 3+ 3=2. 
r=—j-}=-65. 
a? — 32 — 180. 
ge? — 3a + (3)? = 180 + $ = 722 
e—3= + 4. 
r=34+42=15 
e=3—47= — 12. 
g4 152 = 54. 
gw + 15a + (15)? = 54 + 225 — 441 
e+#P = t+ 4h 
c= — a3 
zg=—12-41= —- 18. 
z2 — x = 930. 
a — a2 + (1)? = 930 + 4 = 21. 
a—t=4+4. 
@=}+4 5= 31. 
2=}4— % = — 80. 
a2 +132 = 140. 
a + 13a + (48)? = 140 + 192 = 2389 
e+ig8 = 4+ 4. 
e=—i184%2=7 
z= — 13 — 22 = — 20. 
z?—112+28=—0. 
a — 112+ (P= — 28+ l= 2 
r—M= +h. 
e=+5=7. 
e=4p-— $= 4. 
5a?—38a—2-—0. 
vw? — a= 2, 
a — $a + (4)? = 2+ rhs = thy- 
t— 3 = + 5. 
a= +7, =1. 
e=3—- p= — }. 
2 — se =17 
@—sae+ (P= 1 + Ye = HEF 
@— yy = + TH. 
t=a+hi= 
2=7;-=—-—#% 
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23. 2a? + 9a = 8b. 
Dividing by 2, a+ 2a = 33, 
Seria eed the square, w+ $a + (2)? = $8 + 81 = 361, 
xtracting the square root, C+3= 43 
Taking the upper sign, 2=— 2 e es 
Taking the lower sign, @=—f—-AW= = 
24. 3a? — Ta = 10. 
Dividing by 3, a —la= 0. 
Completing the square, a? —ia+ (72? = 10 + 49 = 189 
Extracting the square root, a—i= +13, 
Taking the upper sign, eo 1 + das 10, 
Taking the lower sign, @=7—1=—1. 
25. 42?-—19z7=65. 
Dividing by 4, a? — 12g = $, 
Completing the square, —Idan+ (122 = 3 + 362 = 44 
Extracting the square root, a—12= 4 22, 
Taking the upper sign, gis + a1 = 6, 
Taking the lower sign, ea ie — 21 — 4, 
26. on ae es sally 
a+1 a-1 8 
Clearing of fractions, 8a—3+927+9=102?—10 
Transposing, etc., 10 a2 — 12 a= 16. 
Dividing by 10, a? — $a = 3. 
Completing the square, w—S§a+ (i? ='+ & = 4 
Extracting the square root, e—-%=+1, 
Taking the upper sign, g@=i+t=2. 
Taking the lower sign, @=%—-J{=~+¢ 
oe a—5 _@%+2 
ey a—2 aes 
Clearing of fractions, 102% — 15a? + 554 — 50 = 22?—8. 
Transposing, etc., —7 S. + 552 = 42. 
Dividing by — 7, —52a= — 6. 
Completing the square, a — Be ee (38)? = — 6 + 3025 = TAs. 
Extracting the square root, e—Fe= + FH. 
Taking the upper sign, w= 384+ 43=7 
Taking the lower sign, bites A ee 
1 a—2 _ a@—7 
ag 2+2 nee Qa 
Clearing of fractions, Qa+ 207-8 =a%— 5a — 14. 
Transposing, etc., we4+7a= —6. 
Completing the square, e+7a+(f?=—-6+42=% 
Extracting the square root, a+g=+ 3. 
Taking the upper sign, @=—443=-1. 
Taking the lower sign, @e~f-$=—6. 
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29. w+ (m+n) (m — n) = 2mz2. 
Transposing, etc., a — 2mae = — m+ -n?2. 
Completing the square, 2? —2mae +m = — m+ nr? + Mm? = n+. 
Extracting the square root, L—-m=+N. 
 £= m +n 
Page 288 
3. 2a? — 5a = 42. 
Multiplying by 2, 4a°—10%7=84. 
Completing the square, 42?— 102+ (3)? = 84+ 22 = 391 
Extracting the square root, 2@—3= + 12. 
2e¢=3 +12=120r—7% 
a= 6or— 
4, 622?-—52+1=0 
Multiplying by 6, etc., 36 2? — 80% = — 6. 
Completing the square, 362? — 30¢+4 (3)?}=—6+4+ 2=4} 
Extracting the square root, 6e7—3=+h. 
6%7=3+4++4=30r2 
- @=t0rt. 
; 4a2 — 12a = 27. 
Completing the square, 4a2 1224 32= 274 9 — 36 
Extracting the square root, 2%—38=+6 
22=3+6=9o0r—8 
* ©= $ or — 3. 
6. 82? + 202 = 48. 
‘Multiplying by 2, 162? + 402 = 96. 
Completing the square, 1622+ 40% + 52 = 96 + 25 = 121 
Extracting the square root, Ag + 5 = 47. 
4zx=—5+11=6o0r —16 
. @=Zor—4. 
UG 1822+ 62 = 4. 
Multiplying by 2, 36224 122=8. 
Completing the square, 8622+ 12¢@+412=8+41=9 
Extracting the square root, 6e@+--1= +38. 
62= —143=9'or = 4 
. @=tfor — 2, 
8. 8a2+ 42 = 95. 
Multiplying by 3, 9a? + 12 a = 285. 
Completing the square, 9a? + 12a + 2? = 285 + 4 = 289. 
Extracting the square root, Bias 2 Say, 
Ses — 24 17 = 18 or =49. 
. @©=5or — 12. 
9. (a? + 22 = 32: 
Multiplying by 7, 49 v7? 4+ 14a = 224, 
Completing the square, 4922 + 14a + 12 = 2244 1 = 295, 
Extracting the square root, V@+i=+165. 
7@=—1+15=14 or —16. 
. @= or — 48, 
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BOOS it : 8a*— 184% = 5. 
Multiplying by 2, 16 2? — 362 = 10. 
Completing the square, 162? — 362 + (2)? = 104+ Ba = 1g 
Extracting the square root, 4e—3=+4+H, 
4%=3+413=10or —1 
“. @=8or—} 
Ble is 6224+ 5a= 4. 
Multiplying by 6, 36 2? + 80a = 24. 
Completing the square, 36a? + 30a + (3)? = 24 + 28 = 121. 
Extracting the square root, 67+ 28= 42 
6e2=—$+45=8o0r—8 
&=}or — 4 
12. $a27+ 62 =8. 
Multiplying by 5, 25 a2 + 3802 = 40. | 
Completing the square, 25 2? + 802.4 327= 404+ 9 = 49. 
Extracting the square root, 52+ 3= + 7%. 
5a@=—8+7=4or — 10. 
*. #= ¢or — 2. 
14. 227+ 3 @ = 27. 


Multiplying by 8 and adding 9 to each member, 
16 a + 24a +9 = 216 + 9 = 225. 
Extracting the square root, ANS See BS ee ls 5h) 
4%2=—3+15=12or — 18. 
*°. £=38 or — 3. 
15. 22% + Sa = 7. 
Multiplying by 8 and adding 25 to each member, 
162? + 40a + 25 = 56 + 25 = 81. 
Extracting the square root, 4¢4+5=49. 
4%=—5+9=4or — 14. 
oD LOPE ade 


16. 207+ 7¢= —6. 


Multiplying by 8 and adding 49 to each member, 
1622 + 56a@ + 49 = — 48 + 49 = 1. 


Extracting the square root, 4e4+7= +1. 
4zg=—%7+1=—6o0r—8 
e= — $or — 2 
Ae 3a? — 5a = 2. 


Multiplying by 12 and adding 25 to each member, 
86 22 — 60 2 + 25 = 24 + 25 = 49. 
Extracting the square root, 67 —-—5= + 7%. 
625 +7 = 12\0r — 2: 
Teneo Olin. 
18. 4q%— 154% =4, 
Multiplying by 16 and adding 225 to each member, 
64 2 — 240 @ + 225 = 64 + 225 = 289. 


Extracting the square root, 8a —15= +417. 
82 = 15 -£.17'= 32 or — 2: @ 
“ 2=4or—4. 
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19. 522 —Ta= -2. 
Multiplying by 20 and adding 49 to each member, 
100 2? — 140a + 49 = — 40 + 49 = 9. 


Extracting the square root, 102—T= +3. 
102=7+3=100r4. 
ne = Lore. 

20. 6 72 


Multiplying by 24 and adding 25 to each member, 
14427 + 120027 4+ 25= — 244 2%=1. 


Extracting the square root, _ 12¢74+5=++1. 
122=—5+1——4or—6. 
z= — tor — }. 
21. 42 —2—3=0. 


Transposing, multiplying by 16, and adding 1 to each member, 
6422 — 162 +1=48+1=49. 
Extracting the square root, 82—-1=+7. 
82=1+7=8or — 6. 
. @ = Lor 


22. 5a2— 22-—16=0. 
Transposing, multiplying by 20, and adding 4 to each member, 
ifr ears eas Se 


Extracting the square root, 10z2—2= +18. 
102 =2 + 18 = 20 or — 16 
3 @ = 210K — 

28. 82+ 7a —110=—0. 


Transposing, multiplying by 12, and adding 49 to each member, 
836 22 + 842 + 49 = 13820 + 49 = 1869. 
Extracting the square root, 62+7= + 87. 
62 = —7 + 37 = 30 or — 44. 
* #=5or — 22. 
24. 22? — 52a — 150= 0. 
Transposing, multiplying by 8, and adding 25 to each member, 


16 22 — 40 2 + 25 = 1200 + 25 = 1225. 
Extracting the square root, 42—5= + 35. 


4z2=5 + 35 = 40 or — 30. 
* @=100r — 3. 
25. 32 + x — 200 = 0. 
Transposing, multiplying by 12, and adding 1 to each member, 
36a + 122+ 1 = 2400 + 1 = 2401. 


Extracting the square root, 62+1= + 49. 
6a@— —1+ 49 = 48 or — 50. 
*. 2=8or — 22, 

26. 15a2—Ta—2=0. 


Transposing, multiplying by 60, and adding 49 to each member, 
900 22 — 4202 + 49 = 120 + 49 = 169. 
Extracting the square root, 3802 —7= + 18. 
802 = 7 + 138 = 20 or — 6. 
 @=Zor — i. 


288, 289} 


27. 


Extracting the square root, 


t= 


Page 289 
2. 2+ 5a4+2=0. 9. 
5 + JB — 498 
2 
EE aa 
4 2 
8. 8224+ llz2+6=0. 10. 


ToS 


QUADRATIC EQUATIONS 


7a? — 20% — 32=0. 
Transposing, multiplying by 28, and adding 400 to each member, 
196 2? — 560 z + 400 = 896 + 400 = 1296. 


— 11 + ./121 — 4-3-6 


5. 4024 4a —-— 15=0. 


—4 +4 ./16 — 4-4(— 15) | 
4 


=—4 4-16 _ 3 2 5, 


8. 322 — 132 = 10. 


._ 2 


13 + ./169 — 4-3 (— 10) 
2-3 


=95o0r 


_18+17 ited 
Seay ee F 


11. 


12, 


13. 


14. 


15. 


142 — 20 = + 36. 
142 = 20 + 36 = 56 or — 16. 
. @=4or — . 


Ya24+92@= 10. 
om ge Se S/S G10) 
Ae 3.7 
9 1G 
dk | Aa? : 
Qa24 382 —-1=0. 
=a S20 42(-)) 
—34 /i7 Seg 
= == = 4 =, /17F 
4 4am 
Ba24+27—4=0. 
pa wet wvs—438(— 4D 
2-8 
os SL 1.1 
w—S52= —3. 
PEs 25 — 4-1-3 
9-1 


8a? — 62 = — 2. 


_ 6 + ./86 — 4-3-2 
= 2-3 
sa ER 


+38. 


4a? 32 —2=0. 


SoU een AID gil a 
ide eT aed 
meek 10-= 0: 
6 + LBEEDD 
eS 
a ireNEraa ye as 
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16. a+47+12=0. 


—~4+4+ /16 —4-1-12 
._@= 


2-1 


_ —444,/—2_ 
ha 2 


17. a%— 8a = — 20. 


pp we BE AH 41-0 


2-1: 
=StiJ—t =442,/-1. 
18. e—6a2+5=0. 
(@—1)@—5)=0. 
Sei Oreo: 
19. a—8e+%7=—0. 
(c—1)(@—7)=0. 
Otek 
20. 2a2 —5a= 42. 
16 22 — 402+ 25 = 386 + 25 = 361. 
4727—5= + 19. 
4z= 24or — 14. 
* @= 6 or — §. 
26. a= 3a+ 10. 


a2— 32—10=0. 
(x — 5) (@+ 2) = 0. 
oe a OLOra— ie. 


27. a? — 30 = 182. 
a? — 1827 —30=0. 
(w — 15) (@ + 2) = 0. 
we = 1bc0r, = 2: 


28. a? — 12a = 28. 
2? — 124 — 28 =0. 
(w — 14) (w+ 2)=0. 

t= 1hor — 8; 


29. az? — 502 = 159. 
— 502 — 159 = 0. 
(a — 58) (@+ 3) = 0. 
2+ C= 05 0F — 9; 
30. v4 8x= 84. 


w+ 8a—84=—0. 
(@ — 6)(@ + 14) =0. 
a =a OOMe las 


—242,/—2. 


[289, 290 


QT. Va2+ 2a = 32. 
49a? 4+ 14241 = 2244 1 = 2285. 
Ya+ix=z+i15. 
Ya =14or — 16. 
St ie OL ee 


22. a —122— 64. 
zg? —122— 64—0. 
(102+ 4)=0. 
. #@= 16 0r — 4 


36224 12¢4+1=9. 


6z=—2 or —4. 
*. *=tor —z 


24, a2 —g@—%2—0. 
Cee e 
OLR — se 


25. 4% — 122 = 27. 
4a2— 1224 9 = 86. 


22= 9 or —8. 
“. @= $ or — 3. 
290 
31 pie epee 
i, 2 
227—52+2=0. 
Tem 13) il) 
- £=2 0r4 
2 
32. oe _ 35, 
re ee rr 
Ci eA SOG 
Ms aa Wann be 
TI aye. Be 
gra t3 
Bree tag 
8. See 
- ©=80r — 22, 
33. Bee ee 
cree 6 
24=38a2- 9x + 6. 
322~— 1le= — 6, 
36 a —132¢@+121= — 724.121 —49. 
6z7—11=47 
Baer) 


“. @=8 or %. 
/ 


290] QUADRATIC EQUATIONS 237 


4 1 a 2a 
34, ——_—___— = -.- 85. —~-—S=% 
m—2e+il1 4 4 3 28. 
Extracting the square root, Cee 4 4 282 4 4. 256 
gece: aN at hie oar ae) 
eee ae os pe 16, 
pins 2° 3) 28 
=2«—Tlor—2#-+ 1. x 14 
“2 =5or—3. ie aoe e 
; 28 
9 3 Rent wl OTe te 
36. ——— =4 ‘ 
Se+1 2-8 
9a — 27+ 624+3= 8a? — 20a — 12. 34 Bigten ieee iad 
82? — 3852 +12=0. ae r 2 Hud ep 
yp — B+ vf 1225 — 4-86-12 Sa Te $2 4804 2, 
2-8 a — 52 =0. 
— 35-429 _ 4 or 8. a(@—5)=0. 
16 8 ie = VOTED. 
38. Lee, e124. 


a ee ae ane 
5a? — 5a — 10— 52°4+ We — 15= 42? — 202 + 24. 
4a? — 352+ 49 — 0. 


; gy — 3 + s/ 1225 — 4.4.49 


2-4 
35 + 21 7 
= 4" oe 
8 pd 
39. MER Bes Ant 
a—5d x 2 


202 — 207+ 202 — 50 = 8a? — 152. 
822 — 352+ 50=—0. 
(x — 10) (82 —5)=0. 


5 
. #=> 100r-—- 
Htoo= oS 
40. Cat Ole 
ot -= 1. 
Z+5 2@+6 


4+ 18¢@4+ 424 4417274 60=72?4+ 77a + 210. 
5a? + 472+ 108 = 0. 
(a + 4) (5a + 27) = 0. 


Pad 
—--—4 -__: 
x or ; 
41. a+4 z+3 
Le SSS 3 
ae 2—3 


g? +@—124+ 3822-1574 18=277+ 27-86. 
8a2—1b¢@ + 12 = 0. 
G— ov 4 = 0) 
(@ — 4)(@ — 1) = 0. 
Bn = ON As 


988 KEY TO ACADEMIC ALGEBRA [290, 291 
4a 2+3_ | 43 x 1_@+2, 
42. ERE ee ; peeia Q2 
4q2 — 72 —~2274+3= 42? — 42. Qa274+ 274+ 27=22 +4744. 
g?—2e¢—3=—0. 222 —227—4=0. 
ra ea 6 2H 2-3= 
a OL 
52 zt? = 
44, ey 1-3 
Bat + bat at + 182 + 42 = 32? + B02 + 6B 
8a? — 22 — 21=0. 
Raga Ae ae 
iE HOOR — ite 
45 ia oe 
i e—% 2#—5 
@— 32 —10 — 22+ 224+ 385 = 2? — 122+ 36. 
a—1ila+10=—0. 
(c« — 1)(a — 10) = 0. 
ee Ola Os 
Dee a8 
es g-4. 9 — 2-10 
10 22 — 502 + 60 + 1022+ 602 + 80 = 2822 + 462 — 184. 
322+ 362 — 324=0. 
z+ 122—108= 0. 
(z — 6) (v2 + 18) = 0. 
-. &©=6or — 18. 
47 2e+1 Lee 
; Laan? 2 
282+ 14— 10+ 227 = — 1422+ 119 2 — 56. 
1422 — 71a = — 60. 
56-1422 — 66-7124 712 = Lat 60) + 712 = 1681. 
282-—-1= +4 
eee iis ee 
*. e©=4ori3 
Page 291 
2. a? ~— az = ab — ba. 5. a? — 3ba — 2ax ~ bab. 
a(z— a) = — b(a@ — a). a8) =e ener 
(a + b)(e~ a) = 0. (@ — 2a) ( — 3d) = 0. 
* £= —bora. mia OTOL! 
3. a + a® = ac + 62. - 52 — 2axz = 22 — 10a. 
a(@+a)—c(@+ a). — 5a+ 2ar— 10a —0. 
(@ —c)(w7+ a) = 0. (« — 5) (@ + 2a) = 0. 
* 2 = ¢ OF — a. we 2 =O ORI 2 ae 
4, v2 =(m—n)t+mn. | 7. @ + 3 be = Sea + 15 be. 
—(m—n)a2—mn = 0. z(@+3b)=5c(a+ 3d). 
(a — m) (a +n) = 0. Coe 40) 
“. @©= Mor — Nn. ) =O COr — 30, 


291) QUADRATIC 
8. 2aba — a2? = 1406 — Te. 
2(2ab — x) = 7(2ab — 2). 
(x — 7) (2ab — 2) = 0. 
sen COL eID: 


9, 622 + 8 ar = 2 ba + abd. 
Se a a, Cee 
(82 —6)(2%+a)=0. 

3a—b=—Oor2at+a= 
5 tO 
3 2 
10. aca? — ber — bd + adx = 0. 
cx (aw — 6) + d(— b+ az) = 0. 
(cx + d) (aw — b) = 0. 
az—b—=O0orcr+id=0. 
OG Bese Gs 
a ¢€ 
ll. z24+4maz4+3nr+12mn = 0. 
a(v7+4m)+38n(a+4m)=0. 
(7+ 3n)(@+4m)=0. 

“. £= —3nor —4m. 


12. a? — 2an = a’. 
vr? — 2a@+ a = 207. 
t—-a=+a/2. _ 
~.@=at+ajf2=a(1t ./2). 
13. z27 + 4bea = 0. 
+467 +402 = 502. r 
a+ 2b= +d /5. 
a= —2b4+d/5=b(—2+ /5). 
14. a = 4ax— 2a. 


w—4dar+ 4a? = 4a?—2a?=2a?. 
e—-2a=4 a,/2. e 
* a= 2a+a,/2 = 0 (2-+ RB 


15. v2—ar+a=—0. 


16. 
Sa esa Fi — ) 


— 0+ b/d 


3 cele 


ZEN 2389 
17. Ps + peret+g=0- 
ea Pt JP 41-4 
2 
=3(—p+/p?—49q) 
18 a—27+a=—0 
ie Statat 1-a 
24+2/l—a 
2 
"1 + /f—@ 
19, 4ax — 2? = 8 a?. 
zw —4dar= —8a?. 
2 —4a2+4a? = a?. 
xr—-2a=+a. 
“*. @=3aora. 
20. a—qa=1+ aa. 
w@—-1=ar+a 


@-D@+)=ae+i, 
(7-1 —a)(x+1)= 0. 
a = 1 gor = 1 


a? — 0? = a? — dz. 
x? + be = a? + D2. 


b\2 407 +428 62 
au? + ba + (= 
: Bh eta t 


21. 


21 62? — 4 ba 
w+ 4ba — 212 
(@ — 3b) (@ + 7d) 
2 = 50 or — 
28. Saa+6a= 
6 2? — 5axz — 6a? =0. 
(22 —3a)(84%+4+ 2a)=0. 
2S24—3a=—lor3sz72+ 2a=—0. 


w—1=4ar — <a’. 
a —4ar=1 — a. 
—~4ar+4a2?=1+4 8a?. 


a—-2a=+4,/1 + Bar. 


w=2a+ /1+ 8 a2 


24, 


240 


KEY TO ACADEMIC ALGEBRA 


[291 


a? + 02 = 4 (a? + ba). 
a —4b2 = 40? — &. 
w—Abr+4RP=4074+3P. 
a—2b= + /404+32B. 
.e=2b+ f/f +3R. 


26. ae e 
a Dee: 

2074 2a%2= daa. 
2a2?-—S5arv+2e=0. 
(a —2a)(2e%—a)=0. 


 @=2aor%. 
2 


3 cg? 
a ee. 8 
9 c2a? + 8 ca = 20. 
81 c2a?2 + 72 ex = 180. 
81 c2a? + 72 cz + 16 = 196. 
9ea+4—=— 4 14. 
9cxz = 10 or — 18. 


SCL O 


—- 


27. 


<3 pat ons. 
9c tr 
Z-a@ e+a 


202+ 2a~—3ar+38a? = 322-3 a2. 
a+ aw —6a?=0. 
(v — 2a) (@+ 3a) =0. 


. #@= 2a or — 8a. 
29 eG ey oe 
z—a x 


aw — 2074+ 2ar= ax — 2a?. 
222 — az = 2.a%. 
1622 —8ar4+ a= 16 a?24a2=17 a2. 
4a—a= + 4,/I17. 
a a= 41 + ./17). 


30. bab! by ae 


31. gi ae 
| e+ fea S 
Boge a\?_4ab+4B, @ 
arto g) ys 4. 4h 
_~@+4ab+4P 
4 62 
a a+2b 
Ee pee ip, Setetie BE ok 
The Oe 
zx=1lor a+b 
b 
32. 24Qg—-Ce+ te. 
a 


az + 2a =2a% + 2. 
az? — @ = 2a®x — 2a. 
z (ax — 1) = 2a (az — 1). 
(2 - 2a) (ax —1)=0. 


e a=2aor:. 
a 


9g. - bf 2 ee — 1) ; 


ab ab 
q2~22 (5) = 4 ab (ab — 1) = Lee. 
at \ab a2h2 — ey? 
_4072—4ab4+I1_. 
Sees 
it 4 206-1 
ab 
Pes + (2 ab — 1) 
ab 
=2or 20) — ad), 
ab 
_ 4. 
16 


16 = 16 aw + 64 — ata? + If. / 
ax? — 16 ax = 64. 
a’a? — 16a + 64 = 64 + 64 = 128. 
ax —8= + 8/2. 


aie ast 5 
my ae AE: + ./2). 
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34. x — 2(a — b)a= 4 ab. 
2 — 2(a—b)a+ (a — 6? = (a — dB)? + 4a 
=@+2ab+ 28 
e—(a—b)=+4+ (a4 d). 
. @=>a—b+a4+bora—b—a—s 

= 2a or — 2b. 

35. +2(a@+8)%= — 32a. 


pabetat bya Meee eS pe Ghee 
= a — 16a+ 64. 
ee ee 
—a—8+a—8o0r—a—8—ais8 
— 16 or — 2a. 


86. a@+azt+bert+b=ar+a. 

@(a+1)+b(e@+1)=a(a + 1). 

See ag ge ak 
—a+b=0orez+1=0. 


37. 2aw—a+2br—) = Qa2— yg. 
Sn een ee): 
(a+b—a)(2e—1)=0. 

a+b— a=Qor2a¢—1=0. 


= Ob — 0 Or — A: 


* @=a+ dork. 


38. 2@+4(a—1)t=8a— 4a? 
ae ee ae ae 4. 
t+2a-—-2= H+ 
tee EO OG eA he eae 
= —2a+ 4or — 2a. 
39. a(e@— 24+ 6) + a(@+ a — db) = 2? — (a — D)2. 
a(22— a) = 2 — a? + 2ab— 32 
2axz — a= 27 — a + 2ab— Be. 
az — 2ax = — 2ab + 02 
2? — 2ar+ a=a? — 2ad + 0 
2—-a=a-—bor—a+b, 
- ©¢=2a—bdorb, 
Page 292 
40. See next page. 
41 ba th elaw Oa 
@—-2@ a+2, @—2 
4+e—a44+4=38 4 2 
v—2u= — 3. 
zw—2e7+1=—2. 
a—-1=+.,/-2. 
Put a ie ey oe 
5 Gite ss sede 
= r+a e2+b6 a-—b 


ax + ab — ba — 84+ aa + a? — ba —ab= 
a2— ax + 8 bx 


4g%—4(a —3b)2 + (a — 8d)? 


22—(a—3b)= 


~ = 


Key Acad. Alg. — 16 


2? + av + ba + ab. 
ae — ab — 


4a%?—4ab— 4224 a2— 6 ab+9 b 


= 5 (a? — 2ab + 6°). 


+ (a — b) /5. : 
a—38b+(a—d),/5. 
2 
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40. 


Vian. GH Or Se 
22 4a 
1 ——— Yes ee 
ora as a+22 2 
Se wd ee 
RH AG ee eo 
Zax + 622 — 12 av + 6a? = 2a? + Baa — 22°. 
1422 — 12axr—2¢07=0. 
722 — bare —a=0. 
(@—a)(7z+a)=0. 
a ee 
7 
43 free AS a0 a OY 
: x c a+b 
Pe RO ag 
a c(a@ + 6) 
a+ 1 (@ +o re, — 0. 
c(a + dD) 
42 (+ OP a eee 
c(@ + b) 
ae (a + 6)? + Ce (a+b)?+e?]? _ (a+b)*+2 (atbP+e 4c(a+b) 
c(a + d) 2c(a + d) 4c? (a + db)? 4c2(a+b)? 
_ (a+ bt—2 A(atopP+et 
. 4c? (a+ bp 
pc ES es a Oe ee 
2c(a + d) ~ 2e(a+4 d) 
vee Orban es @+ the, @r ese alee ae 
2¢(a + 6) 2c(a + 4) 
eG AN ase ‘ 
Cc a+b 
44. See next page. 
45. be pa (@ + 28), 
—2 a+b 
aba + a+ a> — abe + ab? — Bar = aa + 2a) — az? — 2 aba. 
ax? — a®x + 2abx% =.a?b — ab?. 


a? — aw + 2ba = ab — 6. 
4a2—42(a —20)+ (a— 202%? =4ab—40+4 @—40b4+4R=a?. 
2a —(a—2b)= +a. 
yp CLO EE pia eo SOs 
9 2 


46. Ja+a— ja—a2=./22. 


w+ wv—2/a—22+a—2=22. 


2a —22 = 2/a2 — a. 
a—e= JP oe 
a2 — Qax + a2 = a — 2%. 
222 —2ar=0. 
a(x~—a)=0. 
2 2 = Oona, 


292, 293] QUADRATIC EQUATIONS 
44. CS ig Fe 
b 22—b 


42? — 2axn —2be + ab + 6 ba — 322 = Aad. 
4a%—2av+ 4b2 = 802 + Bab. 
42? —2a(a — 2b) =30? + 8ab. 
1622 — 82 (a — 20) + (a — 2b)2 
a + 8ab + 1682. 


Wei 


4a—(@4—2b)=+(a+ 40). 
Ge OO Or AU 0 eb = — 46 
4 4 
_a+b — 30. 
Io ORY . 
47. Je—at+ jb-a@=Jb—a. 


a= O42, \(@ = a O— 2) +b—¢=b— <a. 
2/(@ — a) (6 — 2) = 0. 


a/(@ — @) ee 
(a — a) (b—2) =0 
at a2 = aor bd. 
48, Se FP = Je + biJa +0. 


x? — b? = (@ + b) (a + BD). 

(@ + 0) (@ — 6) = (@ + b) (a + B). 
(w—b—a—d)(@+d)=0. 
(a —a@—2b)(ex+ 6) =0. 

“ @=a+2bor—sd, 


49. Jja—a2t j/b—a#=.fat+b—22. 


Gee ee a a (Osa 2) +O = ed = Be, 


2] (a= 2) (6 — 2) =. 


(a= 2) (b— 2) = 0. 
(a— 2) (6—2) = 0. 
w= OF, 0. 
Page 293 
61. 8./e — 82 =}. 


1222 4 12ab + a? — 


248 


4ab+ 48 


16 Nii 6a s. 
2562 = 25622 + 964+ 9, 
256 22 — 1607 -- 20 = — 94 25= 16; 


16a — 5 = + 4, 
162 =9or1. 


— 9 
@ = 75 OF y6- 


Substituting 2, for v in the given equation, 


A me ‘ By es 5 = 3; 
which ae to $= 3. 
Hence, +2; is a root of the equation. 
Substituting ;, for v in the given equation, 
8./ te — } ahs 
vied 


which reduces to 
Hence, 7; is a root of the equation. , 


244. KEY TO ACADEMIC ALGEBRA [298 


52. 8a + ./2 = 6,/42. 
Since {x is a factor of both members, a —0 derived from rd fm = 0; 
satisfies the equation, and hence 0 is a root of the equation. 


Dividing by ./2, 8./2+1 = 5/4. 

3 7 ci ae 

2. 

be Hee | 

Substituting 9 for 2 in the given equation, 
27 + NS = 5/86, 
which reduces to 

Hence, 9 is a root of the equation. 


58. See next page. 
54, z2—5— /j/*«#—-3=0. 


a— 10% 4+ %UM%=a-3. 
v—11la+ 28=0. 
(v—4)(@—7)=0. 
oe i ODN: 
Substituting 4 for z in the given equation, me 
4—5—./4-—3=0, 
which is not true unless the negative square root of 4 — 3 is taken. 
Hence, 4 is not a root of the given equation, but of the equation 


Substituting 7 for z in the given equation, 
; 7—5— Sit - —3= 

which reduces to V= 
Hence, 7 is a root of the equation. 


55. J/fat+li+ Je+1-—4=0. 
J/4e+17=4— Je +1. 
4e2+17 = 16— S/erit+ori. 
8e= —8/j/e+1. 
9a? = 642 + 64. 
81 2? — 576 ¢ = 576. 
81 a? — 576 @ + 1024 = 1600. 
9a — 382= + 40. 
9a = 72 or — 8. 
-. = 8or — § 
Substituting 8 for z in the given equation, 
which is not true unless the negative square root of 9 is taken. 
Hence, 8 is not a root of the given equation, but of the equation 
/4@+17—e#+1-4=0. 


Substituting — § for 2 in the given equation, 
PU es mone 
which reduces to ‘ sie 


Hence, — $ is a root of the equation. 
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53. a—1+j/r+5=0. 
g—-1=-./7+65. 
g—2a4+1=+ (e+ B). 
a —3827—4=0. 
(a + 1) (a — 4) = 0. 
St = OL 4 
Substituting — 1 for x in the given equation, 


which reduces to 0=0. 
Hence, — 1 is a root of the equation. 
Substituting 4 for 2 in the given equation, 
441 44 5= 0, 
which is not true unless the negative square root of 4 + 5 is taken. 
Hence, 4 is not a root of the given equation, but of the equation 


a—1—.~/#+5=0. 


56. Je—14+/2¢—-1-/52=0. 
eit = eee ea. 
a—-1—2,/6a—52+5e= + (22-1). 
Jia —5a = 22. 
5a? —5a= 42°. 
a(« — 5) = 0. 
ea — 10) OLD: 


Substituting 0 for z in the given equation, 
eae 0, 
from which it is evident that 0 is not a root of the given equation, but of 
the equation Jje—-1—/j22—-1- /s2=0. 
Substituting 5 for z in the given equation, 
J+ /9 — 26 
which reduces to 0 


Hence, 5 is a root of the equation. 


57. _ fet /2e+ je—7=0. 
je—t—/22@= — 22-7. 
a—%—2,./2a7— 142+ 2e= + (22-7). 

2. /2e2 — 14a = 2. 


0, 
0. 


‘ 822? —d6z¢%= 
Ta(e—8)=0. 
“. 2 = Oor8. 


Substituting 0 for @ in the given equation, 
fa ft 0, 
which is not true. It is evident that 0 is a root of the equation 
een tae = Yea T= 0, 
or of _ P2e—t— e+ <jf/e—7=0. 
Substituting 8 for z in the given equation, 
f9 —/16.+ ./1 
which reduces to 0 


Hence, 8 is a root of the equation. 


=U) 
== (lh 
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58. nfo 8 + f4a4+1—/102+4=0. ae 
J/e+8+ /444+1=/100+ 4. 
2+84+ 2/427 + 18¢+3+47+1=1074+4. 
2. /4a? + 1824+ 8=—52. 
16 2? + 52@ 4+ 12 = 25 2. 
9 a? — 52a = 12. 
81 2? — 468 a2 + 262 = 108 + 676 = 784. 
Oz) — 26 = 428: 
*. @=6bor— z. 
Substituting 6 for z in the given equation, 


/9 + ./25 — a i 0, 


which reduces to 
Hence, 6 is a root of the equation. 
Substituting — 2 for z in the given equation, 
+ Jt — V5 = 0. 


which is not true unless the second square root is taken with a sign of 
quality opposite to that taken for the first and third square roots. 


Hence, — 2 is not a root of the given equation, but of the equation 
/a+8 —/4e+1—./107+4=0, or — /e48 4+ /4e414 /1024+4=0. 


59, /6+ 2 + /% — ./10 — 4@ =f). as 
/6 +%+ Je=./10— 42. 
6+ 2+ 2/624 2%+2=10— 42, 
/6¢% + a= 2-82. 
6x+a=4— 1227+ 922 
4e°—9242=0. 
(v7 — 2) (42 —1)=0. 
siete 2 OT. 
Substituting 2 for z in the given equation, 
/8 + ~f2 _ /2 = il). 
which is not true unless the second square root is taken with a sign of 
quality opposite to that taken for the first and third square roots. 
Hence, 2 is not a root of the given equation, but of the equation 
J6+a—f/e—/10—42=0, or — /6—2+ /2+ /10—4e=0. 
Substituting 1 for z in the given equation, 


a+ Jt 9 
which reduces to v ‘ Nt oy 0 


Hence, } is a root of the equation. 


60. _ Jjfo—8- Par 2=f2—6. 


2./8a2+ 2a¢—6=524 5. 
8222 + 8a — 24 = 2522 + 50a + 25. 
Ya2 — 424 —49 = 0. 
v—6e2—7—0. 
(@—7)(w+1)=0. 
Pe Be OTe ile 


0, 
0. 
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Substituting 7 for zin the given equation, 


which reduces to 
Hence, 7 is a root of the equation. 
Substituting — 1 for 2 in the given equation, 
; —7-—,/0=./-7%, 
Hence, — 1 is also a root of the equation. 


61. See next page. 


62. 8a—5+ jJa—-9=/4a—4, 
8a —5+ 2/802 — 327+ 45+¢4—-9=42—4. 
[de — 82a + 45 = 5. 
8a? — 32¢,+ 45 = 2d. 
322 — 3822 = — 20. 
9 z? — 962 + 256 = — 60 + 256 — 196. 
8a —16= + 14. 
yon A LOIOR 
Substituting 10 for z in the given equation, 
95 + /1 = /36, 
which reduces to all aah 
Hence, 10 is a root of the equation. 


Substituting ? for z in the given equation, 

/— 8+ /- a [— 42, or /— 84+ 8 f—8= /$ /J- 3, 
which is not true unless the first square root is taken with a sign of quality 
opposite to that of the second and third square roots. 

Hence, 2 is not a root of the given equation, but of the equation 


— /p2—64+ fe—9= /42e —4 or, /82—5— /a-9=— 4a — 4. 


63. e+ @— Ja-2a= /2x-—bar 
a+ a2 — 2. /a2 — ata — 2a* + z—2@= 2a — 5 a?. 
|e? — aa — 2at = 2a? 
a? — aa — 2at=4 a4. 
v2 — ax = 6 at. 
4a%— 4a?a + at = 2405 4+ at = 2 at. 
22 —a= +50. 
22 =6a2 or —44a?. 
‘ £=8@ or — 2a? 
Substituting 3 a? for x in the given equation, 
la — Jat = fel, 
which reduces to LSA: 


Hence, 3 a? is a root of the equation. : 
Substituting — 2 a? for zin the given equation, 
/—-@— [-48= f- 9a, 
which is not true unless the first square root is taken with a sign of qual- 
ity opposite to that of the second and third square roots. 
Hence, — 2a? is not a root of the given equation, but of the equation 


| eta fea td = Ja 8a 
or Jet + Ja—2a? = —/2a— 5a? 
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61. 24+ 8- Je+1=fsr-14 
22+ 8—-2/2e4+5e4+38+e+1=52- 14. 
— /2¢4+52+3=2—- 9. 
+ (2a2 + 52+ 3) = 2? — 182 + 81. 
a+ 23¢—78=0. 
(x — 3) (2 + 26) = 0. 
“. © = 8or — 26. 
Substituting 3 for z in the given equation, _ 
J/9 a /4 — afk 
which reduces to t= 
Hence, 3 is a root of the equation. 
Substituting — 26 for z in the given equation, 


a/— 49 — ./— 25 = ./— 144, 
which is not true unless the second square root is taken with a sign of 
quality opposite to that taken for the first and third square roots. 


Hence, — 26 is not a root of the given equation, but of the equation 


a+8+ /e+1= foe — 14, or —/224+8-— /e41=-— /52—-14., 


Page 294 
4, Let x = one part. 
Then, 20 — x = the other part. 
Since their product is 96, 202 — 22 = 96. 
Solving, B= 12°0rs, 
whence, 20 —.a2 = 8 or 12. 
Hence, the parts are 12 and 8. 
5. Let x = one part. 
Then, 14 — x = the other part. 
Since their product is 45, 14¢@ — a? = 45. 
Solving, x = 9-or 5, 
whence, 14—z2=5or9. 
Hence, the parts are 9 and 5. 
6. Let = number of sheep. 
Then, " = number of dollars paid for each, 
and te = number of dollars for each had there been 
+3 three more sheep; 
bo TON ee Ose 0 
2+3 2a 4 
Solving, a= 12 or — 15. 
Hence, the man purchased 12 sheep. 
Page 295 
7. Let « = number of rods in the length. 
Then, w — 12 = number of rods in the breadth; 
1 “. @ (& — 12) = 160. 
Solving, @ = 20\0or) — 8, 
whence, 2 — 12 = 8or— 20) 


Hence, the field is 20 rods long and 8 rods wide. 
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8. Let “gv = number of rods in each side. 
Then, (@ + 4)? = a + (= + 136). 

\ 
Solving, @ = A0 or 24. 


Hence, the field is either 40 rods square or 24 rods square. 


9. Let 2 = number of rods in the length. 
Then, 2 — 8 = number of rods in the width; 
x (@ — 8) = 240 
Solving, x = 20 or — 12, 
whence, @ —8 = 12 or — 20. 


Hence, the lot is 20 rods long and 12 rods wide. 


10. Let x = pumber of men in each rank. 
Then, 92 + 3 = number of men in each file; 
* v(9@ + 38) = 600. 
Solving, US Ol — 7, 
whence, 9z+ 3 = 75 or — 72. 


Hence, the column was composed of men 8 abreast and 75 deep. 


11. Let x = number of persons in the party. 
Then, 60 = number of dollars each paid; 
& 
£60)“ 60x 1 
Pod. © te : 
Solving, xz = 15 or — 20. 
Hence, there were 15 persons in the party. 
12. Let x = number of days he worked. 
Then, 30 _ number of dollars earned per day; 
x 
er oOs= = 1) (a + 5). 
Solving, a= 10 or — 1d. 
Hence, he worked 10 days. 
13. Let a = smaller number. 
Then, x + 1= larger number; 
. a + (e+ 1) = 61. 
Solving, z= dor — 6, 
whence, z+1=6or — 5. 


Hence, the numbers are 5 and 6, or — 6 and — 5. 


14, Let gz = smaller number. 
Then, g + 1 = larger number; 
Wig, ia 
ee Fi toe 20 
Solving, t= OT — 8; 
whence, a+1= dor. 


Hence, the numbers are 4 and 5. 
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15. Let xz = number of inches in width of frame. 
Then, (8 + 2a) (12 + 2a) = number of square inches in area of 
frame and picture ; 
“. (8 + 22) (12 + 2a) = 2(8 x 12). 
Solving, 2 = 2 or — 12. 
Hence, the frame was 2 inches wide. 


16. Let x = number of barrels he bought. 
Then, 100 _ number of dollars he paid for each, 
x 
and x — 5 = number of barrels he sold; 
(FP + 1) @ — 5) = 100. 
aw 
Solving, z = 25 or — 20, 
100 _ 

whence, —=4or—6d. 


v 
Hence, he bought 25 barrels at $4 a barrel. 


1%. et x=his per cent of gain and also the 
number of dollars the coat cost him. 
Th 1L=2@ +e ese 
we 100 
Solving, a = 10 or — 110. 
Hence, he gained 10 per cent. 
18. Let z = number of miles per hour it traveled. 
Then, eee reely ne 
z z+5 
Solving, x = 35 or — 40. 
Hence, the train traveled 35 miles an hour. 
Page 296 
19. Let x = number of rods in width of street. 
Then, (56 + 2a) (16 + 22) = number of square rods in area of park 
and street; 
.. (56 + 22) (16 + 22) = 56 x 16+ 160 x 4. 
Solving, x=4or — 40. 
Hence, the width of the street was 4 rods. 
20. Let x = number of miles per hour he could row in still water. 
Then, x — 2 = number of miles per hour upstream, 
and x + 2 = number of miles per hour downstream; 
whence, 5 = number of hours going upstream, 
and aoe number of hours returning ; 
+2 
8 8 
_—— + =15) 
e—2 x+2 
Solving, « = 6 or — 3. 


Hence, his rate of rowing in still water was 6 miles per hour. 
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21. Let = number of rods in width of road. 
Then, (56 — 22) (28 — on = number of square rods in area of lot 
after road was made; 
*, (56 — 22) (28 — 2x) = 56 x 28 — 160 x 2. 
Solving, x = 2 or 40. 
Since the lot was less than 40 rods wide, the value z= 40 must be~ 
rejected. Hence, the road was 2 rods wide. 


22. Let xz = number of yards in smaller lot. 
‘Lien 20 — # = number of yards in larger lot; 
“. & (20 — x) + (20 — x) a = 192. 
Solving, = 8 or 12, 
whence, 20 — a = 12 or 8. 
Hence, there were 8 yards in one lot and 12 in the other. 
23. Let xz = number of cents asked for 1 dozen eggs. 
Then, aS number of dozen eggs to be had for 30 cents, 
o 
whence, 360 _ number of eggs to be had for 30 cents. 
x 
Under the second supposition, ae 2, or weet eggs can be had 
© ; 


for 30 cents, and this raises the price 2 cents per dozen, or § of a cent per 
egg. Hence, the price of 1 egg is 
360 — 22 152 ay Te 


oe Sen ae a) 

Solving, x = 18 or — 20. 
Hence, the price of eggs is 18 cents a dozen. 
24. Let z = number of miles an hour A traveled. 
Then, @ — 1 = number of miles an hour B traveled, 

oS number of hours it took A, 

x 

and : as = number of hours it took B ; 
4H) — 


Wins 


AD eae 2 


Solving, z= 6or — 5, 
whence, z—1=5o0r— 6. 
Hence, A traveled 6 miles an hour, and B traveled 5 miles an hour. 
25. Let z = number of gallons of liquid drawn each time. 
Then, xz = number of gallons of wine drawn the first time, 
81 — x = number of gallons of wine left, 
and ——— Ale, x, or —— (8i—2)® _ number of gallons of wine drawn the second 
81 81 time ; 
eee = 64. 
. 81—a- 3] 
Solving, f= loo or 9. 


Since the cask held less than 153 gallons, the value a = 153 must be re- 
jected. Hence, 9 gallons were drawn each time. 
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26. Let, 2 = number of feet in circumference of fore wheel. 
Then, z + 5 = number of feet in circumference of hind wheel. 
é. 5280 _ 5280 + 150. 
i) a2+5 
Solving x = 11 or — 16, 
whence, zg+5=16or—11. 


Hence, the fore wheel is 11 feet in circumference and the hind wheel is 
16 feet in circumference. 


27. Let xz = number of hours it will take the larger. 
Then, az + 2 = number of hours it will take the smaller, 


eS part the larger can fill in 1 hour, 
x 


and ou part the smaller can fill in 1 hour; 
x ‘ 
ee er Same oe 
; ee at oe ie 
Solving, z—4or-— &, 
whence, 2+2=6oré. 


Hence, the larger pipe can fill the cistern in 4 hours, and the smaller pipe 
in 6 hours. 


28. Let zx = number of men, 
and let a represent the amount of work one man does in one day. 
_ Then, since the ditch can be dug by 2 men in 2 days, or by 2 + 6 men in 


8 days, ax =a x 8(a + 6). 
Solving, w= 12 or — 4. 
Hence, there were 12 men. 
Page 299 
7, See next page. be Sat*+ 62?—11= ie 
(a? — 1) (5a? + 11) = 
8. See next page. ts (a —1)(@ + 1) (522+ 11) = 0, 
9, of teat 4 sae | Seek eae eo ee 
(2? — 16) (22 — 2) =0. Cone 
(w—4) (w+ 4) (a—./2) (w+ ./2) =i) ; = + }./— 55. 
2 =4or —4 or + ./2 or — ./2. Hence, Bi or + $,/— 55. 
@=+4or+ /2. 
12. at — 8a? 90=0. 
10. 3a4+ 522-8=0. x — 492 45= 0. 
(@? — 1) (8 a? + 8) =0. (a? — 9) (a? + 5) = 0. 
5 (w — 1) (@ + 1) (8 a? + 8) =0. (@ — 8) (@ + 8) (@2 + 5) =0. 
Since (@— 1)@+1)=0,%7= +41. | Since @—8)(@+ 8) =0,2= +3. 
Also, 8a2+8=0. Also, a24+5=0. 
a= = — i, a= — 5: 
$5 WO = Se ea 16: At oem ay hai 
Hence, v= +lor+ %/—6. | Hence, @= + Bort ./— 5. 
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7. a — 1322+ 36=0. 
(a? — 4) (22 — 9) =0. 

(@ — 2)(@ + 2) (@— 8)(@ + 8) =0. 

_ .@ = 2or — 2 or 3 or — 8; 

that is, @=+2or+3. 

13. et —5at+6=0. 

Let «* = p, then, 23 = p?, 


and p—5p+6=0. 
(p — 2)(p — 8) =0. 
iat Dip OPOS 
that is, xt = 2or8. 
Oe = 16 ors): 
Page 
15. gt —3at — —2, 
Let 2t = p, then, a? = p?, 
and —38p+2=0. 
(p = 1)(p — 2) =0. 
Jo Di Loree: 
that is, a? = 1 or 2. 
. @=1 or. 64 
16. ati — 2? = 6. 


a —2 —6=0. 
(wt — 8) (w + 2) =0. 
”. @ =8o0r—2. 
@ = 27 or — 8. 


19. 
Let 2? = p, then a3 = p%, and 
Factoring, 


that is, 
Squaring each member, 


Taking the cube root of each member, 
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8. at — 200% + 144=—0. 

(a? — 9) (a2 — 16) =0. 

(v— 3)(@@+ 3)(@—4)(@+4)=0. 

_ °) @©=3 or — 8or4or—4; 
that is, @=+s8o0r+4+4. 

14, 34322 — 28=0. 
Let * = p, then, x? = p®, 


and p+3p—28=0. 
(p—-4) (p+ D=0. 
“ p=4or—7; 
that is, a? = 4or — 7. 
“. @ = 256 or 2401. 
300 
17. a + 2,/e = 8. 
e+ 2/e+1=4. 
a oe 
nf /@ =1 or 8. 
Hikes, WORE), 
18. a — 2a) = 3. 


a —2Qe +1=4. 
gs —1= 42; 


- @ =8or—1. 
C= 21 or — 1 
a+ 82? —9=0. (1) 
p+ 8p—9=0. (2) 
ep b) (pe 8) 10. 
o +. p=1 or —9; (8) 
a? =1or—9. (4) . 
Dao Ot (5) 
a = 1 or 83/8. (6) 


Nor. — As in example 5, other roots may be obtained, if desired, by 
factoring, instead of taking like roots of each member, to find a. 


Thus, from (5), 
and 
Factoring (7), 


Factoring (8) in a similar manner, since ./81 = 3X/3, 


(x — 8.3/8) (a? + 83/3 ¢ + 9X/9) = 0. 


a—1=0, (7) 

a — 81 = 0. (8) 
(a@—1)(@+2+1=0. (9) 
(10) 


The first factors of (9) and (10) equated to zero give the values of «found 


in (6). 
give the remaining roots, 


a=i(—1+./—8) and 


The other two factors equated to zero and solved as quadratics 


a(— 3/8 + </— 248). 
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20. Gea ie Os 
(@ + 1) @ — 2) =0. 
. @ = —1or2. 
ce Aor LG: 
. © = Lor 22/2. 


For other roots see note, Ex. 19. 


21, “fe + 8./z = 80. 
Let Af =p; then, nfe = p?, 


and 3p? + p—380=0. 
ee pn * 
. p= or — 3.2; 
that is, </x = 3 or — 32 


22. aav?+ ba"+c¢ = 0. 
4 a2a?2" 4 4abar + 6? = b? — 4a. 


2aa + b= +0/R— ae. 


pees SUE = 2ae. 


2a 1 
des = a 
2a 
238. at — de —~5at —0, 


a (ae + 1) (at — 5) = 0. 
*. a = 0or —1or5d. 
x2 = 0 or 1 or 28. 


24, a? — g2— 122? — 0, 
ar (ai — 4) (a? + 8) =0. 
‘ =0ora? =4or—3. 
o = Oorg = 16 or 9 
mn = 0 or 22/8 or’ 3/9. 


For other roots see note, Ex. 19. 


25. a—B8at4 2a) = 0, 
a* (a —1)(at — 2) = 0. 


1 
; a — Oorat = 1 or 2, 


0 == OLOr Leonid. 6: 


26. 5a=2,/e + 6/2. 
t/a —5a+ 6/x=0. 
J2 (Ja — 2) (ft — 8) = 0. 
* ~/e = 0 or 2 or 8. 
«= 0or4or 9, 


KEY TO ACADEMIC ALGEBRA 


| equation. 


[800 
27. 8a=a3/x + 23/2. 
tila — 82 + 20/2? = 0. 
at — 34+ 20% = 0. 
aé (at — 1) (22 — 2) =0. 
*. 28 = 0ora? =1 or 2. 
2 = 0ordsor.s: 
28. 4 —3—404=0. 
McIApIF ae by 23, 
1—82?—42=0. 
(1 + a*)(1 —4a#)=0. 
a = —1orid 
& =LhOrgs 
29, a # — 6at = 1, 
Mulupiaes by 2, 7 
ea pee 
i 6210 
(1— 324)(1 + 202) =0. 
; a =iori 
z.=tjord 
30. v-8 + g2 = 224-3, 
Multiplying by 2°, 
1+ 25 = 2a. 


1—2a? + a#=0. 
(1 — a?) (1 — 22) = 0 


Se ae 
onal 
* Se 


1 occurs twice as a root of the 
Other roots may be ob- 


tained by factoring 2 — 1. 


81. 2+ 2a = 828. 
a—8a2i +22? —0. 
#(1—a) a — 2a) = 0. 


3 «= 0ore =1orl. 
v= Dior Lor. 


32. 2 ls a 
Je +2a—-152a,/e=0. 
Je (1— 8/2) (1+5./2) = 0. 
~ j¢=0orPoro me : 
x=Oortdor >. 


a re 
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33. Jr+5+6a% = 0. 34. ie oes 
Multiplying by 2?, at — ta? —8a=—0. 
2+524+6=0. a (a? + ae ere 
(x? + 2) (a? + 8) = 0.  @=0ore =—1lor8. 
. @ = —Qor— 3. x = 0 or z = 1 or 64. 
Go -— 4 or 9; se Ce OROLeIeOr a: 
Other roots may be found as in Ex. 19. 
Be: (@— 8)? + 2(@ — 3) =3. 
Put p for 2 — 8 and p? for (w — 3)?. 
Then, transposing 3, pt+2p—3=0. 
Factoring, (p — 1) (p = 3) =10: 
p=1lor —8, 
that is, i 8 1, or ae. 
nt —'40r Os 
36. (a? + 1)? + 4 (a? + 1) = 45. 
Put p for z + 1 and p? for (xv? + 1)?. 
Then, transposing 49, p+4p—45=0. 
Factoring, (p -- 5) (p 4 we =10; 
= 5or — 9, 
that is, ee eee. 
a? = 4 or — 10. 
. @=+2or+./—10 
87, (a? — 4)? — 3 (a — 4) = 
Put p for x2 — 4 and p? for (a — 4)?. 
Then, transposing 10, p?—3p—10=0. 
Factoring, (p —5) (p- i. 2) = 0: 
. p=5or — 2, 
that is, —4=5or — 2. 
t) 9, Oles 
~ @= +3 0r +12. 
38. (2 ee ge 3. 
Put p for 2? — 2a and p? for (27 — 22). 
Then, p— 2p =3. : 
Completing the square, p—2%p+1=4. 
) a eae 2. 
Ky pre, OF =k 
that is, zw?—2z2=3o0r—1. 
Completing the square, a —22+1=4or0. 
2—-1=+2o0r+0. 
z=sor—lorl 


The roots of the given equation are 3, — 1, ity ak 
39. (a2 — 2)? — (22 — 2) — 182 =0. 
Factoring, (a2 — x — 12) (2° — 2+ 11) 

.@=4or—80re2—2+ il 
Solving the last equation, a 
Hence, Dian : 
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40. a—54+2j/9— b= 8. 
Put p for ./z — 5 and p? for a — 5. 
Then, p+2p=8. 
Completing the square, p+2p+1=29. 
aon = +3. 
p= /e—5=2 0r —4 
a—5=4or16. 
ew tO OF aie 
41, a? — 32+6+4 2,/a?— 382+ 6= 24. 
Put p for ./2? — 8a + 6and p? for 2? — 382+ 6. 
Then, p+ 2p = 4. 
Completing the square, p+ 20+ 1= 286. 
p+1=+65. 


“p= /e—32+6=4o0r—6. 
a — 32+ 6 = 16 or 36. 


Solving these two equations, z= 5d5or — 2or % + 4,/129. 


42. a — 5a +t 2./a—5a—2=10. 
Adding — 2, a—52—2+2//a—da—2=8. 
Put p for /x? — 5% — 2 and p? for 27 — da — 2. 


Then, p+2p=8. 
Completing the square, P+2p+1= 
Diet eene 


p= f/@—bae—2=2or—4 
a? —5a-—2=4or 16. 
Solving these two equations, a= 6or —lor§ +4./97. 


43. a@—a—,/e—2+4-8=0. 
Separating — 8 into + 4— 12, 

w@—a+4—/e—2+4-12=0. 
Put p for ./2? — 2+ 4 and p? for a2 — 24 4. 
Then, pe—p—12=—0. 
Factoring, (p — 4) (p + 3)=0. 

“ p=~/v—2+4=4o0r —8. 
w—2+4=16or9. 

Solving these two equations, a= 4or —8or3(1 + ,/21). 


44, a2—5a+5,./22—524+1= 49. 
Adding 1, #—52+1+5./a—5241=50. 
Put p for fa? — 52+ 1 and p? fora? —52 +1. 
Then, transposing 50, p+ 5p—d0=0. 
Factoring, (p — 5)(p + 10) = 0. 
 p=./a—52+1=5or—10. 
a —5a+1= 25 or 100. 
Solving these two equations, «= 8or — 3 or $ + 3/421. 
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45. z+ 10=2,/e + 10 +5. 
Transposing, z+ 10—2./4+ 10=5. 

Put p for ./z + 10 and p? for 2 + 10. 

Then, p =— 67 = 3. 

Completing the square, p—-2p+1=6. 


ed ae) Oo 
ie p= ft H10=1 £ (6. 
Squaring, a+10=7+ 2/6. 
.@=—84+276. 


46. 2-224 2=8. 
Transposing, a—3+4./7—38-21=0. 
Put p for ./z — 8 and p? for # — 3. 
Then, p+4p— 2 =0. 
Factoring, (p- 3)(p+7)=0. 

ie: Hy 2 —8 = B3o0r — 7%. 

x —3=49 or 49. 
~ @ = 12/or 52, 

47. 92-6. 2¢@—-1=8. 
Adding — 1, Ie 12.6) Peat = 
Put p for ./2” — 1 and p? for 2% — 1. 
Then, transposing 7, p—-b6p—-T=0. 
Factoring, (p—T(p+1)=90. 


= Pa bes ies 
2a —1= 49 or 1. 
ete PONOLe 


@=11 —3,/z+%. 


a+7+8j/e+7—18=0. 


Put p for ,/z + 7 and p? for # + 7. 
Then, 


48. 
Adding 7 and transposing, 


p+3p—18=0. 


Factoring, (p — 3) (p + 6) = 0. 
2 p= j/e+7=80r-6. 
z+ =9 or 386. 
i= Or 20. 
49. a+ 2/e + 3 = 21. 
Adding 3, 24+38+4+2/e+3= 24. 
Put p for ./z + 8 and p* for # + 3. 
Then, N pe + 2p = 24. 
Completing the square, p+2p+1= 26. 
p+1=+5. 


. p= /e+3=4or — 6. 
z+ 8= 16 or 86. 
ees BOER 


Key Acad, Alg. —17 
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50. 2a—3 /2@+5= —5. 
Adding 5, - 224+ 5-—3,/20+5=0. _ 
Put p for /22 + 5and p? for 2% + 5. 
Then, p—3p— 0 
Factoring, p(p— 3) = 0. 
a p= Ors; 
that is, /22+5=0or3. 
2%2+5=0Oor9. 
Solving these equations, z= — 3or2. 
51. a+ a./e—72=0. 
Put p for x,/2, or 2, and p? for a’. 
Then, pP+p—2=0. 
Factoring, (p — 8)(p+ 9) = 0. 
-. p=8 or — 9, 
that is, a? =8or —9. 
Squaring, x — 64 or 81. 
Taking the cube root, x = 4or 82/3. 
Other roots may be obtained as in Ex. 19. 
52. w'—§e3 +4=0. 
Multiplying by 2°, 1—5a? +42? = 0, 
Put p for 2 and p? for 2. 
Then, 1—i5p+4p?—0. 
Factoring, (pl py 
DOT. 
that is, a =1ord. 
«=lory 
58. See next page. 
1\? 1 5 
54, a+ 7) —2(c 3) =? 
| x, a 2 4 (1) 
Put p for x + land p* for (2 + i 
Then, p—2p= 3. (2) 
Completing the square, p—2p+1=2. 
p-1= +}. 
*.p = for — 3, (8) 
that is, e+ d = 5 or — ue (4) 
Clearing equations (4) of fractions and transposing, 
2a7—5a+2=—0 (5) 
or ; s : 2a2+274+2=0. (6) 
Factoring (5), (ve — 2)(2@—1)=0. 
COL i. 
Solving (6) by the formula, § 295, wa ltl 4-3-8 
2-2 


=}(—1+4./— 15). 


Hence, x= 2ortord}(—1+./— 15). 
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58. ie = a8 
x Ay 
Put p for = 12 4 and p? for aa Nes 
a 
Then, (ade 33, p+ 8p—38=0. 
Factoring, (p — 8) (p+ zat ==) 
= 3 or — 11, 
that is, ee Se ae 
x 
ey a eet 
x 
*. @=3or — %. 
Page 301 
4 2\ 2 2 
a Ais 
Put p for £+ a we and p? for (H ze i 
z 
Then, pe+%p=8. (2) 
Completing the square, p+2pt+1=9. 
p+1=4+3. 
*. p=2or — 4, (8) 
; Leones 
that is, 2or — 4 (4) 
z 
Clearing equations (4) of fractions and transposing, 
Uh yee ail) (5) 
or e+4e¢4+1=0. (6) 
‘-’ Factoring (5), (7 —1)(#—1)=0. 
.@w=lorl | 
Soiving (6), @=—24.,/8. 
>. Hence, the roots of (1) are 1, 1,.and — 2 + ./8. 
56. See next page. 
5%. See next page. 
58. Poe balfoat +2a3=0. 
Put p for (2 — a)3 and p? for (« — ae 
Then, p—Baip + 2ab=0 
Factoring, — @—aho 2a) = ; 
ene =; : p= (e@ — a)F = a? or 2a’. 
Cubing each member, 2—-a=aorsa. 
“@ = 2a0r9a. 
59. Let 2 => — 1. 
Transposing, e+1=0. 
_ Factoring, (2 Ho) ae a y= 0. 
Equating each factor to zero and solving, x=—lori(1+ {38 3). 


‘Henée, the three cube roots of — 1 are ~ 1, 3 (1+ ./— 3), and} 1 L (poe 7228). 


2 


ie) 
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“ tay-sy-$ ® 


1-2 1—2\? 
Put p for a and p? for f=) 


Then, adding 4 to each member, p—4p+4= #3. 


p=2= 214 
1— 17 ul 
A Pp i =) ee — re or — re 
MOR RS a 
2 a 4 °% 4 
Completing the square, Er aa : + ‘ = S or 0 
iby eat 3 
=— == +-,/2 0 
fe ‘s 5? one 
evel 1 
Hee ieee att | = 
= + 8/2) or 5 
ti Ese Se or 2. 
1438/2 
@ 8 F 88) (1 + 8) _ 8 _yag 
143/2 (1438/2) 0 F382) ieee AY 
Hence, the roots of (1) are 2, 2, %(— 1 + 3/2). 
1\2 5 ul ‘ 
57. = — —(@—-|=1 
(2 2 +3 (2 ;) 1 (1) 
P eel rsa, 1\2 
ut p for « — = and p? for (2 _ ;) . 
z 
Then, P+ ipa. (2) 
Clearing of fractions, etc., 6p? +5p—6=0. 
Factoring, (2p + 8) (8p — 2) = 0. 
: 1 Saas 
. =rt--= - - —e 
‘ 4. = 78 ®) 
Clearing equations (3) of fractions, and transposing, 
2024+ 3x%7—-—2=—0 (4) 
Tr 38a —27—3=—0. (5) 
Factoring (4), (2@—1)(@+ 2)=0. 
Se = or 2 
Solving (5) by the formula, § 295, @ = et a/4 = a2 — 8) 
=}4(1 + ./10). 
Hence, w= tor—2ori(1 + ./10). 
58, 59. See preceding page. 
60. Let = — 8, 
Transposing, e+8=0. 
Factoring, (w@ + 2) (a —22%+4+4)=—0. 
Equating each factor to zero and solving, 2= —2ori + a/— 3. 


Hence, the three cube roots of — 8 are — 2,1 + ./— 8, and1 — /— 3. 
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61. Let at = 1. 

Transposing, a@—1=0. 

Factoring, (w@—1)@+ 1) (@+1)=0. 

Equating each factor to zero and solving, a=lor—tor+./-1, 
Hence, the four fourth roots of 1 are 1, — 1, ./—1 and — Naas 

62. a8. — 2823 + 27 = 0. 

Factoring, (x? — 1) (#8 — 27) = 0. 


(vw — 1) (a? + @ + 1) (@ — 8) (22 + 8274+ 9) =0. 
Equating each factor to zero and solving, oo 
e=1,4(—14 /—3), 3, $(—14 /—9). 


63. 0 — sa Ts 
a 

Clearing of fractions, etc., a — 722-8 =—0. 

Factoring, (a8 + 1) (28 — 8) = 0. 


(w@ + 1) (w? — w + 1) (@ — 2) (@? + 224+ 4) =0. 
Equating each factor to zero and solving, 


Pete Aa) 8, Le fe 8: 


64. zt+—16=0. 

Factoring, (% — 2) (@ + 2) (@ + 4) = 0. 

Equating each factor to zero and solving, @~=+2,4+2/—-1. 
65. zt + 22% — x = 30. 


Extracting the square root of the first member as far as possible, it is 
found that the first member lacks + of being the square of a? + 2 — 3. 


Adding i} to each member, 
at4+2a—a+}=142. 
Extracting the square root, 


e@+te—-to=+H. 
.. 2+ 2=6or— 5. 
Solving these two equations, w= 2or —8o0r}(—1 + ./— 19). 
66. at—423+ 8a= — 3. 


Extracting the square root of the first member as far as possible, it is 
found that the first member lacks 4 of being the square of 2? — 2a — 2. 


Adding 4 to each member, a —4e8 + 8e4+4=1. 


Extracting the square root, Oe) ented 

Adding 8 to each member, w—2e%+1=4o0r2. Mi 
Solving these two equations, a= 38or—lorl+ /2. 
67. at —2a%+ v= 182. 


Extracting the square root of the first member as far as possible, it is 
found that the first member lacks } of being the square of 2 — 2 — }. 
Adding } to each member, at — 24% + a+ }= 5}. 
Extracting the square root, a—ea—1= + 33. 
*, @ — @ = 12 or — 11. 


Solving these two equations, a =4or — 80r} (1 +./— &). 
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68. xt — 623 + 27a = 10. 
Extracting the square root .of the first member as far as possible, it is 
found that the first member lacks °} of being the square of 2? — 3a — 3 
Adding 8} to each member, 
ae zt — 6a8 + 2a+ BP 


telko 
i . 


Bas Secs LT. ae yea 
Extracting the square root, 2—8a—$=4 4. 
a dt — 1OOre— ii, 
Solving these two equations, 2 =5or — 2ori(3 + ./5). 
69. a+ 2208 + 5a?+ 4a — 60=0. 


Extracting the square root of the first member as far as possible, it is 
found that the first member lacks 64 of being the square of #2 + z + 2. 
Adding 64 to each member, 
w+ 2034 5024 4a7+44= 64. 
Extracting the square root, 2@2+a%+4+2= +8. 
a+ 2%=6or— 10. 
Solving these two equations, x = 2 or — 8 or 4(— 1 +./— 39). 


70. wa+6e24+ 7a2—-6r—8=0. cf: 

Extracting the square root of the first member as far as possible, it is 
found that the first member lacks 9 of being the square of 22 + 32 — 1. 

Adding 9 to each member, 

w+6a+7a2—6r+il =9. 
Extracting the square root, Ot — oe 
. z+32=4or — 2. 
Solving these two equations, 2 = Lor — 4 or — 1 or — 2 


71, x — 623 + 15a%—18%+8=0. 
Extracting the square root of the first member as far as possible, it is 
found that the first member lacks 1 of being the square of 22 — 32 + 3. 
Adding 1 to each member, 
2+ — 6234 1522-18249 


Extracting the square root, w—32+3 = abuik 

CoG = = 120K 4. 
Solving these two equations, 2 = lor Sort +, f= 2): 
72. x — 1028 + 35a? — 50a + 24=0. 


Extracting the square root of the first member as far as possible, it is 
found that the first member lacks 1 of being the square of 22 — 5a + 5. 
Adding 1 to each member, 
x — 10 a + 35 2? — 50@ 4+ 25 = 1. 


Extracting the square root, e@—5ea+5=41. 

a? —5e¢= — 4 or —6. 
Solving these two equations, «=1or4or2or3. 
73, 16 at — 808 — 8122+ 82+ 15=0. 


Extracting the square root of the first member as far as possible, it is 
found that the first member lacks 1 of being the square of 422 — » — 4. 
Adding 1 to each member, 
16 at — 823 — 381224 8¢%4 16=1. 
Extracting the square root, 4a2—@—4=>4 1, 
4a? —x=5or8. 
Solving these two equations, «= —lorforlor —8, 
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74, 4a —4e3—Te?+ 424+ 3=0. 

Extracting the square root of the first member as far as possible, it is 
found that the first member lacks 1 of being the square of 2 27 — zw = 2. 

Adding 1 to each member, 


4at — 493 — ee ae 
Extracting the square root, 202 —a—2= 41. 
2a2—2=s0r 1. 
Solving these two equations, x = — 1 or 3 orl or = jf. 
75. Saue = w+1 = Alive (1) 
z+1 a 12 
33 1 7 
f=, cp ahs Q 
a+1 P P p 12 (2) 
Clearing of fractions, etc., 12 p? — 7p — 12 = 0. 
pele OF BI 12 Sones 
24 3 4 
A ie ee As 3 
that is, x Op ot 3 
at is qn cS or 3 (8) 
Clearing of fractions, etc., 3822 —4 e —4=0 (4) 
or 424 382+4+3=0. (5) 
Factoring (4), (v — 2) (8a = 2) = 0: 
ieee Olen 
Solving (5) by the formula, § 295, piie-wace ae poets 
eSique = BS B+ is 39) 
Hence, ; a—2or —2or}(—8 + ./— 39) 
gt @ orpees = 
— 2 e+e 
If aes py (ee 1 ae ee 
Clearing of fractions, etc., pe—2p+1=0. 
Se = dete Olea; 
2 
that is, z = f=1. 
Clearing of fractions, etc., ge4+g¢@—2= 
Factoring, (@ — 1) (@+°2) = 0. 


*. 2 = 1 or —2, 
Each of these wunabers occurs twice as a root. 


a2+4+1 Ae). 
pe 4 Bela? 
24 ib Beals 
If w+ i =, p + ae 
4 E Pe Dec ae 
Clearing of fractions, etc., 2p? -5p+2=0. 
Factoring, (p — 2) (29 — 1) = 0. 

ie ele 06 

p= —— =2or-: 

4 2 

Clearing of fractions, etc., z= "or 1. 


Ste + 4/7 or +1. 
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e+2, 2(%+4)_ 51. 


bs Pde ee mes 
aol 
f z+ 2 = 9, Be ls ite 
Serums ee a 
Clearing of fractions, etc., 5p? — 51p+10=0 
Factoring, (p — 10) (5p — 4) 0) ; 
a+2 
Boe ie = 10 or =- 
v+a4 5 
Clearing of fractions, etc., 102?—2#+38=0 
or w@—5a¢a—-6=0. 
Solving (4) by the formula, § 295, oa om 2s 2 
= 3 (1 + /— 1519). 
Factoring (5), (a — 6) (@ + ie 6. 
“. @#=6 or — = 
Hence,. 2 = 6 or — : or +> As + ./— 1519). 
16: +t 4(@—1)_ 
a—1 w+ = 
iTett— »: pee. 
a—1 Dp 5 
Clearing of fractions, etc., 5p? — 21 p — 20 = 0. 
Factoring, (p — 5) 1 P, + 4)=0. 
; = stn! =5or — 4. 
z—1 5 
Clearing of fractions, etc., v—5x+6=0 
or ba2+4z%74+1=0. 
Factoring (4), (@ — 2) (@— 3) = 0. 
eG =e Osos 
Solving (5) by the formula, § 295, Wee SS 4 + SS ie 2 
=1(—34 Ne ‘ 
Hence, z=2orsort}(—2+ ./— 1). 
Page 302 
80. Aan are AG Se a 
: w—1 * x 6 
If H#—1 =p, ti p=—%. 
Pp 
Clearing of fractions, etc., 6p?+ 189+6=0. 
Factoring, (2p + 3) (8p + 2)=0 
2s = 
. pat a Books 
, e 2 3 
Clearing of fractions, etc., 222+ 3x7—2=0 
or f 8a2+2a—38=—0. 
Factoring (4), (2@— 1) eo + oe ah 
«=tor —2. 
Solving (5) by the formula, § 295, 10) ema = = -- 3 (= 3) 
=}(—-1+ “i 
Hence, 2=ior—2ord(—1+ 


(1) 


(1) 
(2) 


(3) 


(4) 
(5) 


(1) 
(2) 


(8) 


(4) 
(5) 


— 
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81. Pare 5 [pao eee os eee 
e+e+l 8 
If a2ie+i=p, pa. 
ps 
Clearing of fractions, etc., 3p?—8p—3=0. 
Factoring, (p — 8) (8p+1)=0. 
“ p=a+a2+1=s0r— 
Transposing, etc., we+ue—-2=0 
or 8227+ 3824+4=0. 
Factoring (4), (@ — 1) (a+ 2) = 0. 
se = 1 or — 2. ks 
Solving (5) by the formula, § 295, pat io ne 4:8. 
=—4t4+}h/-39. 
Hence, z=1lor—2or—}+} 
82, a—38a+ Ee, ik 
z27—382+42 
Adding 2 to each member and substituting p for z? — 32 + 2, 
Clearing of fractions, etc., pe—-3p+2=0. 
Factoring, (p—1)(9—2)=0. 
 p=e—3x+2=1 or 2. 
Transposing, etc., : a—3e+1=0 
or 2 —32=0. 
Solving (4) by the formula, § 295, ge be J 4it 
: =}(8 + /9). 
Factoring (5), v(@ — 3) = 90. 
ee OOo. 
Hence, a= 0or 8 or } (3 + ./5). 
83. (A pee I 
a? —2x2—6 
Adding — 6 to each member and substituting p for v2 — 22x — 6, 
proas. 
Clearing of fractions, etc., p>—5p+6=0. 
Factoring, (p — 2) (p— 3) =0. 
“2p = 2% — 24% —6=2or3. 
Transposing, etc., 2 —2¢-—-8=0 
or —2x2%—9=0. 
Factoring (4), es —4)(@+ ts =), 
“. @=4or— 2. 
Completing the square in (5), a —2a+ fo = 1) 
@—-1=+./10. 
eal rt Pa AUC 


Hence, a@=4or ~-2or1 + ./10. 


(3) 


(5) 


26 


or 
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9 
84. 2 —— ale al 
Oe we (1) 
Adding — 4 to each member and substituting p for a? — 2 — 4, 
Pee. (2) 
Clearing of fractions, etc., p—3p+2=—0. 
Factoring, (p — 1) (p — 2) = 0. 
mo DP = — Bi — 421 OF 2. (3) 
Transposing, etc., ; 10 10, = 0 (4) 
a — ¢ — 6 — 0. (5) 
Solving (4) by the formula, § 295, a pe ce Wer Sek ew) 
= 2i(Le eo 
Factoring (5), (@ — 8) (@+ 2) =0. aes 
“. &©£=83 or — 2. 
Hence, acs. ss. @ = Bor — Zor} (1 + ./21), 


85. EE Ste a 
v—2e+1 
Adding 1 to each member and substituting p for 2? — 22 +4 1, 
Clearing of fractions, etc., pP—hp+4=0. 
Factoring, (p—1)(p-—4)=0. 
Se Di Oe eon. 
Extracting the square root, C= eh Ore) 
v) ®=2or0or3 or —1. 
1 2 
86. So <= 
iteve* Fate (1) 
Let /i+ 2+ a=p 
1 ‘ 
Then, aes 3=0 (2) 
| Factoring, i _ 1) (= + 3) =0 
Dp Pp 
; u = Lor — 8, 
jo) oa 
whence, | p= al + v+a%—=1or—4t (3) 
Squaring, Ta ea = Vork (4) 
From (4), we+e=0 (5) 
or : ge = 18 (6) 
Factoring (5), x(~+1)=0. 
4 « #2= 0 0r 4. 
Completing the square in(6), 2 +a4+1=— 33. 
Ss ee 88: 
Hence, «= Oor—lor—i4+ jaf = 28 
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Substituting (4) in (2) and solving, 


11. See next page. 
12. 


‘Squaring (1), 
Subtracting (8) from (2), 
Adding (4) to (2), 


From (1) and (6), 
and 


a Page 303 
2. e+ y= 20, 

a t= 2y. 

_ Substituting (2) in (1), 4y? +. 42 = 20. 

_ ‘Solving (8), Y= + 2. 

.) Substituting y = 2 in (2), x= 4, 
Substituting y = — 2 in (2), CS 4, 
Hence, when « = 4, y = 2; whenz = — 4,y = — 2. 

3): 1 10% +y=38 xy, 
¥ —L= 2. 
From (2), y=rx+2. 
Substituting (8) in (1), 10%7+%74+2= 3 2 (@ + 2), 
Solving (4), v= 2or—4. 
- Substituting (5) in (3), y = 40r3. 
l4 z+ ay = 12, 
oy | “Z—y=2. 
‘From (2),- yY=xz—2 

: Substituting” (3) in (1), a2 4+ a (@ — 2) = 12. 
Solving (4); x= 3 or — 2. 
Substituting (5) in (8), y=1lor—4. 
5 i v= 6—y, 

: e+ y= 72 
Substituting ro) as (2), 
6— 108 y + 18 — y+ Y= 72. 
y—b6y+8=0. 
Solving (3), y= 4or2. 
Substituting (4) in (1), 2 — 2 0r4, 
vy (vw — 2y) = 10, 
6: 2 i eal 
Substituting (2) in (1), ete e—2y=1 
From (8), a=2y+1. 
Substituting (4)-in (2), e y+1)y= 10. 
’ Solving (5), =. OL — 3, 
‘ ’ Substituting (6) in (4), 2=5or—4. 

a, 8e(y + 1) = 12, 

: 3a = 2Y. 
Substituting (2) in (1), 2y(y + 1) = 12. 
Solving (8), y = 2or — 38. 


2 = 4 or — 2. 


Page 305 
Ap terete) 
a + y? = 34. 
a2 + 2ay4+ y? = 64. 
— 2ay = — 30 
e—Qay+y=4 
Se Bie pete Os 
a = 5 or 8, 
y=s3ord 


267 
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1 Se ee 50, (1) 
: TY == te (2) 
Multiplying (2) by 2, 2ay = 14. (8) 
Adding (8) to (1), z+ 2ary+ 7 = 64. (4) 
Subtracting (3) from (1), x? — 2ay + y* = 36. (5) 
From (4), r+y=+8. (6) 
From (5), z—-y=+6. (7) 


Since (4) and (5) are derived separately, neither from the other, 
from (6) and (7), bas go | v+y—8, as TEAS Mame r+y=—8, 


y=6 t—y=— zc—y=—6, z—y=—B6. 
From these equations, 7 feel bs by Saad bm fe 
and y=1,7, —7, —1. 
13. See next page. 
e+ y? = 13, 1 
14. Lope arts 3} 
From (2), r+y=11 — zy. (8) 
Squaring (8), a+ 2ary + y? = 121 — 2ay + xy. (4) 
Subtracting (1) from (4), 2 ay = 108 — 22azy + 2y?. 
xy? — 24a2y + 108 = 0. (5) 
(xy — 6) (wy — 18) = 0. 
iv 2Y— 6 OTIS: (6) 
Subtracting (6) a (2), ez+y=dor — 7%. (7) 
Multiplying (6) by 2ay = 12 or 36. (8) 
Subtracting 2 zy = 2 from (1), 2? — sae +y=1, 
whence, —y=+1. (9) 
Subtracting 2 zy = 36 from (1), 22 — 2 a +y2 = — 28, 
whence, a—y=+./— 28. (10) 


e+y—5, =~ 
Where 650 0 Vey When ay = 18,49 7 9 = . 


y= + ./— 28. 
From these equations, Ri 3,2, 4 3 —7T+ a/— 28 23),4(-—7- /= — 28); 
and y = 2,3, 3(—7— /— 28), 4(—7 + /— 28). 
me at+ y= 17, (1) 
- r+y=s. (2) 
Raising (2) to the fourth power, 
x + 4a8y + 6 a2y? + 4ay3 + yt = 81. (8) 
Subtracting (1) from (8), 4a8y + 6 a2y? + 4243 = 64, (4) 
Dividing (4) by 2, 2 ay + 3 2y2 + 2ry = 82, (5) 
2ay x square of (2), 2a8y + 4227? + %ay® = 18 ay. (6) 
Subtracting (5) from (6), xy? = 18 cy — 82. (7) 
Solving (7) for zy, xy = 2 or 16. (8) 
Squaring (2), w+ 2ayty=9. (9) 
Subtracting 4 zy = 8 from (9), w—2ay+y=1, 
whence, e—-y=+1. (10) 
Subtracting 4 vy = 64 from (9), xv — 2ay + y? = — 55, 
whence, , @—y=+./— 55. (11) 
oy = C+ y=o, t+y=83, 
ee teed When =10 46 yo JOB 
From these equations, x = 2, 1, }(8+ ./—! 55), 5 (8 — ./— 55); 


and y= 1, 2, 3(8 — /— 55), (8 + /— 58). 
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Ly == 19; 

~iat i 8 4 ye = 248, 

Cubing (1), B+ 8ar%y + Bay? + 3 = 729. 

Subtracting (2) from (3), 3 ay + 3 ay? = 486. 

xy (x + y) = 162. 

Substituting (1) in (4), 9 zy = 162. 
PCy = Bs 


Squaring (1), 


w+ 2ay + y* = 81. 


Subtracting (5) x 4from(6), 2?— 2ay + 4=9. 


From (1) and (7), 
and 


16. 


From (2), 
Squaring (8), 
Subtracting (1) from (4), 


2 y= + 3: 
v= 6 Or a; 
y = 38 or 6. 


ee ee 


w+ay+y?=7. 
e+ P= F— ay. 


a+ 2a? + yt = 49 — 14 zy + 24/2. 


vy? = 28 — 14 ay + ay. 


Solving (5) for zy, ry = 2: 
Adding (6) to (2), + 2ay + y2=9, 
whence, e+y= +8. 
Subtracting (6) x 3 from (2), 22 — 2ay+ ¥2=1, 
whence, e—-y= +1; 
Since (7) and (8) have been derived separately, we have 
e+y=3, e+y=3 .fety=—3, a+y= 
ie ey ey, cag 
From these equations, e= 261, —l;,— 2: 
and y=1, 2,-—2,—-1. 
Page 306 
ay + 34? = 20, 
AB: Je ey = 6 
Assume x = vy. 
Substituting (3) in (1), oy? + 3 y? = 20. 
Substituting (8) in (2), vy? — 3 vy? = — 8. 
20 —8 
5 ye — = 5 
From (4) and (5), y = rag a 
Clearing of fractions, etc., 50? — 130+ 6=0. 
Factoring, (o — 2) (50 — 38) = 0. 
*, 0=2or i, 
Substituting 2 for v in (6), y = 2 or — 2, As 
whence, by (8), e2=4or—4 } when =e 
Substituting 3 for o in 6, y = 3/2 or — 3x2, | when ois 
whence, by (8),. = ./2 or — ,/2, 
= 4, —4, ./2, = ./2; 
Hence, ‘ Ae a= 4, ee ae 
y 4, pom = 2, B KE 
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“75 
—1, 


3 


5: 


(1) 
(2) 
(3) 


(4) 


(5) 
(6) 


(7) 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 


(7) 
(8) 
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fay z+ ay = 12, (1) 
19. j ay +2y2=5. (2) 
Assume LS vy. (8) 
Substituting (8) in (1), py? + vy? = 12. (4) 
Substituting (8) in (2), vy? + oe 5. . (5) 
2 — = : 6 
From (4) and (5), = ae ree (6) 
Clearing of fractions, etc., 50? — 7» — 24=0. 
Factoring, (o — 3) (50 + Sr 0! 
. o=9 or — &. 
Substituting 3 for v in (6), y: =1lor-1, : i= 
whence, by (8), 2 = 3 or — 3, fee ian: 
Substituting — § for v in (6), y = 3,/2 or — 3 R, { when pegs 
whence, by (3), a = — 4,/2 or 4,/2, 
\ Hence 2 = 8, — 8, 4/2, an < 
 esaren «aj 
ie ay — y= By. (2) 
Assume x= vy. (3) 
Substituting (8) in (1), oy? + 242 = 44, (4) 
Substituting (3) in (2), vy? any ay = 8. : (5) 
: 5), Yes - 6 
From (4) and (5) y rash raby (6) 
‘Clearing of fractions, etc., 207 — 117+ 15=0. 
(0 — 8)(80— 5) =0. 
“. 0 = 3 or 3 
Substituting 3 for v in (6), y = 2 or — 2, = 
whence, by (8), po 6or 6 { when = 
Substituting 3 for 2 in (6), y =4./8 or — $./3, eae 
whence, by (3), a = 12./3 or — 12,/8, 
= 6,6; 420/8, — 39, /8: 
H - x ? 2 “SALY 3 ’ 
fey oe) ! ¥ eS 2, a 2, 4, /8, aa 4/8 
ef — ny — y? = 20, (1) 
21. lean en ee (2) 
Assume OD Oy: (3) 
Substituting (8) in (1), oy? — oy? — y* = 20. (4) 
Substituting (3) in (2), wy? — 3 oy2 4+ 242 = 8. (5) 
geet 
From (4) and (5), 2 — EES Ee 
(4) (6) aS Pups 1s P80 + 2 wh 
Clearing of fractions, etc., 302 —1380+4 12= 0. 
Factoring, (o — 3) (80—4)=0. 
g : 6) “0 OS S100 ¥- 
ubstituting 3 for » in (6), y= 2 Or — 2: 
whence, by (3), 2 — 6 or — 6, when UVES 3. 
Substituting ¢ for 2 in (6), = 6./—1or=6/=1, 
whence, by (3), ee = 6d = 1 ore ee tes if jill? =t 
Hence, for Nee 
y = 2, — 2, 6/ uf Ji 1. 
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22. a — ay + y* = 21, (1) 
Ge 24? = 27, (2) 
Assume @ = vy. (3) 
Substituting (8) in (1), wy? — vy? + y? = 21. (4) 
Substituting (3) in (2), vy? + 2 y? = 27. (5) 
21 27 
Fr 4 d (5 p 2 — = Sa 
om (4) and (5) pag ash (6) 
Clearing of fractions, etc., 202—9»--5=0. 
Factoring, (v — 5) (20 + EY ee 1) 
- »=5o0r — 4. 
Substituting 5 for » in (6), UirAlrye 25) G 
whence, by (3), pabo = jrame=s 
Substituting —} for o in (6), = 2,/8 or — 2./3, | when Atay 
whence, by (38), a= — ./8or ./8, 
a= 5, — 5, /8, - /83 . 
Cai ¥y Re a Ae 2, /8. 
Assume “@ = i (3) 
Substituting (8) in (1), 2 0?y? — 3 ay? + 2y? = 100. (4) 
Substituting (3) in (2), ae, — P= ee (5) 
100 
E 2 — = . 6 
From (4) and (5), y Se, Peg re ER (6) 
Reducing (6), 20—9v+ 10=0. 
Factoring, (o — 2) (2% — 5) = 0. 
® = 2 or 3. 
Substituting 2 for v in (6), ¥ = 5or — 5, i) 
whence, by (3), 2 = 10or — 10, t when » = 2. 
Substituting } for o in (6), y = 49./Tor— 32/4, } ee or 
whence, by (8), a = 43. /7 or — 38, /%, 
Page 308 
at Ye = Oe, (1) 
29. | i eee. (2) 
Squaring (2), a — 2ay + y? = 25. 
Subtracting (8) from (1), 2ay = 28. (4) 
aaitiig (4) to (1), Pe aya SL, 
whence Kae Mes ae ty) (5) 
Ron (5) and (2), z= iT or — 2, 
and ¥ =2or — 7. 
a? + y8 — 28 1) 
30. j x We = 4 e) 
Dividing (1) by (2), e—ay+ y=. 
Ss aaeiie ), : 24+ 2ay + y? = 16. (4) 
a eages (3) from (4), day —9, 
whenc cy ot (5) 
Subtracting (5) from (38), gw —2ay+y=4, 
wh @—y=+2. (6) 
ok (2) and (6), ~ =o 0r tl) 
and a y=1or3 
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Be ap if 
81. g+y%= 61. 
Substituting 1 + 2 for y in (2), 2+ i ri 24+ ape = = 
+e =30= 
Factoring, pe - 3) (@+ a = 0: 
Substituting (8) in (1), fe = 6or — 5. 
( Leer, 
Se. 4144 9=% 
t 2 
Dividing (2) by (1), et ge lsy e 
. . . 1-2 2 
Substituting 1+ @foryin(3) lL—@+2= ae 
Reducing (4), w@—2¢r4+1= : 
. £> 
Substituting (6) in (1), Ve 


= 5or — 6. 


(4) 


(5) 
(6) 


Since « —1= 0 occurs twice as a factor of (5), the roots of the given 
equations are z= 1,1; y= 2, 2 


33 z+ y? = 40, 

‘ Ty = 12. 

pecs (2) x 2 to (1), w+ ey t+ y= 64, 
whenc r+y=+8. 

Auntracting (2) x 2 from (1), 22 — 22y+ y = 16, 
whence, e—-y=ts 


Solving the four sets of equations given in (8) and (4), 
a= 6, 2, — 2, — 6, 


and y = 2, 6, — 6, — 2. 
84. See next page. 
w+ Bay — y? = 48, 
ae e+ 2y= 10. 
From (2). x=10-—2y. 


Substituting (8) in (1), 
100 —- 40y + 4724+ 30y—-—6y— Y = 48. 
By? + 10y — 57 =0. 
(y— st Da ~ ='0! 


= 3 or — 42. 
Substituting (4) in (8), ee =4or &. 
36 w+ ay+ y?=19, 

‘ z — x8 = 19. 
Dividing (2) by (1), @—y=1. 
Squaring (8), w—2ay+ yr=1. 
ee (4) from (1), 3 ay = 18, 

whenc ty — 6, 
mote (5) to (1), a+ 2ey + y? = 25, 

whence, e+y=++65. 
From (6) and (3), x= 3or — 2, 

and y = 2 or —8. 


(1) 
(2) 


(3) 
(4) 


308] 


34. u(@+y)=2, 
ae aa AY) = 
It is evident that 2 = 0 satisfies ay” 
» Substituting 0 for 2 in (2), —7 = — 
Eee Y= 
Dividing (1) by 2, a+y=i. 
Multiplying (4) by y, y@+ty=y. 
Subtracting (2) from (5), 2y=y 
2y¥—y-1=0. 
a TS ea aes 
7 — 
Substituting (6) in (4), 20 
§ t= 0, 2 0, 3 ? 
Hence, ein ee 1,1. mee 
w+ 3 ay = y? + 28, 
37. j geet 
From (1), a (e+ 3) = 
From (2), 


Substituting (4) and (2)in (8), (9—3y) 9 = = =¥ oo 3 


y+ Wy — 58 =0. 
Factoring, (y — 2) (y¥ + es 10" 
- y= Bor — 29. 
Substituting (5) in (4), z= 3 or 96. 
2a7 + vy — 5 y? = 20, 
SB Qe Sy = 1. 
From (2), 2¢2=3y+1. 


Multiplying (1) by 2 
Squaring (2), 
Subtracting (5) from (4), 


oct 2ay—10¥= 
4a 


Ty—39=0. 
Factoring, iy _ #5) 2 yt oe = . 
: ay 
Substituting (8) in (8), a=S5or— 
(2 ae 4a _ 21 
39. 1 2° y 
ey) 
; a 42 
Completing the square in (1), P + i + 4= 25 
Extracting the square root, ; 2 == £2), 
Solving equations (4) for 2, e=8yor—7Ty 
Substituting 3 y for 2 in (2), T= il, 
whence, x h 
Substituting — 7 y for @ in (2), — 4, 
whence, oy 4. 
t=, q ; 
Hence, ie = is as 4, 


Key Acad. Alg. —18 


= oP + 28. 
— sy 


40. 

— 12ay+9y=1. 
14 ay -- 19 y? = 39. 

Substituting (3) in (6), 7 (38 y i me y — 197? = 39. 


QUADRATIC I cee 
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“§ a2 — vy = 48, (1) 

e : ee (2) 
From (1), u(a — y) = 48. (3) 
_ From (2), y (@ — y) = 12. wee atta (4). 
~ Dividing (3) by (4), ; = 

oni — ie (5) 
Substituting (5) in (2), 4y? — y? = 12. 

“. ¥ = 2 or — 2. (6) 

) Substituting (6) in (5), z=8or—8. 


Norte. — Since the equations are homogeneous quadratics as far as their 
unknown terms are concerned, we may assume that z= vy. Assuming 2 = vy 
as a third equation, it is found that »=1or4. In the above solution only 
the value v = 4 is considered. If v= 1, then x = y, and (8) and (4) become 
a-() = 48 and y*0 = 12, that \is,2=4%andy=12. The interpretation of 
such expressions will be given later: Such roots are called infinite roots. 
The symbol for an infinite number is ©, read ‘infinity.’ 


2? + wy = — 6, (1) 
41. ; zy + y = 15. (2) 
.} From (1), u(@z@+y)= — 6. (3) 
From (2), y(@+y)= 16. (4) 
Dividing (4) by (3), 22 3, 
£ 
whence, Y= — 3a. (5) 
' Substituting (5) in (), vw — §g2 = — 6, 
Tabet & = 2or — 2. (6) 
Substituting (6) in (5), y= —5or5. 
If @ = vy, v0 = —1or — 2, The value » = — 1 gives rise to infinite roots. 


See note, Ex. 40. 


42. See next page. 


j is ge _ 4) = 8, Rash (1) 
Et |e th th (2) 
Assume 2= 0 (8) 

_ Substituting (3) in (1),, . \ vy? — w? = 8. (4) 

’ Substituting (3) in (2),° ~ ~~ oy? + y? = 12. «= .(8) 

. pes 12 ; 
From (4) and (5), 42, = ——__. — a5 

, ( : y, e—»y ov+1 (6) 
Clearing of fractions, etc., 30?—57—2=0. 

Factoring, : (»o — 2) (80+ 1) =0. 
; . 0=2or—Ft 
Substituting 2 for v in (6), y = 2 or — 2, 

whence, by (3), Ca Ores { when whee 
Substituting — 4 t for. vin (6), Be = 3y2 or — 8,/2, 

whence, = — fo LP, } oe 2 
Hone) eee a 5 BB, 

y = 2, — 2, — 8/2, 8/2. 
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eh - 4ay = 96 — x72, 1 

( ch cae. ‘ (3) 

. Solving (1) for ay, zy = 8 or — 12. (6)) 
Squaring (2), a + 2ay + y= 86. (4) 
Subtracting 4ay = 32from (4), 2 —2«y+y?=4, 

peBence, y= +2. (5) 


. Subtracting 4 zy = — 48 from (4), v — 2ay + 42 = 84, 


whence, 
From (2) and (5), 
From (2) and (6), 


z—y='t 2/21. (6) 


@=A4or2 and y = 2 or 4. 
a=3+ /2lor8— ./2i andy=3— aah 


A, 223 4 9/21, 86-3 991 ; 
Hence, dl 
ces ly =2.48— 9,84 VR. 
Payee... “(1) 
ee rae (2) 
' Assume v= vy, ey *(8) 
’ Substituting (8) in (1), pry? — vy? = 6. (4) 
Substituting (8) in (2), ey? + y? = 61. a (5) 
6 61 
d 5 , 2 ——————— . 
From (4) and (6) pons (6) 


Clearing of fractions, etc., 
Factoring, 


Substituting § for o in (6), y= 6 or — 5, | eas 
whence, z=b6or—6 ( Whenv=$ 
Substituting — 7, for vin (6), y = 32./2or — 34,72, Re eG 
whence, = — 426 or i j ¥ uhaty a 
: c= 6, Cag 6, Lf, - ars: 423 
Hence, 1ya=5 Bat. ae 
A+ oy =, SR Eanes 2 Mee) 
45, ve gy = 12. ce tee fa} 
Assume v= vy. 2-8) 
Substituting (8) in (1), . wry? +. wy? s= 27,. (4) 
Substituting (8) in (2); oy? 30° = aA. ~6) 
5 = _=— —— 6 
From (4) and (5), ARS pol (6) 
Clearing of fractions, etc., 1207— 650+ 77 = 0. : 
Factoring, (40 — 2 C rv tS ==.0, : 
Ca Ol ate 
Substituting 7 for v in (6), oy =hor = 4, 
whence, ee 2 = Tor —7, i when 9 = ce 
Substituting +4 for vin 1 (8), y = §afor'—' 34/2, U when ou, 
whence, w= Id /2 or — 13,92, ) | 
1 


3 ae 3, — 2; 


5502 — 610-6 = 0. 
(50 — 6) (110+ 1). =0. 


Fone, ie a 4, wey Y i/2 Re 3! 2, Sis) feat i 
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2%—-y=2, 
46. } 22? + p ca 
From (1), y=2a-—2 
Substituting (8) in (2), 227 + 42? — i és zi 4h. 
TR Oi es 
Completing the square, gq — roe +(@?=4-—+3=. 
, e—2Z=> +3. 
*o = ALOL. 
Substituting (4) in (3), y=-—tor-1 
Page 309 
2224+ 3ay + y*? = 20, 
47. 5a? +493 = 41. 
Multiplying (1) by 41, 82%? + 123ay + 41 4? = 41-20. 
Multiplying (2) by 20, 100 2? + 807? = 20-41. 
Subtracting (3) from (1 18 z?—123 ay+39 7? = 0. 
6 a? — 41 ay + 137? = 0. 
Factoring, (8a —y)(2x%—18y) =0. 
“ @=lyor iy 
Substituting 4+ y for z in (2), y=3 or —8, 
whence, e= Lor — 1: 
Substituting 13 y for « in (2), y = 4/21 or = ¥/21 
whence, a = 33/21 or — 1B /21. 
Hence i v= 1, — 1, 34/21, — 3},/21; 
: y= 3, ge 3, ot 21, — $T4 /21. 
48. 2ay — y% = 12, 
dey + 522 = 104 
Multiplying (1) by 26, 52 ay — 26 y? = 812. 
Multiplying (2) by 8, 9 ay + 152? = 312. 
Subtracting (8) from (4), 152? — 48 ay + 26 7? = 0. 
Factoring, (x — 2y) (15a — 13 y)=0. 
“ @=2yor iy. 
Substituting 2 y for @ in (1), ¥y = 2 or — *3, 
whence, = 4 or — 4 
Substituting +3 y for 2 in (1), y = 4/55 or — 58/55, 
whence, w = 28, /55 or — 36, /55. 
Hence, } w= 4, — 4, 3§./55, — 38/55; 
y = 2, — % ,/55, — 8/55. 
49. w+ vy + y? = 161, 
w+ 4? = 106 
Subtracting (2) from (1), Help meaty, 
eins (8) to (1), x2 + 2ay + y? = 196, 
whence, t+y=+14, 
Subtracting (3) x 3 from (1), 2—2 ay + 4? = 16, 
whence, Ap se ae Uh, 


Since (4) and (5) are derived separately, neither from the other, 


a+y=14, Le baal aie sort? SH sar te on See me 


a—y=—4, w—-yr 
Solving these equations. v= 9,6, —5, — 9 
and oe By 0, = Ons fy, 


(4) 
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50. 


QUADRATIC EQUATIONS 


e+ ay + y = 84, 
a— jay+y=6. 


Dividing (1) by (2), r+ /ay+y = 14. 
Adding (2) and (3) and dividing by 2, 2 + y = 10. 
Subtracting (4) from (8), a/xy = 4, 

whence, zy = 16. 
Subtracting (5) x 3 from (1), 2? — 22y + y? = 36, 

whence, e—-y=+6. 
From (4) and (6), c= S012, 

and y=2or8. 
51 4a? —2ay+ y? = 18, 

; 823 + y3 = 65. 
Dividing (2) by (1), 2a+ y= 5. 
Squaring (8), 4a?4 day + y? = 25. 
Subtracting (1) from (4), 6 ry = 12, 

whence, 8 ay = 16. 
. Subtracting (5) from (4), 42?—4day+y7=9, 
whence, 24—y= +3. 
From (4) and (6), @ = 2 or }, 
and ya=lor4 
6024+ 6y? = 132y, 
Ze x? — y? = 20. ; 
From (1), 622 —132y + 6y? = 0. 
Factoring, (22 —2y) (Be —2y) =0. 
2 Y = £.@0r $a. 
Substituting 2 x for y in (2), x = 6 or — 6, 
whence, G— 400 = 4. 
Substituting $a for y in (2), a=4,/—1or—4 GN 
whence, a = 6,/— 1 or — 6,/—1. 


: e+y—8(@t+y)=8, 
oS: e+y+ ey =11. 
Adding (2) x 2 to (1), ge + Qay + y?— (wt y) = 30. 
Completing the square, (# + yy? — (@ + y) + % = 80} = 1}. 
Extracting the square root, ety a | 


whence, ce “e+y= 
Subtracting (4) from (2), when @ + ¥ = Qo ea 
and when z + y= — 5, xy = 16. 


To form 22 —2 zy + y?, it is necessary to su btract 2zy—3 (z+y) from 
From (5), when # + y = 6, 2ay —8(e@+y = —8. 

From (6), when z# + y = — 5, 2 vy — 3(@+ y) = 47. 

Subtracting (7) from (1), az —2Qay + y? = 16. 

Therefore, when x + y = 8, e@—-y=—+4. 

Subtracting (8) from (1), 2? —2ay+ y= — 39. 


Therefore, when z+ y= — 5, a—-y=+./- 89. 
From (9), g= dor, 
and y=1orsd. 
From (10), 2=}(—5 + ./— 39) or }(— 5 — ./— 39), 
and y = }(— 5. — /= 389) or (— 5 + ./— 39). 
o = 5, 1; 4(—5 +./= 89), (—5 — / = 89); 
Sees {= 1, 5,}(—5 —J— 89), B(— 5 + /— 89), 


(1). 

(7) 
(8) 
(9) 


(10) 
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F SO ia i 25, (1) 
4, { 9v_4y. (2) 
ie ¥ x 
From (2), Qa? = 447, 

whence, 32=2y (3) 

or 3Ba=——2y (4) 

Substituting (8) in (1), 29+ ¥(2y) + y =2 
Clearing of fractions, etc., 67 + Ty—TH=0 
Factoring, (y — 8) (6y + 25) = 0. 
Therefore, when 32 = 2y, y = 8 or — 28, 
whence, z= 2or — 4%. 
Substituting (4) in (1), —2y —3(2y) + y = 2. 
Clearing of fractions, etc., 6yY+y4+ 75 = 0. 
Solving, y= att /l— #6" = — (1 $ ./— 1799), 
whence, since 82 = — 2y, x= yy (1 = ./— 1799). ‘ 
= 2, 255 Oe 1990): (1 — /— 1799); 
Hence, oS 9 13 ( 15 
|p ae ee vs (1 + ./— 1799), — 5 (1 — ./— 1799). 
65 { tt my = 40, (1) 
: 27 + 24% = 8 ay. (2) 
Assume t= OY: (8) 
Substituting (3) in (1), vy? + as = 40. (4) 
Substituting (3) in (2), 27 + 2y? = B vy. (5) 
‘ ne 27 
F 4) and (5), 2 ————_ = . 6 
rom (4) and (5) Ogee (6) 
Clearing of fractions, etc., 27 w — 930+ 80=—0. 
Factoring, c v — 5) (9 ® — 16)=0. 
, o— 3 or 18, 
Substituting % for 2 in (6), ee 3 or — 8, Ps 
whence, x= dor —5, {when 0 = § 
Substituting 46 for o in (6), y = fy /10 or — 58, ./10, } when o= 46. 
whence, a= $,/100r — $,/10, 
esi Sp =U & ./10, — $./10; 
Hence, oS Oot »— 0/10; 
P = 8) 8,0; (10a 
xy? + vy = 24, (1) 
4 eee wee (2) 
From (1), xy (y + 1) = 24. (8) 
From (2), u(y? + 1) = 56. (4) 
Dividing (4) by (3), See =i 2 
Clearing of fractions, etc., 38 y — 10% y¥+3=0. (5) 
Factoring, (y — 3) (3 y- —1)=0. 
-y=sort (6) 
From (4), = oe : (7) 
Substituting (6) in (7), a = 2 or 54 
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] a + of = 82, (1) 
pie 4 r+y=4. (2) 
Let P= Ut 2%, (3) 
and y=u—. (4) 
Substituting (8) and (4) in (1) and (2), and dividing by 2, 
ut + 6 wo? + of = 41, (5) 
and eh, (6) 
Substituting (6) in (5), ot + 240? — 25 = 0. (7) 
Factoring, (o— 1) (0 + 1) @ + 25) = 0. 
*. o=1 or —10r5,/— 1 or — 5. /— 1. ~() 
By (8), (6) + (8) gives, z= 3orlor2+5,/—1 or2—5./—1. 
By (4), (6) — (8) gives, y= 1lorsor2—5,/—1 o0r2+5,/—1. 
58. See next page. 
59 pt ia 18S OY ase) 
: wy+ut+y=s9. (2) 
, Adding (2) x 2 to (1), etc., a + 2ay+yt+a+t ae = 156. (8) 
Completing the square, (at y?+(e@t+yt+i= Sp. 
Extracting the square root, ety+i=+ 4, 
ft y= 12 (4) 
or tt Y= — 18. (5) 
When « + y = 12, from (2), LY Oil: iareG) 
When 2+ y = — 13, from (2), ay = 52. recen( Ti) 


The square of (7 — y) — be EEE MEL by adding 7+ y — 2ay = its 
value to (1). 


From (6) and (4), x 24 y — 2ay = — 42. (8) 
From (7) and (5), _@+y—2ay = — 117. (9) 
Adding (8) to (1), a — 2ay + y? = 36; 
therefore, when z + y = 12, e—-y= +6. (10) 
Adding (9) to (1), a — 2ay+ - = £39: 
therefore, when 2 + y = — 18, a—y=+../—'89. (11) 
From (4) and (10), x =9or3and ae =O) Oot): 
From (5) and (11), # = }(— 18 + ./— 89) or 3 (— 13 — ./— 39 = 
and y = h(—18—/- = 39) oF }(— 18 + Jo 39). 
Pa Bry 84 43, (1) 
60. Sapna beans, (2) 
Subtracting (1) from (2), e+tay +y=19. (3) 
Subtracting (2) from (1) x 2, ay + 2y? = 24. (4) 
Multiplying (8) by 34 24a? -+ 2ay + 24 y? = 24-19. (5) 
Multiplying (4) by 19, 19 zy + 38 y? = 19-24. (6) 
Subtracting (6) from (5), 2a2+5ay—14y72=0. (7) 
Factoring, Bo-—2y)8e+7 oe 0. 
-@=fyor— fy. — (8) 
Substituting 2 y for a in (4), y = 3 or — 8, 
whence, rv = 2or — 2. = 
‘Substituting — 4 y for a in (4), yas 8 or — wa 
whence, Ss 3 or 2/8. 
a= 2, — 2, 4/3, — 4/3; 
Hence, Jo cigtbg tt eue 3 


i 
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is at — yt = 369, (1) 
‘ a2 — 2 = 9, (2) 
Dividing (1) by (2), g? + y2 = 41. (3) 
From (2) and (8), Ea, 
whence, w= +5; (4) 
also gy = 16, 
whence y= +4. (5) 
Since (4) and (5) are derived separately, «= 5,5, — 5, — 5, 
when y—4,—-44,-4 
thatis a= +5,y= +4. 
61 Vee ee (1) 
; w+ay+3y? =111. (2) 
Multiplying (1) by 111, 1112? — 1llay + 2229? = 111-46. (3) 
Multiplying (2) by 46, 46 a2 + 46 zy + 188 y? = 46-111. (4) 
Subtracting (4) from (8), 652? — 157ay + 84y2 = 0. 
Factoring, (6% —4y) (132 — 21 ») =(), 

; r= syoriyy (5) 
Subtracting (1) from (2), 2 ay aS me == 160; (6) 
Substituting 4 y for z in (6), y = 5or —5, 

whence, z=4or —4. 
Substituting 21 y for z in (6), y = 33,/11 or — 34,/11, 
whence, @ = 3}. /il or — #11. 
62. Teta loe aac’ (1) 
ty t+ 3y= 224 21. (2) 
Factoring (1), (@—4y)(@— 3y)=0. 
. @=4yors3y. (38) 


Substituting 4y for @ in (2), 


Factoring, 


whence, 


Substituting 3 y for z in (2), 


Completing the square, 
Solving, 
whence, 


63. See next page. 
64. 


Squaring (2), 
Multiplying (1) by (2), 


Subtracting (3) from (4), 


whence, 
From (2) and (5), 
and 


Hence, 
and 


AeF eb 4 31 0 
(y — 3) (4y + 7) =0. 


. y=dsor — i, 
2 = 12 or — ¥. 
¥F-—y=7. 
PY Pte &. 
¥=3(1 + /29) or $(1 — ./29), 
@ = $(1 + ./29) or § (1 — ./29). 
_aty=25 (1) 
Ja + Jy = 7. | (2) 
z+ 2/ey + y = 49. (3) 
22+ 2y= 50. (4) 
&— 2 /ay+y=1, 
/o— Jy = +1. (5) 
n/t = 4 or 8, 
/y = 8 or 4. 
x=16or9, 
y =9 or 16, 


iis 
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63. - es — y = 37, 
ere fy on ee ae 
Changing signs in (2), xy (v@ — Y) = 12. 


‘Dividing (1) by (8), a? + wy + y? ae 


xy 
Clearing of fractions, etc., 12a?— 25ay+ 12y=0. 
Factoring, (8a@—4y)(4a—sy)=0. 


“ Y=}@ or §F 


Substituting 3 2 for y in (8), a = 64. 
Transposing and factoring, (w — 4) (#2 +4z+ 16) =0. 
Equating each factor to zero and solving, 


a. 


@ = 4-01 2\(— n/— 8) or 2(—'1 — ./— 38), 


whence, sincey= 22, y=8or3(—1 + ./— 8) or 3(—1— ./— 8). 


Substituting 4 a for y in (2), 8 = — 27. 
Transposing and factoring, (w + 3) (22— 8a+9)=0. 
Equating each factor to zero and solving, 

a — —8or$(1+ ./— 8) or $(1 — ./— 3), 


whence, since y= $2,y = — 4 0r 2(1 + ./— 3) or 2(1 — V/— 3). 


lHlence ieccaiee 1+/—8), 2(—1—./=8), 3 (1+/—8) 
Ly =8, 4, ¢(-14./—3), 1(-1—-/—3), 201 +8) 


e+ y= 22dy, 
SY, } v2 — y? = 75. 
ire B+y_ e@—ayty _ 

Dividing (1) by (2), aie eae ‘5 = 3y. 
Clearing of fractions, etc., w—day+4y=0. 
Factoring, (a — 2y)(@—2y) = 9. 

fy reste y. 
Substituting (5) in (2), y= 5or — 5, 

whence, x = 10 or —10. 


§(1—./=8); 
,2(1—~/—8). 


(1) 
(2) 


(8) 


Since the factors of (4) are equal, each of the values in (6) and (7) is 
twice used as a root. 


66. See next page. 
peg atte 


Gis at + yt = 2. 

Let L=U+ 2%, 
and Y= —%. 

Substituting (8) and (4) in (1), u? = 5 (ve — 1), 
and in (2), ut + 6 ue + v= 1. 


Substituting (5) in (6), 56 of — 8022 + 24=0. 
Tot — 1027+ 3=0. 


(» — 1) (0 + 1) (78 — 8) =0. 


ee ee ome Wie TE3 ey Pay) Bae 

Substituting (7) in (5), u = 0, 0, + $/— 85, + #,/— 35. 
pe=ut+o=i,—1}(+2 — 85 + /21), (+ 9, [= 85 — ./21); 
ly=u—v=-1,1,4(+ 2,./— 85 — ./21), + (+ 2, /— 85 + /21). 


(7) 
(8) 
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e+ayt+2y=11, (1) 
a 222 + 5y? = 22. (2) 
Multiplying (1) by 2, 2a? + 2ay + 44? = 22. (3) 
Subtracting (2) from (8), 2ay —y?=0. (4) 
Factoring, y (2a — Are =10- 
“. ¥=Oor 22. (5) 
Substituting 0 for y in (2), e'= fll or = /f1. 
Substituting 2 @ for y in (2), = Aor: — 1 
whence, y = 2 or — 2. 


Hence, fess ie yeaa 


y =0, 0, 2, —2. 


2 2 _13 

68. { ian ace (1) 

vy — zy? = 6. (2) 
From (1), (2? + 9?) (x — y) = 18. (3) 
From (2), xy (« — y) = 6. (4) 
Multiplying (8) by 6, (6a? + 6y?) (e@—y) = 78. (5) 
Multiplying (4) by 18, 13 zy (tz —y) = 78. (6) 
Subtracting (6) from (5), (6 22 —18 zy + 6 y?)(«—y) = 0. 
Factoring, (22 —3y)(8a—-—2y)(@#-y=0. 

“. @©=syorzyory. 

Substituting 3 y for z in (4), y= 8. 


Transposing and factoring, (y — 2)(y2+2y+4)=0. 
y=2or —1+.,/—80r —1— /—8, 
whence, “g=Borf(—-14 J=3 3) or 3(— 1 — ./— 8). 
Substituting 2 y for 2 in (4), ie 
Transposing and factoring, (y + 3) (y2 —3y + 9) = 0. 
. y=— 8 or §(1 + ./— 38) or $(1 — ./— 8), 
whence, #=—2orl+ ./—8o0rl1— /—3. 
Substituting y for z in (4), 0-y? = 6. 
~ @=y=+../§=+.0. (See note, Ex. 40.) 
@= 8, — 2, #(— 1+ /— 3), #(—1— /—3), 1+ ./—8, 
1— ./— 3, +0, D, — D5 
ae p= RE Ba bey eee es 
a amy ae — 2. 


~ {e+ De + A= 65 (1) 

(@ — y) (a — y?) =5. (2) 

Dividing (1) by (2), SS + ae ie. (3) 
Clearing of fractions, etc., 627 — 13¢y+ 6427 =0. 
Factoring, (22—3y)(B2—2 es = 505 

‘ = Fy or Fy. (4) 


ad 
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Substituting 3 y for @ in (2), ay ap = 8. 
eddies and factoring, (y — 2) (y? + oy + 1) a 

ire + /— Seas, 

whence, @=8org(—1+ ./— = Hore £— J 3). 
Substituting 3 y for @ in (2), 

Transposing and factoring, (y — 3) (y¥?7+ 38y+ 9) = = . 
*. y=8 or $(— 1 + ./— 8) or 3(— 1 — ,/— 3), 


whence, ee s, eee 
(a= 3,2,3(—1+ ./—3),3 Dee arcane ty ay 3, 
Sh f8s 
Hence, | ase RSENS 
ye 2 Bea tee el eS Fi oS), 
L $(—1 — ./— 8). 
70 (are ia (1) 
2 ty = 20 Ps (2) 
From (1), transposing, . 27 + y? — (2 — y) = 42. (8) 
Subtracting (2) x 2 from (8), and completing the square, 
a —2Qaey+y?—(#@—y) +i =24+}4=2. (4) 
Extracting the square root, 2—-y—-}=+3, 
whence, 2—y = 20r, — 1. (5) 
Squaring (5), ye — 2 ay +y?=4orl. (6) 
Adding (2) x 4 to (6), es + 2ay+ y? = 84 or 81, 
whence, e+y= +2,/21or +9. (7) 
ot y=9, jety=-y, 2 Hiy = 2./21, 
arose, “| 28 ee yaad \anyoe 
or j ary ie on 2, /21, 
Solving these equations, a=4, —5,. 14/21, -1-.21 
and y=5,-—4,—-1+ 21, -1— ./21. 
" atyt W/e+ y = 24, (1) 
5 a—y+ 8/e@—y= 10. (2) 
Completing squares, t+ y+2/e@+yt 1 = 25, (8) 
and e—yt Bfe—yt f= 42. (4) 
Extracting square roots, Jt+y +y +1= = +5, 
whence, Jz +y=4or —6; (5) 
and e—-yt+sH= sth, 
whence, /@ — y = 2or — 4. (6) 
Squaring (5), e+ : = 16 or 36. (7) 
Squaring (6), a —y —4or 2. (8) 


Since (7) and (8) have been derived nee we have the equations 
a+y = 16, a+y = 16, bo ae. 2+ y = 86, 
oye or ga gran, a—-y=4 aa eae eee 
Solving these equations, a = 10, 43, 20, 3, 
and Mp = 6, a et 16, i, 
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(6) 


‘fat + y+ 6/29 + 9? = BB, (1) 
ia j ue — 9? = 7. (2) 
Completing the square in (1), Be 
e+ y+ 6/2 + y+ 9 = 64. (3) 
Extracting the square root, /2?+y+38=+8, 
whence, a/2 + ¥ = 5 or — 11. (4) 
Squaring (4), x? + y* = 25 or 121. (5) 
From (5) and (2), x? = 16 or 64, 
and y? = 9 or 57, 
: 2 == 16; 264; 
that is, i = 9. or 7p 2 57. 
From these equations, a= +448; 
and y= +8, + ./67. 
Page 310 
(wty  2@ a — ay _ 38 
78 see, e+y y—a2y 8’ () 
R a= 7 + 16, (2) 
3 2 a 2 2 2 
Since TEE EY et | = _v@(@—y) — Sa ee 1 becomes, 
y — ay ay — y (?—y) y(e+y) & 
peat poe) x per al < 
y a+y y(@+y) 8 
Uniting terms in (8), MRE oD Nd TS 4 
g (8) a oe wees (4) 
Clearing of fractions, etc., Yi tae (5) 
Substituting (5) in (2), a= % 2 + 16 
a= 2b. 
“. @®=5o0r —5, 
whence, by (5), y=3sor —8. 
xv — ay = a? + B, i 
v4. zy — y* = 2 ab. G 
Subtracting (2) from (1), 22 — 2ay + 42 = a2?— 2ad + b?, 
whence, t—y=a—bor —(a—b) (3) 
Adding (2) to (1), xv — y= a? + 2ad + W2 (4) 
Dividing (4) by (8), oty= Gt or Ge 
a—b a—b 
From (3), : zv— a (a — 6)? or — (@ — 0)? 
0 a—b 
From (5) and (6), ont Sa 
a—b a—b 
and = ab or — 2 ab . 
- a—b a—b 
75. @— 2y=2(a + b), 1 
A ‘ase 
Multiplying (1) by y, ay —2y=2y (a+ d), (3) 
Subtracting (3) from (2), 4y2=2b(b—a)—2y (a + b). 


’ 


re 
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Transposing, etc., 29? +(a + b)y+ b(a—db) = 0. (4) 
Factoring (4), (y+d)2y+a—2)=0. 
ia) = — bor° = 4. (5) 
From (1), | ex=2(y+a 8). (6) 
_ Substituting (5) in (6), zw=2ao0ra+3b. 


g (t= 2a,a+ 3b; 
> b— 
ence \y=-8 a. 


2 
76 i z+ y8 = 2a (a? + 30%), (1) 
‘ xy + xy? = 2a (a* — 0%). (2) 
Multiplying (2) by 3, Ba’y + 8 2y2 = 24 (8a? — 38). (8) 
Adding (1) and (3), a + 8a’%y + 307+ y= 24:47 = 8a. (4) 
Extracting the cube root, V+ y=24. (5) 
Dividing (2) by (5), ay = a — 0. (6) 
Squaring (5), w+ 2ay+ y= 4%. (7) 
Subtracting (6) x 4 from (7), 2? — 2ay + y= 40, 
whence, a—y= +20. (8) 
From (5) and (8), z=a+bora—b, 
and y=a—bdborat+d. 


The roots just given and others may be obtained as follows; but the 
student will not be able to perform the operations involved until he has 
studied the subject of imaginary and complex numbers. 


From (4), (a + y)? — (24)8 = 0. (9) 
Putting ¢ + y = 2 in (9), 2 — (2a)? = 0. 
Factoring, (2 — 2a) (2+ 2az+ 407) =0. 


Equating each factor to zero and solving, 
g=aty=2aora(—1+./—8)ora(—1—./—8). (10) 
Dividing (2) by (10), the corresponding values of zy are 
ay = a—or}(a—0?) (—1—,/—8) or} (a?—2) (—1 +,/—8). (11) 
For «+ y = 2¢@ and ay = a? — 2 the solution is. given above. 
Squaring (10), (e@ + y)? = @(— 1+ ./— 8) or a(—1— f— 3) 
site =2a2(—1—./— 3) or2a@2(— 1+ ./— 8). (12) 
(11)x4, 4ay = (2a?—20) (—1—./—8) or (2a?—20%) (—1+../—3). (18) 
(12) — (18), (@w — y)? = 20 (—1—./— 8) or 2P(—1+ /—3) 
=(—1+4+ ./— 8 or (— 1— ./— 3), (14) 
whence, a—y=tb(—1+f— 8) or +5(—1— ./— 8). (15) 
From (10) and (15), taken with values previously obtained, res 
Reg ee + ./—8), 4(a—b)(—1+./—3), 
1 (a + 8)(—1—./—8), 4 (a —8)(-1— J= 3); 
1 y=a—b,a+ b, 4(@— d)(—- 1+ /— 8), 1(a + b)(—1+ /= 8), 
4 (a —8)(=1— f— 8), $(@ + 8) (—1—/= 8). 
Each value of y differs from the corresponding value of 2 only in the sign 


of b. 
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— Ww + be 
77. (4 a? — G2’ (1) 
ic a # y? = 2 (a? + B). (2) 
b ay + ba 
-—1+4+-+4+1=-21=. 
Reducing (1), is 45 5 35 ase 
ay + ba _ ay + ba. 
xy a PP 
CUO te (8) 
Multiplying (3) by 2, 2 ay = 2 (a? — 32), (4) 
Adding (4) to (2), e+ 2ey+y=4a2, 
whence, e+y=+2a. (5) 
Subtracting (4) from (2), vw — 2ay + y= 422, 
whence, e—y= +20. (6) 
Since (5) and (6) have been derived separately, neither from the other, 
@+y=2a, U+y=2a, ¥= — 24a, z+y=-— 2a, 
fe eae a es mA Md pace ope eer 
Solving these equations, z = a + b, a — b,-—a+b,—a—-Qd, 
and y= a— bay), 6— 6,445, 
the values of z and y in each case differing in the sign of 8. 
1. Let x = one number, 
and y = the other. 
Then, G+ y = 112, 
and zy = 32. 
Solving, 2 =)8 or 4, 
and y=4ors. 
Hence, the numbers are 4 and 8 
2. Let & = one number, 
and y = the other. 
Then, ee z+y=1%, 
and a4 42 — 157. 
Solving, x= 11 or6, 
and 7 = Gordes 
Hence, the numbers are 6 and 11 
8. Let = = the greater number, 
and = the less number. 
Then, 2 : ib 
and 2 — y8 — 91 
Solving, Ms S10 OF i}, 
and = 5or—6. 
Hence, the numbers are 6 and DOr —0 eae ~ 6. z 
4. Let x = one number, 
and y = the other. 
Then, @+ y¥= 82,. 
and Je + /y = 10. 
Solving, ¢= 8 or 1, 
and toe OU OM St. 


Hence, the numbers are 81 and 1. 
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5. Let # = number of rods in length of garden, 
and y = number of rods in width of garden. 


287 


Then, since the length and width together are one half of the distance 


around the garden, and their product is the area in square rods, 


a+ y= 26, 
and xy = 160. 
Solving, x = 16 or 10, 
and y = 10 or 16. 


Hence, the garden is 16 rods long and 10 rods wide. 


6. Let z = the numerator, 
and y = the denominator. 
Then, w+ y? = 89, (1) 
and since ; represents the fraction and . its reciprocal, 
@_y_ 39, (2) 
Omid OA) 
Clearing (2) of fractions, etc., 40 2? — 39 ay — 407? = 0. 
Factoring, (5a—S8y)(8a+ 5y) =0. 
“ Y= 3wor — 32. (8) 
Substituting (8) in (1), # = 8or — 8or5or — 5, 
whence, y = 5or — 5or — 8or8. 
Hence, the fraction is § or — 3. 
7. Let gz = one number, 
and y = the other. 
Then, ay = 2(e@ + y) + 8, (1) 
and sy= e+ y?— 48. (2) 
Multiplying (1) by 3, Bay = 6(@ + y) + 24. (3) 
Subtracting (2) from (3), Qay = — (a? +y2) + 6(@+y)4+ 72. 
Transposing, 22+ 2ay+y*—6(@+ y) —72= 0. 
Factoring, (@t+y—12)(@+y+ 6) =9. 
“. @ + y =12/or — 6. (4) 
Substituting (4) in (1), ay = a20r— 4, 6 (5) 
Solving (4) and (5), e = 8,4, -—3+4./13,—3—,/18, 


y = 4,8, —38—./13,—8.+./18. 


Hence, the nunibers are 8 and 4 or — 3+./13 and — 3 — Ree 


8. Let 2 = tens’ digit, 
and y = units’ digit. 
Then, 10¢+ y—68=10¥+42, 

and (10a+y)(@+y)= 729. 
From (1), Y= iat 


Substituting (3) in (2), (I1@ — 7) (a — i) 129: 
Solving (4), a = 8 or — $3. 
Rejecting the second value, from (8), Tawle 

Hence, the number is 81. 


(1) 
(2) 
(8) 
(4) 
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Page 311 
9. Let z = number of yards, 
and y = number of cents per yard. 
. Then, zy = 600, (1) 
and (x + 5) (y — 4) = 600. (2) 
Subtracting (2) from (1), 4z2—5y+20=0, (3) 
whence, Sy =4a + 20. (4) 
From (1), z-5 y = 3000. (5) 
Substituting (4) in (5), 4a2 + 20x = 3000, 
whence, z = 25 or — 30. (6) 
Substituting (6) in (1), y = 24 or — 20. 


Hence, the man bought 25 yards at 24 cents per yard. 


“10. Let xz = the greater number, 

and y = the less number. 
Then, x(x — y) = 160, (1) 

and y(x@— y) = 96. (2) 
Dividing (2) by (1), ete., y= P~Su= 22. (8) 
Substituting (3) in (1), xz = 20 or — 20, 

whence, by (8), y = 12 or — 12. 


Hence, the numbers are 20 and 12. The second values are inadmissible, 
because — 20 is not greater than — 12. 


11. Let x = number of rods in length of garden, 
and y = number of rods in width. 

Then, zy = 54, (1) 
and since an addition of 1} rods on all sides makes each dimension 3 rods 
greater and doubles the area, (@ + 3)(y + 3) = 108. (2) 

Subtracting (1) from (2), 8e7+3y7y+9= 54, 

‘ whence, 2+y=15. (3) 

Solving (8) and (1), z= 9 or 6, 
and y = 6 or 9. 


Hence, the garden was 9 rods long and 6 rods wide. 


12. Let z = number of rods in length of field, 
and y = number of rods in width of field. 
Then, z+y= 100, 
and zy = 15-160 = 2400. 
Solving, x = 60 or 40, 
and y = 40 or 60. 
Hence, the field is 60 rods by 40 rods. 
13. Let x = number of rods in length of field, 
_ and y = number of rods in width of field. 
Then, zy = 20-160 = 3200, (1) 
and (z — 20) (y — 8) = 12-160 = 1920. (2) 
Subtracting (2) from (1), 82a + 20y — 160 = 1280. 
‘ 2a + 5y = 360. = 2B) 
Solving (1) and (8), z = 100 or 80, 
and y = 82 or 40. 


Hence, the field is 100 rods by 82 rods, or 80 rods by 40 rods. 
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14. Let : * = number of dollars asked for each cow, 
and . a y = number of dollars asked for each sheep. 
Then, a ee 16, (1) 
y z 
and 3a@—i2y = 15. (2) 
Solving, & = 25 or — $, 
and y = 5 or — 23. 


Hence, $25 was the price of a cow, and $5 the price of a sheep. 


15. See next page. 


16. Let « = number of dollars in larger loan, 
and y % = vate of interest on larger loan. 
Then, er = number of dollars interest yielded by cach investment 


1000 — z = number of dollars in smaller loan, 


and rae + (1000 — 2), or Te % = rate of interest on smaller loan; 
ey = 3600 
1000 — a ; (1) 
and (1000 — x) y = 1600. (2) 
Multiplying (1) by (2), xy? = 86-16-100-100, 
whence, zy = + 6-4-100 = + 2400. (8) 


Since the product of principal and rate cannot be negative, the negative 
value in (8) is rejected. 


Adding (8) and (2), 1000 y = 4000. 
: ae 4, (4) 
Substituting (4) in (8), v—,600) (5) 
From (4) and (5), 1000 — x = 400, 
vy _ 2400 _ 
and jms 


= = (y 
1000—2 400 
Hence, the sums invested were $600 at 4% and $400 at 6%. 


17. Let a = the numerator, 
and y = the denominator. ; 
Then, Cae (1) 
y—2 @ 
u—3 32a 
= —* iD 
and wae ey (2) 
Clearing (1) of fractions, e+ 2e=y— Wy. (3) 
Completing squares, @+2e¢+1a7— By +1. 
Extracting the square root, r+1=y—lor—y+1 
whence, w=y—Ror—y. (4) 
Clearing (2) of fractions, etc., 4ey—2ly—9a= 0. (5) 
Substituting y — 2 for z in (5), 10 Otis 
whence, x= 7 or — 3. 
Substituting — y for @ in (8), y = 0 or — 8, 
whence, T= \NiOro: 


Hence, the fraction is §. 
The other values of 2 and y, which do not give arithmetical fractions, are 


disregarded. 
Key Acad. Alg. — 19 
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15. Let az = number of dollars each man contributed, 
and y = number of dollars each woman contributed. 
Then, : a=y+2, 
and 15 + 10 
x y 
Solving, 2=50r §, | 
and y = 3 or — }. 


Hence, each man contributed $5, and each woman $3. 


18. Let az = one number, 
and y = the other. 
Then, ry — (@ + y) = 59, 
and f+ P=A0, 
Solving, a= 1lor7or —8 + ./21 or — 8 — ,/21, 
and y= Tor ilor —8— ,/21 or —8 + ,/21. 


Hence, the numbers are 11 and 7, or — 8 + ./21 and — 8 — ./21. 
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19. Let x = number of gold coins, 
and y = number of silver coins. 
Then, 2+ y= 15, (1) 
and xy dollars + ya cents = 5050 cents, 
that is, 100 zy + ay = 5050. (2) 
Solving (1) and (2), 2 = 10jor 5; 
and y =5or 10. 


Hence, there were 10 gold coins and 5 silver coins or 5 gold coins and 10 
silver coins. 


20. See next page. 


21. Let x = number of yards in circumference of fore wheel, 
and y = number of yards in circumference of hind wheel. 
Then, spe eae enag! (1) 
x y 
and oS : (2) 
#+1 y+1 
Dividing (1) by 12 and clearing of fractions, 
— 20e + Oy = zy. (8) 
Dividing (2) by 8, clearing of fractions, transposing, etc., 
— 81a + My = ay +1. (4) 
Subtracting (3) from (4), —llv7+9y=1, 
whence, Y= Naat, (5) 
Solving (5) and (8), or (5) and (4), a=4or — 4, 
and 


y=5or — ¢. 


Hence, the fore wheel is 4 yards and the hind wheel 5 yards in cir- 
cumference. 
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20. Let x = number of days it will take the first man, 
and y = number of days it will take the second. 
Then 1 re seg Ae se, 
: ey 6% ~ 20 
and e£—y=83. 
Solving, Be Looe, 
and y = 12 or — 3. 
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Hence, the first man can do the work alone in 15 days, and the second 


can do it alone in 12 days. 


22. Let * = number of dollars in the principal, 
and y = number of per cent in the rate. 
Then, a, e+ .01 zy = 11130, 
and ( + 100) (1 + .01y — .01) = 11130. 


Simplifying (2), 992+ y+ 99 + .01 vy = 11130. 
Subtracting (3) from (1), lez—y—99=0, 
whence, an 1004 + 9900. 
Substituting (4) in (1) and simplifying, 
y*? + 199 y — 1230 = 0. 
Factoring (5), (y¥—6) (y+ ns =—A0; 
= 6 or — 205, 
Rejecting the second value and eapaitiene the first in (4), 
x = 10500. 


Hence, the principal was $10500 and the rate was 6 %. 


23. Let 102 + y = first number, 
and 10 y + x = second number. 
Then, (10a + y)(@ + 10 y) = 4082, 
l0a+y_7, 
aad z+10y 4 
Multiplying (1) by (2), (10a + y)? = 7056. 
Exiracting the square root, 102+ y= + 8&4, 
whence, rejecting the negative value, y = 84 — 102. 
Substituting (4) in (1), 84 (840 — 99 z) = 4082. 
Solving (5), z= 8. 
Substituting (6) in (4), y=: 
Hence, the numbers are 84 and 48. 
24, Let a = number of miles per hour he walks, 
and y = number of miles per hour he rows. 
Then, since he walks 4 miles and rows 8 miles, 
as 
Dea ; 
and & + a= 5. 
7 Hi ea 
: mk oe 
Subtracting (1) from (2), ray oy 
Simplifying, y—2y—8=0. 
Solving (4), y =4 or — 2. 
Substituting (5) in (1), a= 4or ft. 


Hence, his rates of walking and rowing are each 4 miles an hour. 


(5) 


(1) 
(2) 
(3) 


(4) 
(5) 
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25. Let x = number of miles each traveled, 
and y = number of miles per hour A traveled. 
Then, 2 — number of hours it took A, 
y - 
and 2 — number of hours it took C; 
y — 
20 xz — 20 x 2 
*._ ——— + — = —-, 1 
Ye y y-2 8 a 
and pi pe Seal wl (2) 
y—2 y y 3 
Simplifying (1), xy —2y=82 — 60. (3) 
Subtracting (1) from (2), and simplifying, 
Y—2y=2z. (4) 
Subtracting (4) from (8), etc., t='60: (5) 
Substituting (5) in (4), y = 12 0r — 10. 


Rejecting the negative value, it is seen that the distance each traveled 
was 60 miles; A rode 12 miles an hour, C 10 miles an hour, and B 10 miles 
an hour for 20 miles and 12 miles an hour for 40 miles. 


26. Let x = one number, 
and : y = the other. 
Then, ry = x? — y%, (1) 
and we — yb — 22 + 7. (2) 
From (1), 2(@ + y)(@— y) = 2ay. (8) 
From (2), (P+ay+Yi(@—ya=et yxy. (4) 
Subtracting (8) from (4), 
[2? + ay + y —2(@+ y)] (@ — y) = 2 — Qay +1y2. (5) 
‘ Dividing byr—y, a + ay+y2—-22-—2y=2-y. 
Transposing, etc., e@+ay+y2—8a—y=0. (6) 
From (1), —-@+iey+y=d. (7) 
Subtracting (7) from (6), 227-382 —y=0, 
whence, ¥y = 227-32. (8) 
Substituting (8) in (1), 203 — 3 22 = a — dat 4 1208 — 9 22. (9) 
Dividing by 2?, etc., 42—10¢%= (10) 


— 65. 

@=3(5 + ./5) or (5 — ,/). 
y = 4./5 or —1./5. 

Since z= 0 will satisfy (9) and since ($) arises from (8), we have the 
additional roots, « = 0 and LS ; 


Hence, the numbers are }(5 + ./5) and 3,/5 or (5 — ,/5) and — 1/5 
or 0 and 0. 


Solving (10), 
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3. ax + be +e=a—5a-—%—0. 

Since 02 — 4 ac = 25 + 800 = 825, the roots are real and unequal (Prin. 1), 
and irrational (Prin. 2). Since ¢ is negative, the roots have opposite sigus 
and, } being negative, the positive root is the greater numerically (Prin. 8), 


a ax? + be +ec=a%4+5e4+6=0. a 

Since 0? — 4 ac = 25 — 24=1 = 12, the roots are real and unequal (Prin. 1) 
and rational (Prin. 2). Since ¢ is positive and d is positive, both roots are 
negative (Prin. 8). 
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i< ae + be +e 22+ 7Te7—30=0,. 
ence B _ sey ac = 49 + 120 = 169 = 18%, the roots are real aaa pier 
(Prin. 1), and rational (Prin. 2). Since ¢ is negative, the roots have opposite 


signs and, 6 being positive, the negative root is the greater numerically 
8). 


an? + ba +e=2—32+5=0. 
Since 6? — 4 ae = 9 — 20 = — 11, both roots are imaginary (Prin. 1). 


Ife aw + be+e=a?4+382—5=0. 

Since ? — 4.ac = 9 + 20 = 29, the roots are real and unequal (Prin. 1), 
and irrational (Prin. 2). Since ¢ is negative, the roots have opposite signs 
and, 0 being positive, the negative root is the greater numerically (Prin. 8). 


: ax + ba+eo=22+H24+2=0. 
Since 0? — 4ac = 1—8 = — 7, both roots are imaginary (Prin. 1). 


a) aa? + be +eo= e+ a—2=0. 

Since 2 — 4 ac =1+ 8 = 9 = 8?, the roots are real and unequal (Prin. 1), 
and rational (Prin. 2). Since ¢ is negative, the roots have opposite signs 
and, d being positive, the negative root is the greater numerically (Prin. 8). 


10. az? + ba +e=4e2—4e74+1=0. 

Since 2 — 4a¢c = 16 — 16 = 0, the roots are real and equal (Prin. 1), and 
rational (Prin. 2). Since ¢ is positive and 0 is negative, both roots are posi- 
tive (Prin. 3). 


11. aa + be+cec=4a27+6ae—4=0. 

Since 0? — 4 ae = 36 + 64 = 100 = 10°, the roots are real and unequal 
(Prin. 1), and rational (Prin. 2). Since ¢ is negative, the roots have opposite 
signs and, 3 being positive, the negative root is the greater numerically 
(Prin. 4), 


12. aa +. ba +eo=2a2—-9e24+4=0. 

Since 02 — 4 ac = 81 — 82 = 49 = 7, the roots are real and unequal (Prin. 1), 
and rational (Prin. 2). Since ¢ is positive and 0 is negative, both roots are 
positive (Prin. 3). 


13. aw + be+e=—4a?4+16%4+7=0. 

Since 02 —-4 ac = 256 — 112 = 144 = 122, the roots are real and unequal 
(Prin. 1), and rational (Prin. 2). Since ¢ is positive and 0 is positive, both 
roots are negative (Prin. 3). 


14. ax + bw +e=9 a+ 122+4=-0. 

Since b2 — 4 ac — 144 — 144 = 0, the roots are real and equal (Prin. 1), 
‘and rational (Prin. 2). Since ¢ is positive and 0 is positive, both roots are 
negative (Prin. 3). 


Page 316 


2. The equation is (x — 6) (w — 4) = 0, or a — 102+ 24=0. 
8. The equation is (2 — 5) (w+ 3).=0, ora? —2a@—15=0., 


4, The equation is (« — 8) (2+ 1) =0, or #2 —§ a—1=0, or, multi 
plying by 8, 3a2-—82—3=0. 
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5. The equation is (x — $) (@ — 3) = 0, ora? -fa+ 1) =O, or, multiply- 
ing by 9, 9a? —212+10=0. 


6. The equation is (a + 2) (@ + 4) = 0, ora2?+ 32+1=0, or, multiply- 
ing by 2, 227+ 574 2=0. 


7. The equation is (2 + 4) (xv + 3) = 0, or2?+ 22+ 2=0, or, multiply- 
ing by 4, 42?+ 82+4+3=0. 


8. The equation is (x — a) (e+ 3a) = 0, or a? + 2aa@—3a@=0. 

9. The equation is (#— a@— 2) (x—a+2)=0, or 2?—-2aa+ a—4=0. 
10. The equation is (ve — d) — 1) (vw — b+ 1) =0, or 2?-2d724+ P—-1=0. 
11. The equation is («@ —a— db) (e—a+b) =0, ora?—2az4+ a&@—P=0. 


12, es ad ee = 
The equation is (« — ./a + /d) (e —./d) = 0, or 2 — a /a + fab —b=0. 

18, The equation is (e—}.a—},/d) (xe — La + 4,/b) = 0, or, multiplying 
each factor by 2, a 

(2@—a—./b)(2%—a+ ./b) =0, or 4a? —4aa + a@@—d=0. 

14. The sum of the roots is 6 and their product is 9 — 2, or 7. Hence, 
the equation is a —6z2+7=0. 


15. The sum of the roots is — 4 and their product is 4 — 5, or — 1. 
Hence, the equation is 224+ 42 —1=0. 


16. The sum of the roots is 4 and their product is 4 — $3, or1. Hence, 
the equation is 227 -—4a+1=0. 


17. The sum of the roots is — 3 and their product is  — §, or 3. Hence, 
the equation is 27 + 82+ 3-0, or 4a24+ 1224+3-—0. 


18. The sum of the roots is—1 and their product is } — %, or — i. 
Hence, the equation is 2? + #—1=0, or4a2+42—1=0 


19. The sum of the roots is 4@ and their product is 4 a2 — a?.4-5, or 
4 a? — 20 a#, or — 16a?. Hence, the equation is 22 — 4az — 16 a2 = 0. 


GENERAL REVIEW 


1. arly + ye + Jay 2. 2a+3b—B8y 
— ay —yJet aby! 4 Saree 
aly — yale — Jay siilere Se i ak AS (1) 
— 2a/y + Yale — 8,/ay ae ees 
Sum = — 2,/y — 2,/ay Diff. = —2b—2y (2) 
()—(2), a+2b4+ y. ‘ 


8. The number is (b — a) — a, or b — 2a. 
5. The number is (a — b) — (b -a+¢c) =a—b—d+a—c = 2a—Yb—c. 
6. a— {b—a—[a—b—(2a+b) + (2a —d)— a] —3} 


=a—{—a—[—d-(2a+b)+ Ra—d)) 
=a—{—-a—|[—b—2a—bd+ 2a —5]} 
=a—{—a—[-—30]} 

=a—{—a+ 3b} 


a@+a—38b=2a— 88. 
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7. For the sugar and tea the grocer received (ma + a6) cents. He had 
paid (mb + am) cents for the same. Hence, his gain was (ma + ab) cents 
less (mb + am) cents, or (ab — md) cents, or b (a — m)cents. 


8. a+ 20% + 2ab? + 23 
a? — 207d + 2 ab? — B8 


as + sige + ees + 1)a8b5 
—4| — 2jaru 
5 +4 +4 + 2\ab® 
—1 —2 — 2 — U6 
hg — 06 
8. amt — ayn? 10. afer aly + yet only 
2a + ¥? a — /y 
2a" —Agyr* e+e ny + vy + yr/ey 
Rig eye Td yas — Diy 2 =¥ 
a uth 
(908 —5y'? (202% 4.5y 2 ) = 4 (2?) —25(y 7) 
= 42° — 25 yt? 


12. (a— ae gan 4 yr) = (q2r — y2") (ger + 4”) 
(er — ner + Cam +) = (a — op 
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14. 1+0+0-—8+0-—-20/1-—2 
te (era Ae 6 10 
z i =a + 203+ 40? + 524 10. 

Abr) 
4—8 
5 

es (Nee 

10 — 20 

10 — 20 


15. In 25° — 5 substitute — 0 for a. 
Then, 50 — 550 = (— b)50 — 50 — 50 — p60 = 
Ther efore, by the factor law, °° — 55 is divisible by # — (— 8), ora +0. 


(a + d) + (a+ dja! (a + b)8 — (a + dba? + a8 
— (a + djiat 


— (a + djsad — (a + dja? 


(a + djiai + 

(a + dab +2 
17, 9at— 122 + 4 = (82)? —4(82) + 4 = (Be — 2) (82 — 2). 
18. 9a?4+ 974 2= (82)? + 3(82)+2= (824+ 1)(382 + 2). 
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19, ‘If 1 is substituted fora, a —38a2+2=1—3+2=0. 
alanis @—1isa factor of 22 — 82 + 2. 
By dividing by # — 1, ve — 3a +2 = (a — 1) (a? + @— 2) 
= (#—1)\@—1)@ + 2). 


20. Ina” + 8a2-1— 4a” substitute a for z. 
Then, 2 + 8a2"1—4a@ =a +38a"—4a@=0. ‘ 
Therefore, by the factor law, 2” + 3 az*-1 — 4a” is divisible by z — a. 


21. al2—1 = (a® + 1) (a6 — 1) 
= (a? + 1) (at — a? + 1) (a2 +: 1) (@ — 1) 
= (a? + 1) (a — @ 4:1) @ 4 1) (@—a +1) (a1) (+041). 


22. 4(ad + bc)? — (a2 — b? — c2 + d?)?? 

Ue OE 00 a Den ome ase Met Ga ee 
[a + 2ad + da — (i Rg ie aah Bed cae ae ee 2ad+ d?)| 
[(@ + d)? — (b — ¢)?] [(0 + ¢)? — (a — d)?| 
(@+d+b—c)\(a+d—b+ec)(b+e+a—a)(b+c—a+a) 
(@+b—c+da)(a—b+e+da)(@a+b+e—d)(—a+bic+d). 


ll ll It It Il 


25. 2at + 28 — «—12 
2a% + 2 — 4024 Ta — 15 
4a2 824+ 8 
8— 824 42?|)—12—<2 - z+ 224 
— 12+ 822 — 1622 —4 
— 8824+ 1622+ 28 
— 8382+ 8822— 4428 —llz 


— 7202+ 45434 22 

— 12 a + 192 a8 — 96 at | — 24 22 

— 49 23 | — 14725 + 98 at 

1—2¢|8—82+ 422 3 — 22 
- 8— 2@or2e—3=H.C.D. of 2d and 3d polynomials. 


By't fal it is found that 2 @ — 8 is an exact divisor of the first polynomial, 
4a¢ — 1122 + 11% — 12, 


Hence, H.C.D. = 22 — 8. 


og, @—5e+6 _ (@@—2)(e—8) _ 
8a2—42—4 (@—2%)Bat2 at 


99. a — §a244 a (= DK — AOS oy "et 
w—2Qa241 (@ — 1) @? —2—1) 2 @ — 1 
30. of 08 ik lop Rea Gea a a 


V—B+&+2ac  (a+e+d (@t+e—8) a—b+e 
31. See next page. 


$2... Ory @—y , 40% _@+ y+ @e a? Avy 
an 2y Be4+8y y— at 2 (a2 — 92) a — yf 
e+e Axry 
— gig gt at 
= they +a tay 
at — yf 7 


ae re. y?) (x2 es y) zw — One 
@+PY@—Y)” wr P 
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a x CA ed ae 
eet ban 20 afl eS ae 
Ceo wer 3a? 
az — 1 gti | 
ES IRE OL, 5 a ee eee 
(a@—b{6— ce) -(C=d)(—a) (¢—a)(a—5) 
1 1 1 
et +2 
@—d)b—0) &-Xe—a | (—a(a—d) 
= (¢— ae 0) (00) 0 Wea on 
(a — 6) (b — ce) (€— a) (a — b) (b —c) (ec — a) 
1 1 1 1 1\ 1 | 
34. = 2 ae) ee ef = a a 
eal Caer & a) (ea, (¢ a) (2 +a) 
MS 1 ie 1 
Sea aa) act ee 
35. — ut i — * 1 
5 2 
i= w+ e+ 
ae! ae a1 a —1 
a 45 
pp seed 1 
(+a2)—a (@—2)+2 
=@+0— ol ait) Dees 
a8 
Page 318 
een Bei ye 3 ake eae ) 
e+ 1 ethan 2—1 
es ei Pn Ah a 
Ney eS Facet eee 
ig een al 
= (==) )+(2=}-2)=@-1+)+@+1-ag=2 
\@a+1 x—1 
37. Prove that CP ak 
a Bs Qokg 
Def. of fraction, i a ee ®) 
Associative Law, =a+bxp+q 
Commutative Law, =axp+b+q 
Associative Law, = ap + bg 
ap 


Def. of fraction, 
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88. Prove that Bees LE LLL 
6 n bm 
Def. of fraction, ; erie lLees (a + 6) + (m+n) 
n 


Associative Law, § 104, 2, = 
Associative Law, = 
Commutative Law, =axn+btm 


Associative Law, (an) + (bm) 
Def. of fraction, == LL. 
bm 
BPE shee oe Sek z— Jy 
ly fe} \Wly fel fay Jay 
at Se ue 
pa ene 


41. (2a + 8d) 
= (2a)t + 4 (2.a)3(3d) + 6 (2a)? (84)? + 4 (2a) (3.8)3 + (Bd) 
= 16 at + 96 a% + 216 a202 + 216 ad3 + 81 U4. 


42. (jot JyP 
= (2) + 6 (Ja) (/y) + 15 (Ja) (Q/y)? + 20 (/2) (2/y)? 
wy + 15 (Jz? (Yy)t + 6 (Jz) (S/y)> + (3/y)8 
=a + 6a /al/y + 15 a2l/¥ + 20 ay /at 15 ays/y + 6 y/es/ yt y2 


44. q+ Rajah + Sab + Bb. lab + 0 a+ /ab+b 


2 a./ab 


oe 2a,/ab + ab + ab 
2a + 2/ab 2 ab 
2a + 2,./ab + bd 2ab + 2b./ab+ 2 


45. 8 af — 36 a% + 54 ab* — 27 08 | 2 = 
we a—3b 


12 a? 36 ab 
12 a2 — 18 ad + 952|— 36 a2b + 54 ab? — 27 08 


46. ? ae at + 1La74b— L478 + a hB8 


2a4 db 
2at + ¥ a~*b ts + oe 
2a? + abd 1 q-le 


2at 7 $4758 — J a-8ht 
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47. oe [2197 2-197 [13 
1 


82 
41|41 
41 68 
429|38 61 
3 07 09 
4387|3 07 09 


Therefore, the sixth root of 4826809 is 18. 
48. Sta sf = x V0 = 16. 
49. 3/25a4 — a3/25 = a4/8 = a (5)' = a (5) = a,J5. 
50, 2. — 1x? 21 9 = 4 of 1.41424 = 7071+. 
VB 2x2 
51. (2+ 8) (1— V2) = @ + 2/% (1 — V2) =2 (1 + 01 — Wf) 
=2(11-2=-— 
5g, wot 82 (/3 +-8./2) (</6 — 2) _ ae 
Jb +2 (/6 + 2) (./6 — 2) 


53, Prove that 2° = 1. 
Since a” + a™ = v™-™, or 2°, and since a” + a= 1, Ax.1, 2®=1. 


54. Prove that az> = cae 
x 


aa-5-a5 aa to 
fi oc 


a hi 
5 aS 
an?’ = 


55. Prove that 2? — 2/22; also that a! = (</2)*. 
gi. gt- a = gatas = a2 ; Rod x = 3[ a. 
gig? — att? = 2!; -. at = (x*)? = (2/x)? by the first part of the proof 


56. 126% = (3/125)? = 5? = 25. 


ey=(@7'-@ - (67) =) == 


Page 319 
57. 1 Boel eat 1 a+b 
a—b z Gao 0 2 
Transposin, i Ue mas a—) 
ee ea a—b a+b 2 a 
ay OC eo. 
Uniting terms, ea oe 
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A ps, Bae RES eee ae 
58, a Che 
: a b 


Clearing of fractions, 
abe —b + ber —c + caw —a = 0. 
a+ Dp 


net i= 
ab + be + ca 
59. maz — nz = mn. 
Completing the square, 4 m?22 — 4 mna + n2 = 4 m2n + n2, 
Extracting the square root, 2mez—n= + ./4 men + ni? 
n 1 ae 
@ = — + — ./4 mn + n2 
2 = 2m / 
1. 322 
60. Eig Negra as aca 
2 2 
Clearing of fractions and transposing, 22*— 322+1-—0. 
Factoring, (2? — 1) (2a2 — 1) = 0. 
Equating each factor to zero and solving, = -E 1 or +},/2. 
61. 4+ § = 923, 
Transposing, v— 923 + 8—0. 


‘Factoring, (#— 1) (a+ a4 1) (@ — 2) (a + 2@+4 4)=0. 
Equating each factor to zero and solving, 


@=lor}(—1+ ./—8) or20r—14./—8 


62. (1+ a5 + (1 — 2)5 = 249. 
Expanding, uniting terms, etc., a4 + 222 — 24 — 0. 
Factoring, (a — 4) (a? + 6) = 0. 


Equating each factor to zero and solving, ®=+2o0r+,/— 6. 


63. J/e—9=./a—4. 


Squaring, e—9=2-2/e+t 
Canceling, etc., b= fa. 
Squaring, - @ = 25, 


64, at /a? + 16 = 14, 
Adding 16 to each member and transposing, 
(2? + 16) + ./a? + 16 — 30 = 0. : 
Factoring, (./2? + 16 — 5) (./a2 + 16 + 6) — 0. 
“ ./a + 16 = 5 or —6. 
Squaring, x + 16 = 25 or 86. 
2 = 9 or 20. 
“ @=+80r 42/6. 


319] _ @ENERAL REVIEW 301 
65. (: Fs 2) 2 ( es 2) = 20. 
zx Zz 


Transposing and factoring, 


. =+a=—5o0r —4. 
a 


‘Clearing of fractions and transposing we have the equations 
' @—§5ea+4=—0, 


whence, “= 1 or 4, 
and w+4en+4=0, 
whence, a= —2or—2. 


Hence, the roots are 1, 4, — 2, — 2. 


66. a+ a4(14+ 2+ 2%)? = 55. 
Adding 1 to each member and transposing, 

(1A +a+a2)2+ (1+ a+ 2) —56=0. 
Factoring, A+e+e2—7N1l+e7+24+8)=0. 
Equating each factor to zero and solving, 


= 2or —3or34(—1 + ~/— 3d). 


és lia es lia i 
1+a+/1+ 2 1—a2+./1+ 2 
Retonslizing, ee eee) 2 ee i eS 
2a — 2a 
a (i+2— isis ie ey (= 1 + a) (1+ 2), 
2% Qa 
Canceling, etc., 2& 4 = w) a, 
whence, 1l+c=a. 
. @=a—1 
e+y=8, (1) 
68. y+2=4, (2) 
2+a=6. (3) 
Adding and dividing by 2, 2+y+2=9. (4) 
Subtracting (2), (8), and (1) in turn from (4), 
; bps Oe Bh tem alt 
eae 0: (1) 
69 pani 
Ban 10) (2) 
le oy 
Subtracting (1) x 2 from (2), * = — 10 
: . @= — xy 
‘Subtracting (2) from (1) x 8, : — 20. 
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(22+38y+2=9, (1) 
70. {a+2y+32=18, (2) 
(d8@+y+2z2=11. (3) 
Adding (1), (2), and (8), 62+ 6y+ 62= 33. (4) 
Dividing (4) by 3, 24+ 2y+22=11. (5) 
Subtracting (5) from (8), ce 
whence, 4 . z= y. 5 (6) 
Subtractin from (1), yY¥—-—2=>—-2%, 
whence, ee : z=y+2,orez+2 (7) 
Substituting (6) and (7) in (2), 7+2¢4+82+6= 18. 
“ @©=, 
whence, by (6), y¥=% 
and, by (7), z= 3). 
WAS (az+y+2=2(a + 1), (1) 
{@+ay+2=8a+1, (2) 
la+y+ az= a? + 3. (3) 
Adding (1), (2), and (3), (@+ 2(@+y+2=e@+4+5a+6. (4) 
Dividing (4) by a + 2, e+yt+2=—a+8. (5) 
Subtracting (5) from (1), (@—-1)z@= 3 —1. 
Sse t= 
Subtracting (5) from (2), (a—l)y= ae — 2. 
Subtracting (5) from (8), (a —l1)z=@—a. 
- £2=@. 
72. See next page. 
78 on ee (1) 
: wy +47? = 18. (2) 
Adding, w+4ay + 4y2 = 25, 
whence, extracting the square root, 2 +2y=5or—65. (3) 
From (8), t=5—2yor—5—2y. (4) 
Substituting 5—2y for a in (2), 5y—-2y+4y2 = 18. : (5) 
Solving (5), ¥y =2or— 3, 
whence, since z = 5 — 2y, 2 dora, 
Substituting — 5 — 2y for a in (2), — 5y — 2y7+47? = 18. (6) 
Solving (6), y = gor —- 2, 
whence, sincea = — 5 — 2y, z=—14or-—-1 
Hence, ied 1a — 4 
and y=2, — % 3% —2. 
. § ey + ay? = 6, (1) 
Gs 4 z+ 8 — 9, (2) 
Multiplying (1) by 8, 8 vy + 3ay2 = 18. (8) 
Adding (2) and (8), 28 + 8a%y + 8ay2 + Olt (4) . 
Extracting the cube root, e+y=8. (5) 
Dividing (1) by (5), xy = 2. (6) 
Squaring (5), w+ 2ay + y= 9. (7) 
Subtracting (6) x 4 from (7), 2? — 2ay + Warm 
whence, e£—y= +1. (8) 
From (5) and (8), c= 2.08 1, 
nd y=1or2 


Since (4) can be written in the form ( + y)® — 33 = 0, which can be 
factored, there are other roots. The other roots are imaginary and are so 
involved that the student must defer this part of the solution. 
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x? + wy = 24, 1 
ce i Op ae A = 12. ) 
Adding, q+ 2ay + y= 36, 

whence, u+y=6or— 6, (8) 
Subtracting (2) from (1), a — y? = 12. (4) 
Dividing (4) by (8), u—y=2or-2; (5) 


that is, the corresponding values of z + y and a — y are 6 and 2, or — 6 
and — 2. 


From (8) and (5), x=4or—4, 
and y = 2 or — 2. 
w2+a=B6-—y-y, if} 
gs } ay = 8. Nase ia} 
From (1), P+yi(at+y—2B=0 . (3) 
From (2), 22y —16=0. (4) 
Adding (4) to (8), (@@+y?+(e@+y)—42=9. (5) 
Factoring (5), (2+y—6)(@+y¥4+7=0. 
. @ + y= 6 or — 7. (6) 
Squaring (6), a2 + 2ay + y® = 36 or 49. (7) 
Subtracting (2) x 4from (7), a2? — — Ray +¥y=4or li, 
whence, 2—y=+2ort,/17. (8) 
From (6) and (8), 2 =4or2or3(—7+ ./i7) or} (—7— ./1%), 
and y =2or4or}(—7— ./1%) or }(— 7 + ./17). 
76. { Jay = 12, (1) 
at+y—/a+y = 20. (2) 
Transposing in (2), z+y—/e@+y—20=0. (3) 
Factoring (3), (/z+y—5)(/¢@+y+4)=0. 
/e+y = 5or—4. (4) 
Squaring (4), “e+ y = 26 or 16. (5) 
Squaring (1), ay = 144. (6) 
Squaring (5), a + 2ay + ea = 625 or 256. (7) 
Subtracting (6) x 4 from (7), a? —2ay + y? = 49 or — 320, 
whence, e—y= + Tor + 8/5. (8) 
From (5) and (8), 2 = 160r9 or 8 + 4,/— Leys eae 
and y = 9 or 16 or 8— 4,/— 5 or8 + 4,./—5 
= yu, 
17. pin roe 
Dividing (2) by (1), ied GSES ap (3) 
From (3) and (1), cpt es 1G) 
and Yer 9: 
Therefore, 2= +4, 
and y= + 3. 
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ay — xy = — 6, (1) 
78. we af =9. (2) 
Multiplying (1) by 3, etc., 8ay(1—y) = — 18. (8) 
Multiplying (2) by 2, etc, 2a(1+y+y)(1—y) = 18. (4) 
Adding (8) and (4) e(2+5y7+2y7) (1—y) =0. (5) 
When, from (5), 2y77+5y7+2=0, 
factoring, y+2@y+)=09, 
whence, ¥ = — 2or — 3. (6) 
Substituting these values in (1), Bi Ors: (7) 
When, from (5), 1 —y=0, ae (8) 
and, in (2), C= =F oe (9) 
When, from (5), # = 0, calearoune in (2), J= —2 = —@, 
Hence, a Tay 
op Ete hg hed 
® pera 
From (1),: pone ie : (8) 
Adding (8) to (2), 2+2ay+ ¥—2(@+y)=8. (4) 
Completing the square, (7 + y)?—2(¢+ y)+1=9. 
‘Extracting the square root, t+y—-1=+8. 
. @+y=A4or—2. (5) 
From (1) and (5), 2 ay = 8 or — 4. (6) 
Subtracting (6) from (2), xv — 2ay + y2= 0 or 12, 
whence, t—y=+0o0r+ 2/3. (7) 
From (5) and (7), @=2or2or —-1+ ./or—1—./8, 
and y =2or2or —1—,. or—14 ,/3. 
) x2y? — 4axy = 5, 1) 
80. i va ate 442 = = 29. to 
Solving (1) for zy, zy = 5 or-— 1, (3) 
‘whence, 4 ay = 20 or — 4. (4) 
Adding (4) to (2), w+ 4ay +472 = 49 or 25, 
whence, e+ 2y=+ Tor +5. (5) 
Subtracting (4) from (2), a — 4ay + 22 = Fores 
whence, @—2y=+80r+ ass: (6) 


From (5) and (6), since they are derived eeparesely, 


Peg wt Tee A Cag ES as 5 + ./83), $(— 5 — ./38); 


y=1,%, — 3, —1, 36 —/88), $(6 + /88), 4 (— 5 — 788), 1 (— 5 + ./88). 
81. pa el Nor a 2 
From (1), 2(@ + y) (a — ay + je = 9a. (3) 
Substituting (2) in (8), 6 (2? — ay + 9?) = 9 ay. 
Transposing, 622 — lizy+ 6y2=0 (4) 
Factoring (4), (we — 2y) (62 — 3 4 ==") 
= 2yorky, 5 
Substituting 2 y for 2 in (2), a = f _ ° 
whence, Ci='2. 
Substituting 4 y for x in (2), y = 2, 
whence, z=1 


i 
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82. a+ xy + y? = 189, 
a+ Jey + y= 21. 
Dividing (1) by (2), a—,/ayt+y=9. 
Subtracting (3) from (2), 2, /zy = 12. 
<0 oy = 6. 
‘Adding (4) to (8), a+ y= 1b, 


Squaring (4) and multiplying by 3, 3 ay = 108. 
Subtracting (6) from (1), w? — 2ay + y* = 81, 


whence, @—-y=+9. 
From (5) and (7), x = 12 or 8, 
and y = 8 or 12. 
x? + y= 16. 
Dividing (2) by (1), a—atyi + yi=4, 
Squaring (1), 2+ 2atyt + yi = 16. 
Subtracting (3) from (4), 8atyt = 12. 
satyt = 4, 
Subtracting (5) from (3), «—2a?y§+ yi =0, 
whence, a—y=+0. 
From (1) and (6), 2? = 2, 
and ys = 2. 
Hence, e=4andy=8. 
It is seen from (6) that each of the roots occurs twice. 
84, fice Jy = § (@ ~ »), 
2 = ry = 4. 
Dividing (1) by \/z — /y, 1 = (fet ./9). 
Multiplying (8) by 3, Nord eee 
Squaring (4), @ + 2/ey + y = 3. 
Subtracting (2) x 4 from (5), # — 2./ey + y = 3s 
whence, a—/y= +}. 
From (4) and (6), /@ =f or f, and) /y= 4 or}. 
“. @= tor}, andy = $ ori. 
Since Jz — ./y = 0is a factor of (1), Op 
Substituting (7) in (2), ga=y=+4 
Hence, C= bbb —F3 
PASE TATES Teak CK 
Page 320 
85. Let xz = number of dollars it cost to hire the carriage. 
Then Pee ad. 
Bw 
Solving, © ==12; 


Hence, the cost of hiring the carriage was $12. 
Key Acad. Alg. — 20 
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(1) 
(2) 
(3) 
(4) 
(5) 


(6) 


(7) 
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86. Let x = the number. 
Then, eee —12= 12. 
Solving, x = 276, the number. 
- 87. Let gz = number of gallons of 50-cent sirup taken. 
Then 45 — x = number of gallons of 80-cent sirup taken ; 
*, 50a + 80(45 — x) = 45-60 = 2700. 
Solving, z = 30, 
whence, AS — a = 15. 


Hence, the grocer must take 30 gallons of the 50-cent sirup and 15 gallons 
of the 80-cent sirup. 


88. Let x = the number of dimes, 
and y = the number of quarters. 

Then, e+y= 18, 
and 102 + 25 y = 300. 

Solving, x = 10, the number of dimes, 
and y = 8, the number of quarters. 

89. Let z = number of pounds of gunpowder. 

Then, 4a + 5 = number of pounds of saltpeter, \ 

+a — 2 = number of pounds of sulphur, 
and zx @ + 1 = number of pounds of charcoal ; 
“ @=(2@+4 5)+ Ga—2)4+ (424 1). 
Solving, Tes 


whence, }47+5= 15, 4a2—2=2, and#,74+1=3. 
Hence, the gunpowder was composed of 15 pounds of saltpeter, 2 pounds 
of sulphur, and 3 pounds of charcoal. 


90. Let z = number of miles down the river. 
12 + 8 = 15, number of miles per hour downstream, 
and 12 — 3 = 9, number of miles per hour upstream ; 
. &  @_¢ 
\1Gr Siete 
Solving, @ == 745: 


Hence, the steamboat can go 45 miles down the river and return in 8 
hours. 


91.. Let x = number of cents paid per dozen. 

Then, 62 = 82+ - 

Solving, e= +8. 

Hence, the price was 8 cents per dozen. 

92. Let «x = number of horses he had. 

Then, ; 1 ao part of the stable room occupied by 1 horse, 
and 


= part of the stable room occupied by 1 horse after 

r+8 the new stable was built. 

Since the stable room was increased one half, 
1 


3 
Zan 


ES ane 


Solving, x = 40, the number of horses. 
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93. Let # = number of pounds the whole weighed. 
Then, 1 @— 5 = number of pounds of copper, 
4(4@ + 5) + 5 = number of pounds of lead and of tin; 
*. ¢@—5+ (42+ 5)+10=2. 


Solving, ; 2 = 50, 
whence, t¢g—5=20andt(4~%+ 5) +5= 15. 
Hence, there were 20 pounds of copper and 15 pounds of lead and of tin. 
94. Let x = number of minutes after 4 o’clock. 
Then, ” = number of minute spaces traveled by the hour 


hand after 4 o’clock. 
Since the minute hand must travel 50 minute spaces more than the hour 


hand, a — = — 60. 
12 
Solving, v= 64,5. . 
Hence, the hands form a straight line at 4: 54,5, o’clock. 
95. Let x = number of miles he may ride. 
Then, ® — number of hours he rides, 
m 
and 2 — number of hours he walks; 
n 
a + ® = 0) 
m n 
Solving, ae 
m+n 
Page 321 
96. Let xz = number of car loads he had at first. 
Then, 1g -- 1 = number of car loads left after 1st sale, 
i (La —1)—4=1a— 4% = number of car loads left after 2d sale, 
and 4i(i@— 3) —}=4i2-— {= number of car loads left after 3d sale, 
had he made the sale ; 
ta—{=0. 
Solving, i 


Hence, he had 7 car loads of grain at first. 


97. See next page. 


98. Let xz = number of hours past noon. 
Then, z= 3(12 — 2). 
Solving, Cia 4 
Hence, the time was 4:30 P.M. 
99. Let a = the numerator, 
and y = the denominator. 
+3 _5 
Then, Fee =» 
2-3 _ 3, 
and | gers 
Solving, a = 12, 
and y = 18. 


Hence, the fraction is 43. 
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97. Let x = number of years in A’s age, 
and y = number of years in B’s age. 
Then, 2—4=}(y—4), 
and @+4=2(y + 4). 
Solving, .& = 12, 
and Yio 


Hence, A is 12 years old, and B is 20 years old. 


100. Let z = number of miles per hour he can row in still water. 
Then, x + 2 = number of miles per hour downstream, 
x — 2 = number of miles per hour upstream; 


“. 2(@+ 2)=4 (a — 2). 
o— 6: 


Solving, 
Hence, his rate of rowing in still water is 6 miles an hour. 
101. Let 3 z = number of days he worked. 
Then, x = number of days he was idle; 
5 3 
7 = 382% —-—2@ = 24, 
aR ve 
Multiplying by 2, 5Sz—a2=—16. 
eee 
whence, 32 = 12, the number of days he worked. 
102. Let x = number of dollars 1st cup is worth, 
and y = number of dollars 2d cup is worth. 
Then, e+ $=y, 
and y+ $¢a=he. 
Solving, = 6, 
and y=: 
Hence, the first cup is worth $6, and the second, $4. 
103. Let x = number of bales the cave would hold, 
and y = number of casks the cave would hold. 
Then, i = part of the cave occupied by 1 bale, 
and : = part of the cave occupied by 1 cask. 
a 13 + 33 = at 
x y 
and 5 a ene 
Dil eee. 

Solving, v= 24, 
and Vie. 

Hence, the cave would hold 24 bales or 72 casks. 

104. Let « = number of tons each cart can carry, . 
and y = number of tons each wagon can carry. 

Then, 15a + 12y = 28, 
and 242+ 8y = 28. 

Solving, as 4, 
and yaa 


Hence, each cart can carry ¢ of a ton, and each wagon 1} tons. 
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105. Let x represent the units’ digit. 
Then, 1002 + 102 + 2 = the number; 
. 1002 + 102+ 2—7-3a = 180. 
Solving, =P, 
Hence, the number is 222. 
106. Let a = number of days in which A can do it, 
y = number of days in which B can do it, 
and 2 = number of days in which C can do it. 
Then, Les eae (1) 
2 ym / 
dae @ 
Wace ne iT 
and 1 + 1 = 1, (3) 
Bo 2 tp 
Adding and dividing by 2, Di ee ee (4) 
pe, 2mnp 
Since (4) represents the part of the work all together can do in one day, 
it will take them all 1 + Rp PO days, or S52 snp =. daveg (0 
complete the work. 2 mnp mp + np + mn 
Subtracting (2), (3), and (1) in succession from (4), and solving, 
Bien, 
2 = 5 number of days in which A can do it, 
— mp + np + mn 
Y= esta lidat DR 8 , number of days in which B can do it, 
mp + np — mn 
and #= AL ea number of days in which C can do it. 
mp — mp + mn 
107. Let a — number of pounds of baggage allowed each “pas- 


senger without charge. 
Under the first condition (400 — 2) pounds are subject to charge at 


100 cents per pound, and under the second condition (400 — 2) 


400 — 2a 
pounds at na . cents per pound. 
100 150 
heref A 
iat ae 400-22 400-2 
Solving, 2 = 100, number of pounds allowed. 


108. See next page. 


109. Let z= number of inches in each side of one of the larger tiles. 


Then, 1000 a = 1440 (w— 1)?. 
Dividing by 40, 25 22 = 86 (a — 1). 
Extracting the square root, 5a= + 6(e—1), 


whence, rejecting the negative root, %= 6. 
Since each tile is 6 inches square, its area is } of a square foot; and the 
area of the floor is 1000 times {, or 250, square feet. 
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108. Let xz = one part, 
and y = the other. 
Then, a+y= 20, (1) 
and cage eS 2) 
Uo Ee A 
Reducing (2), 402—17ay+4y=0. 
Factoring, (@—4y)(42—y)=0, 
whence, y =ia@orA4sz. (3) 
Substituting (8) in (1), x = 16 or 4, 
whence, y=4or 16 


Hence, the parts of 20 are 16 and 4. 


110. Let x = larger number, 
and y = smaller number. 
Then, z+y= 16, 
and 2 — y2 = 128. 

Solving, xz = 12, larger number, 
and y = 4, smaller number. 
111. Let xz = greater number, 
and y = less number. 

Then, e+y=wi=2— yx. 


Since these equations stand for three simultaneous equations, any two of 
which are independent, while the third is derived from the two independ- 
ent equations, we may select the equations 


} e+ y= xy, (1) 
ale — P= zy. (2) 
Dividing (2) by (1), e—y=1. (8) 
Squaring (3), w— 2ey+y=1. (4) 
From (1), 4ay—4(a@+ y)=0. (5) 


Adding (5) to (4), e+ 2ay+ y—4(a+ y)=1. 
Completing the square, (w+ y)? —4(@+ y)+4=5. 


Extracting the square root, e+y—2=+4+ /6. 
From (6) and (3), @= $+ 4,/5 or 3 — 1/5, 
and y=44+4/5 or} —1/, 
Hence, the numbers are } + 4,/5 and } + 3./5 or  — 3,/5 and 3 — 1/5: 
112. Let xv = one part, 
and y = the other part. 
Then, U+ y = 2, 
and Ja— fy =1. 
Solving, & = 16 or 9, 
and - y=9or 16. 
Hence, the parts are 16 and 9, 
113. Let & = greater number, 
and y = less number. 
Then, “—y= 6, 
and ry = 2%, 
Solving, the greater number is « = 6 or 8 or 8, 


and the less number is y = 0 or 2 or — 8, 
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114. Let z = number of men. 
Then, a2 = 4(@ + 3). 
Solving, x = 6-0r =. 
Hence, there were 6 men. 
115. Let 2% = one number, 
and y = the other. 
Then, ty = 8, 
and g4+yPraeryt 4 _ 
Solving, a@=4, 2,4(-5+ /—1), 1(—-5 — ./— 1), 
and y = 2,4, 4(—5—./—%, (-5 + J/- 9. 


Hence, the numbers are 4 and 2 or }(— 5 + ./— 7) and 3 (— 5 — —f—d. 


116. Let 2 = number of feet in width of walk. 
Since the lawn and the walk together form a rectangle 2% feet longer 
and 2 2 feet wider than the lawn, : 
(50 + 2a) (40 + 22) — 50-40 = 64-9. 
Solving, 2 = 8 or — 48. 
Hence, the walk is 3 feet wide. 


Page 323 
117. Let 2 — number of dollars the goods cost. 
2 
Then, —of 2, or & — yumber of dollars gained; 
100 100 
q2 
wv —_ = 
* 100 
Solving, xz = 40 or — 140. 
Hence, the cost of the goods was $40. 
118. Let 2 = number of miles per hour he can swim in still water. 
Then, « + 14 = number of miles per hour downstream, 
and a — 14 = number of miles per hour upstream; 
1 1 ° 
=| ———_ Xv. 


“g—1k a+} 
Solving, e= 3 
Hence, he can swim 3 miles per hour in still water. 


119. Let x — number of oxen he bought. 
Then, 900 _ number of dollars he paid for each; 
x 
- oe 20) (2 — 5) = 900 + 850. 
x 

Solving, a = 30 or = 43. 

Hence, he bought 30 oxen. 

120. Let 2 — number of men in front at first, 
and y = number of men in depth at first. 

Then, Up Sins 
and ay = 5(x + 845) 

Solving, z = 65 or — 65, 
and y = 70 or — 60. 


Hence, the number of men was 65 x 70, or 4650. 
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121. Let «x = number of feet in length of bar, 
and y = number of pounds weight per foot. 
Then, LY 36, 
and (@ + 1) (y — 4) = 86. 
Solving, x= 8or-—9, 
and y = 4h or — 4. 
Hence, the bar was 8 feet long and weighed 4} pounds to the foot. 
122. Let « = number of yards in length of side of larger granary, 
and y = number of yards in length of side of smaller granary. 
Then, z—y=3, 
and Wrenn ye 
Solving, 2= 5.0r — 2) 
and y¥y=2or—6. 
Hence, the side of the larger is 5 yards, of the smaller, 2 yards. 
123. Let zx = number of days. 
Then, g- 19.20 — (@ — 9.20. 
z—2 x 
Solving, «= 10 or 4. 


Since the second value is less than 2, it is inadmissible. 
Hence, the number of days was 10, A’s daily wages were }§ dollars, or $3, 


and B’s daily wages were a dollars, or $2.40, 


124. Let 2 = number of miles an hour in usual rate. 
Then, _300_ ats 300 = 5. 
a—5d x 6 
Solving, wv = 45 or — 40, 
whence, rejecting the negative value, swe 63. 


Hence, the train usually ran 45 miles an hour and completed the journey 
in 63 hours. 


125. Let zv = one number, 
and y = the other. 
Then, T+ y=a=2 + 72, 


Since these equations stand for three simultaneous equations any two of 
’ which are independent and the third derived from the two independent 
equations, we may select the equations ; 


\ 


C+ Porat y, (1 
wy=a2t+y. (2) 
Adding (2) x 2 to (1), 22 + 2ay + y=3sewrty). (3) 
Transposing, (e+ y)?—3(e@+y)=0. 
Factoring, (@+y—-3)(@+ vy) =0. 
1/0) O10: (4) 
whence, *=3—yor—y. (5) 
Substituting 8 — y for a in (2), ¥=3(8+ ./—8) ori (8 —/— 8), 
whence, «= }3(8 — ./— 8) or1(8 a/— 8). 
Substituting — y for 2 in (2), ¥= a: rae 
whence, z—10) 


Hence, the numbers are } (8 +./— 8) and 4(8 —. /— 3) or 0 and 0, 
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126. Let z = number of pounds in the first lot. 
Then, az — 20 = number of pounds in the second lot; 
*, a + (w — 20)? = 3400. 
Solving, z = 50 or — 30, 


whence, rejecting the negative value, 2 — 20 = 30. 
Hence, there were 50 pounds in the first lot and 30 pounds in the second. 


127. See next page. 


128. Let 2 = number of cents per dozen in first price, 
z — 1 = number of cents per dozen in second price. 
Then, et 8, 
za—-1 2 
Solving, x=4or—3. 


Hence, she sold apples for 4 cents per dozen at first. 


129. Let a= number of miles per hour traveled by the 
train from A, 
and y = number of miles per hour traveled by the 
train from B. 
Then, _300_ — number of hours till they meet. 
at+y 


Since at the time of their meeting the distance each has yet to go is equal 
to the distance the other has already traveled, 


300Y — number of miles the train from A has yet to 


ery travel after meeting, 
and 300% _ jumber of miles the train from B has yet to 
cry travel after meeting. 
800 ¥ | 
RSE ee). 1) 
Therefore, Bey ( 
0 
and a +y=4. (2) 
29 
Dividing (1) by (2), = =F (3) 
rena 
aah cee 
Rejecting the negative root, aa (4) 
Substituting (4) in (1), z = 20, (5) 
whence, y = 30, 
300 _¢& 
and aby =)0- 


Hence, the trains meet 6 hours after starting, the train from A travels 20 
miles per hour, and the train from B travels 30 miles per hour. 
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127, Let 2 = number of shillings paid per week. 
Under the first condition A had to pay (# — 18) shillings for the pastur- 


ga shillings per horse were paid by both A 

xz 18 Re 4a 
4 z— 18 

Similarly, under the second condition, the number of horses was 


age of 4 horses. Hence, 


and B, and the number of horses in the pasture was x + 


xz — 20 

Since the second condition was due to increasing the number of horses 
by 2, 4x 42 

o—%. gig 6 

Reducing, a — 422 + 360 = 0. 

Solving this equation, zx = 80 or 12. 

The second value is evidently inadmissible. 

Hence, the cost of hiring the pasture was 30 shillin gs per week. 


128, 129. See preceding page. 


130. Let x = number of seconds for 1 revolution. 
Then, since 142 is contained 360 times in 5280, the number of feet in 
1 mile, 
360 z = number of seconds for 1 mile, 


360 a or = number of hours for 1 mile, 
3600 10 


whence, gs number of miles per hour the carriage is traveling; 


also, if it takes the carriage wheel 1 second longer to make 1 revolution. 


= number of miles per hour the carriage would travel; 


ae lO ds 10.2 8 
z2+1 x 3 

Solving, z= or—8, 
ene 


whence, rejecting the negative value, —=—= 62, 


2} 

Hence, the carriage is traveling 62 miles per hour. 

131. Let w = number of miles per hour traveled before accident, 
and y = number of hours required to make the trip at the 

rate of z miles per hour. 
Then, xy = number of miles in the whole distance, 
2z = number of miles traveled before accident, 
and wy = = number of hours occupied in completing trip. 
ig ay — 24 
Newer wgreny stocks (1) 


o ‘ 


Under the second condition, 
22+ 50 = number of miles traveled before accident, 


2+ ° = number of hours before accident, 


and waza = number of hours occupied in completing trip. 
ree Pe ee Lo a 
Se = Bere ta =yY + 63. (2) 
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From (1), y = 12. 
Subtracting (2) from (1), =5108 + By = ; 
x z 
Solving (4), | oes 
From (3) and (5), zy = 300. 
Hence, the whole distance was 300 miles. 
132. Let a = number of acres, 
and y = number of dollars paid per acre. 
Then, ay = 200, 
and (a — 5) (y + 1) = 210. 
Solving, x = 40 or — 25, 
and y=—5or—8. 
Hence, he rents 40 acres at $5 per acre. 
133. Let a = number of miles per hour A walked, 
and y = number of miles per hour B walked. 
Then, Oa Bi, 
and ey ea + 2, 
Cy 4+} 
From (1), 15y = 154 + ay. 


Multiplying each member of (2) by 2 (a + 4) (y + 3); 


316 
(3) 
(4) 
(5) 


(1) 


(2) 
(8) 


84y + 42 = 84274424 4ay+204+2y+1. (4) 


Canceling 42 = 42, subtracting (8) x 4, and reducing, 
2y = 26a +1. 
- Multiplying (8) by 22, 15-22 y = 38380 @ + @-22y. 
Substituting (5) in (6), 15 (26. + 1) = 3880 @ + @ (262 + 1). 
6 a2 — 59a —15=—0. 
ne 5) (18 @ + 3) =0. 
“. @ = $or — xy. 
Rejecting the negative value and substituting § for x in (5), 


Yura: 
Hence, A traveled 2} miles per hour and B 8 miles per hour. 
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Pages 329-333 
PrRooFs OF PRINCIPLES 2-12 


2. Let a:b=c:d. 
Prin. 1, ad = be. 
Solving for a, d, 6, and c, respectively, 
a= 8; d=”; 0= %, onde =. 
a a ¢ 6 
8. Let ad = be. 
kt a@_¢ 

Dividing by 6d, sere 

or, § 31 a:b=erd. 
Pulley, dividing both members of be = ad by a 


(5) 
(6) 
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4, Let 
Pring): 


Dividing by cd, 
or, § 310, 


5. Let 
Prin. 1, 


Dividing by ac, 
or, § 810, 

6. Let 
§ 310, 


Adding 1 to each member, 
or, § 310, 

Again, dividing (8) by (2), 
or, § 810, 

7 Let 
§ 310, 

Subtracting 1 from each member, 
or, § 310, 

Again, dividing (8) by (2), 
or, § 310, 

8. Let 

Prin. 6, 

- Prin. 7, 


Dividing (2) by (8), 
or, § 310, 


a ° Ses 
SHA ew RIMS ES 


8 
ale 


a 
g + 
+ “> 
ao ao 


a 
= 
& Sat 
oO & R 


| 


ee x 
esa l&® aoe 


II 


Q 


ll 


° 
sn 


Ql 


. 


2 f& 


| as 
Ro Jags 


ll 


Ta 
Xs 


SF &la 8 


lI 
° 
+ 
Q 
a 


I| 
° 
+ <¢ 
a 
° 


&@+b:a—b=c+ad:c—@. 


[829-333 


The same result may be obtained by dividing (5) in the proof of Prin. 6 


by (5) in the proof of Prin. 7. 
9. Let 
§ 310, 


Raising to the mth power, § 218, 4, 


or, § 310, 


aoe 


SIS 


(1) 
(2) 


(3) 
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Taking the principal mth root of each member of (2), § 229, 4, 
Te ee 
or, § 310, fal B= cle: a 


10. Let @:6=c: 4d. (1) 
§ 810, ; = 5 . (2) 
165, wae 
8 mb na’ (8) 
or ma: mb = ne: nd. (4) 


Again, multiplying both members of (2) by ue 
nr 


Oe 
nb nd’ 
or, § 310, ma:nb = me: nd. (5) 
Similarly, if (4) or (5) is given, (1) may be obtained. 
11. Let G20 =¢:¢.and 2: y = 2:0. 
310, G2 ana * = =. 
5 56 Ud y w 
Ax. 4 Ga 
peice by dw’ 
or, § 310, ax: by = ce: dw 
Ax. 5, Oe ee OF ae Oe, 
* LY SOD Nie ba dz 
or, § 310, ay: ba = cw: dz. 
12. Let Oi 0 Candie ds if 
Then, Ax. 1, since the ratios a: ) and ¢:f are each equal to ¢:d, 
G20 = erf. 
Page 335 
13. Given Qt 60: 
By alternation, ace = did. 
By inversion, c:a=da:b, 
that is, ODO: 
14, Given a:b6=c:d. 
By alternation, a:ce=6b:d. 
By inversion, ¢:a=0:0. 
Writing as a fractional equation, : = g, 
which may be written ex =ax 
Writing as a proportion, c:d= e x 
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15. Given Us bis e0, 
By alternation, Qo Oads 
or b:d=a: Co 
Cubing each proportional, Bas = a: 6 
16. Given a:b=e¢:d, 
Squaring each proportional, a: = e > a2. 
Expressing as a fractional equation, s = = . 
Dividing each member by c?, a3 = 5 
Expressing as a proportion, a: Pe? = 1: a. 
17. Given TD == (Bak 
Expressing as a fractional equation, ; =: = 
Multiplying each member by 2 re = = 
z g ee 
2 2 
Expressing as a proportion, ma : 3 = Cr g : 
18. Given G20 =e: 
Expressing as a fractional equation, = = a 
2 
Multiplying each member by ©, ee ae 
plying A a bd 
Expressing as a proportion, ac: bd = c?: d?, 
19. Given BRS TROL 
Expressing as an integral equation, ad = be. 


Extracting the square root of each member, 


Ja ee 


which may be written, afad x1 = Jb x Je. 
Expressing as a proportion, lad: ./6 = fe>1. 
20. Given ORME TIS GS 
By composition and division, @+b:4a—b=c+ dic —d. 
By alternation, a+6:¢+d=a—b:c-d. 
21. See next page. 
22. Given USO Ode 
By alternation, a@:¢=b:4. 
Expressing as a fractional equation, 2 = : 
ce 

Multiplying the first member by 3, and the second by or 

Qa _ 8b 

3¢ 2d 
Expressing as a proportion, 2a:3¢= 85:12. 


By composition and division, 
2a4+3¢:2a—8e=8d4 12 4:86 — 124. 
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21. Given a:b=e:d. (1) 
Raising each proportional to the fourth power, 
CO: B= Aa (2) 
By division, a —Kk:aA=e& — d*:¢4. (8) 
Taking (1) by division, a—b:a=¢e—die. (4) 
Dividing (3) by (4), 0? + b+ oP? +B: = + Od + cd? + Be. 
Page 337 
26. ale + J/m _ m, 
jt—/m 
By composition and division, 2/t _ m+ 0, 
2 mG 2 eh 
Dividing both terms of the first ratio by 2, NEA ant Es 
™m m— nN 
oe, Zz _ (m+ nj. 
Squaring, th eae 
Solving, PCE EL 
(m — nj 
21 Je + Ja _ 2, 
Jje—jRa— 2 
By composition and division, 2S 5. 
2 lea. St 
Dividing both terms of the first ratio by 2, Se = 2. 
2a 
z _9. 
Squaring, eae 
Soiving, 2= 184. 


28. See next page. 1 : 
[et + be — 8 
29. a: = a a. 
Writing ; for w and taking the proportion by composition and division, 
2j/a+b _a+1, 
Je Ry ON, Pete 
Dividing both terms of the first ratio by 2 and squaring, 
a+b_@+2a+1, 
a—-b @—-2a+4+1 


iti nd division 20 _2 (a? + 1) 
By composition a sion, ae Pa 
2 
Dividing both terms of each ratio by 2, =o _ i 
‘ _ b(a +1 
Solving, i ( ae 
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28 t+ /@—1_ 13, 
x—,./e—1 7 
By composition and division, 22 2/20! 
2j/a¢—1 6&6 
Dividing both terms of each ratio by 2, Bes ®. 
z—1 
Squaring, a _ 100 
z—1 9 
Solving, z = 10 or 12. ; 
30 Ja + Ja—2 na 
ja —Ja—a- 4 
2./a lt+a 


By composition and division, s = : 
2j/a—2.1-« 
Dividing both terms of the first ratio by 2 and squaring, 


@ _1+2a+@ 
@—2z 1—2a+a?2 
By division, ate 
a (l+ap 
Solving, eee 
d+ ap 
81. saw —b _ Bax — 20, 
Jar+b 8. fax+5d 
By composition and division, Palas = Saaz + 8 : 


Dividing both consequents by 0, and both terms of the first ratio by 2, 
Jaw _ 6.fax + 3b. 
1 7 
Solving for ./az, a/ax = 3d. 


Squaring, az = 9 82. 
aa 
ao a 


32. Jer 2+ Jat _ 8. 
Jt+2+ Je—1 ay 

By composition and division, dividing both terms of each ratio by 2, 
+24 ./a — 2. 


1 1 


Therefore, Jt+2+ /e = 2. 


Solving, z=}. 
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a Jat sate _Jb+Ja—d. 
ja- fare  fb—<</a—b 


By composition and division, dividing both terms of each ratio by 2, 


Squaring, z = a= 
Solving, = aan 
a— 


34, a—/2aa— x _a—b, 
a+ /Jam—@ a+b 
By composition and division, dividing both terms of each ratio by 2, 
a _ a : 


~/2 aa — x? < b 
Therefore, (an — a = 6, 


Squaring, 2axn — 2 = 02. 
Solving, a=at./A—-B, 


85. See next page. 


36. Let x = number of dollars in smaller share. 
Then, 35 — a = number of dollars in larger share; 
eo. 
ohare ae 
a 35 _ 7 
B tion, ey = Ue 
y composition Sr 
ek, 
whence, 85.— 2 = 20. 
Hence, the smaller share is $15 and the larger is $20. 
37. Let x = greater number, 
and y = less number. 
Ce 
Then, y = 3” (1) 
a+4_4 
Dia ie ES 9 
and Ape ee (2) 
From (1), By = 2e. (3) 
Multiplying both terms of the first ratio in (2) by 8, and both terms of 
: 38a+12_ 42 
Ea eyes & 
the second ratio by 2, iy aia ae (4) 
F 38a4+12_ 42 
: . ea EE 5 
Substituting (3) in (4), arene (5) 
Taking (5) by composition and division, 
5a+ 24 _ Te, 
i x 
5a + 24= 72. 
a = 12, greater number. (6) 
Substituting (6) in (3), y = 8, less number. 


Key Acad. Alg. — 21 
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36. Ve+1+ Je=? _ Je-3+ Je—4, 
Je+l—je-2 je—8-—/2r—4 
By composition and division, dividing both terms of each ratio by 2, 
Je+1_ Je 
n/a —2 ae ae 


dee Gee oy 


Squaring, per se re 
ee 2a — 
By composition and division, 281 = at. 
Solving, to: 
38. Let x = greater part, 
and y = less part. 
Then, e+ y= 16, (1) 
DYMO 
and —*. 2) 
s e+ 92 10 @) 
Multiplying each ratio in (2) by 2 and taking the proportion by inversion, 
tS ye = 
2 ey 3 
By composition and division, @+2#v+H _ 8 _ 4, 
w—2Qayt+y2 2 1 
Substituting 16 for z+ y, ete., U—-y= ce = 6. (8) 
From (1) and (8), v = 12, greater part, 
and y = 4, less part. 
39. Let x = smaller part. 
Then, 25 — x = larger part; 
. %6—a2_ 4 
Be ee Fy 
By composition, Bude. 
de i il 
*—1=6, 
whence, — 6, smaller part, 
and 25 — & = 19, larger part. 
40. Let % = one number, 
and y = the other. 
Then, @+y=4, (1). 
and ee ty PS: (2) 
v2 + y2 5 
Substituting 16 for 22 + 2 vy + y* in (2) and changing $ to 14, 
Nie A 
og E10 
- + y2 = 10, (38) 
Taking (2) by division, Dy aEee (4) 


way § 
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Substituting (8) in (4), ede 
g@)in aU 8 
pre Cae Os (5) 
Subtracting (5) from (8), w—2ey+y=4, 
whence, V—-—Y= +2. (6) 
From (1) and (6), 2s orl, 
and y= lor 8. 
Hence, the numbers are 3 and 1. 
41, Let 2 — number of gallons in larger cask, 
and y = number of gallons in smaller cask. 
Then, ee 
see (1) 
1 
and pe +8 _ 5, 
4y¥y+6 38 @) 
From (1), 4a —5y=%6. (8) 
From (2), 8a —5y = 12. (4) 
Subtracting (4) from (8), 2 = 84. (5) 
Substituting (5) in (4), y = 48. 


Hence, the capacity of the larger cask was 84 gallons, of the smaller, 48 
gallons. 


VARIATION 
Page 341 


4. Let ¢ stand for the circumference and @ for the diameter of any 
circle, and let & be the constant ratio of ¢ to d. 
Then, ca d, or ¢ = kd. (1) 
Substituting 3.1416 for c and 1 for d, (1) becomes 
3.1416 = &. 


Substituting 3.1416 for & and 100 for d in (1), 
c = 8.1416 x 100 = 314.16. 


Hence, the circumference is 314.16 feet. 


_ 6, Let a represent the area and d the diameter of any circle, and let % 
represent the constant ratio of a to a. 


hen, ac d, or a = kd. (1) 
Substituting 78,54 for a and 10 for d, (1) becomes 
78.54 = k x 100. 
* k= .7854. 


Substituting .7854 for & and 20 for d in (1), 
a = .7854 x 202 = 314.16. 


Hence, the area is 314.16 square feet. 


6. Let d represent the distance in feet and ¢ the time in seconds of any 
falling body, and let % represent the constant ratio of d to ?. 


Then, da #, ord = kt. (1) 
Substituting 64.32 for d and 2 for ¢, (1) becomes 
64.32 = k-4. 
co lOn0S: 


Substituting 16.08 for & and 5 for ¢ in (1), 
d = 16.08 x 25 = 402. 


Hence, the stone will fall 402 feet in 5 seconds. 
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7. Let arepresent the area, 5 the base, and / the altitude of any triangle, 
and let & represent the constant ratio of a to b x h. 
Then, ac bh, ora = kbh. (1) 
Substituting 36 for a, 12 for d, and 6 for h, (1) becomes 
36.4% he) x<.6; 
.. k= i, the constant ratio. 
Substituting 4 for %, 8 for 6, and 10 for % in (1), 
a=34x8 x 10= 40. 
Hence, the area of the triangle is 40 square inches. 


Page 342 
8. Let w represent the weight in pounds, 7 the length in yards, and a 


the area in square inches of the cross section of a wrought iron bar, and 
let & represent the constant ratio of w to 7 x a. 


Then, wa la, orw = kia. (1) 
Substituting 10 for w, 1 for 7, and 1 for a, (1) becomes 
VSh5aiscas 
ey ren At 


Substituting 10 for %, 12 for 7, and 16 for a in (1), 
w= 10% 12'% 16= 4920) 
Hence, the wrought iron bar weighs 1920 pounds. 


9. Adopting the notation of Ex. 8, and substituting 19 for &, 8 for 7, and 
144 for a in (1), x 
w= x 8 x 144 = 960. 
Hence, the wooden beam weighs 960 pounds. 


10. Adopting the notation of Ex. 8, and substituting 4° for k, 2 for Z, 
and 8 for a in (1), : 


Hence, the brick weighs 44 pounds. 


11. Let @ represent the number of men, ¢ the number of days, and 2 
the number of days work in the piece of work. 
Then, wc at, or w= at, k being 1. aoe fa 
Substituting 10 for a and 20 for ¢, (1) becomes 
w= 10 x 20 = 200. 

Substituting 200 for w and 25 for a in (1), 

200 = 25 2. 

ey estes 
Hence, 25 men can do the work in 8 days. 


. 


12. Adopting the notation of Ex. 11, and substituting ad for w, and c 
for ¢ in (1), if ¢ = the number of men required, 
ab = xe. 
a a | 
c 
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13. Let Wrepresent the larger weight in pounds and D ity distance in 
feet from the fulcrum; also let «w represent the smaller weight and d its 
distance from the fulcrum, in the same units. 


Then, Deak, 
W w 
or D:d=w:W. (1) 
§ 32%, Prin. 1, WD = wd. (2) 
Let a = number of fect the heavier boy has. 
Then, 1 — g = number of feet the lighter boy has. 
Substituting 2 for D, 42 — 2 for d, 90 for W, and 80 for w in (2), 
90 a = 80 (42 — 2). (3) 
Solving (3), pipes, 
whence, di — v= 43. 


Hence, the heavier boy has 4 feet of the board and the lighter boy has 
41 feet. 


14, Let 2 — number of feet the greater weight has. 
Then, 4 — 2 = number of feet the less weight has. 
By (2), Ex. 18, 100 a = 60 (4 — 2). 
Solving, ze = 1}, 

whence, 4—@ = 24. 


Hence, the point of the stick resting on his shoulder is 1} feet from the 
100-pound end, or 2} feet from the 60-pound end. 


15. Let W represent the weight in pounds of a body near the earth’s 
surface and d its distance in miles from the earth’s center. 
Then, We 4,0" Ww= Lap 


e (1) 


k being the constant ratio between W and - : 


Since a brick 4000 miles from the earth’s center weighs 4 pounds, sub- 
stituting 4 for W and 4000 for d, (1) becomes 


Ap (4000)? 
“. k= 4x (4000). 
Substituting 4 x (4000)? for & and 8000 for d in (1), the weight of the 
brick 8000 miles from the earth’s center is 
we 4 x (4000)? _ 4 


(8000)? 
Hence, the brick would weigh 1 pound. 
16. Adopting the notation of Ex. 6, d = kt?. (1) 
Substituting 31.5 for d and 1.4 for t, (1) becomes 
$1.5=% x 1.96. 
yes 31.5. 
1.96 
eae : 31.5 x 9 
Substituting ae for & and 8 for tin (1), @= ee = 144.8. 


Hence, the height of the tower is 144,% feet. 
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Page 343 


17. Adopting the notation of Ex. 5, a = kd. 

By are a 

; a 
Since a represents the area of any circle and d its diameter, while & is 
the same for all circles, if the area of the first circular grass plot is repre- 
sented by 1} and that of the second circular grass plot by 2, we have 

ie 1 
a 


= st 1 
452-1350 1) 
oe 602 3600 @) 
the unit area being the area grazed over by the horse in 1 day. 
Comparing the values of & ey 
3600 1350 
Solving, a = 22. 


Hence, it would take him 22 days. 


18. Let d represent the distance in feet and ~ the illumination from a 
source of light upon an object d feet away. 
1 k 
Then, “Uo, orw= — 1 
eB zp (1) 
It is evident from (1) that if the first member, uw, is divided by 4, the 
second member must be divided by 4 by changing @ to 4 @, that is, to (2 d)?, 
since & cannot be changed. That is, the distance of the screen from the 
lantern must be doubled. 


Hence, the screen must be moved 10 feet farther away. 


19, Let 7 represent the length in inches of a pendulum, and 7 the num- 
ber of times the pendulum oscillates in any given time, as 1 second. 


Then, nN oe—, orn =. (1) 
me 
Substituting 1 for n and 39.1 for Zin (1), 1= Rte, 
./39.1 
k= ./39.1. (2) 


Substituting ./39.1 for & and 2 for n in (1), 

9 — /301; 
xf 

Solving, = mt = 9.775. 


Hence, a pendulum that oscillates twice a second must be 9.775 inches 
ong. 


20. From (1) and (2), Ex. 19, 5 LS & _ ./89.1, 

n n 
Substituting 1 for n, aft = SOs 
Solving, 1 = 39.1 x 9 = 851.9. 


Hence, a pendulum that oscillates once in 8 seconds must be 351.9 inches, 
or 29.825 feet long. 
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21. Given vaeY orz= Lee (1) 
2 2 


and x = 2 when y = 12. and z = 2. 
Substituting these values in (1) to obtain the value of &, 


9 = 12h 
2 
k= 4, (2) 
From (1) and (2), “= = : (8) 
Substituting 84 for yand 7 for zin (8), #= = = 4, 
22. See next page. 
23. Given LO ae or 2= hye (1) 
we w? 
and 2 = 30 when y = 3, 2= 5, and w = 4. 
Substituting these values in (1) to obtain %, 30 = ve : 
= (2) 
From (1) and (2), aoe ve 
AD 
24, Givenza« I and ya 1 to prove that 2 « 2. 
y 2 
Let m be the constant ratio of x to ie and n the constant ratio of y to Le 
y 2 
Then, z= (1) 
and N= - (2) 
From (2), = = 9) (3) 
Multiplying (1) by (3), = =m. 
Le = de (4) 


. Mm = 
Since m and 7 are constants, — is a constant. 
n 


Hence, (4) may be written UO z, 


25. Givenzwxyandzay, to prove that (& + z)ay. 
Let m be the constant ratio of # to y, and m the constant ratio of z to y. 


Then, z= my, (1) 
and 2= ny. (2) 
Adding (2) to (1). et+e=(m+n)y. (8) 
Subtracting (2) from (1), u—2=(m—Nn)y. (4) 


Since m and 7 are constants, m + 7 and m — n are constants. 
Hence, UHELY. 
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22. Given £ of or # = ay (1) 


and a = 60 when y = 24 and z= 2. 
Substituting these values in (1) to obtain the value of &, 


60 — 244. 
2 
ia (2) 
From (1) and (2), — *4, 
whence, the value of y is = we (3) 
Substituting 20 for z and 7 for zin (3), y= 20 z ioe 


26. Let V represent the volume in cubic inches and R the radius in 
inches, of a sphere. 

Then, Ve R, or V= KR3. (1) 

Let a, 6, and ¢ represent the volumes, respectively, of the spheres whose 
radii are 6 inches, 8 inches, and 10 inches. 


Then, by (1), c= x 8 = 216% (2) 

b= x 8 = 512K, (8) 

and e=k x 10°? = 1000K. (4) 

Adding, the volume of all is @+b+c¢=1728k. (5) 
But (5) may be written @+b+c=k x 1238, 


Hence, by (1), the radius of the resulting sphere is 12 inches. 


27. Let V represent the volume in cubic feet, H the altitude in feet, and 
D the diameter of the base, in feet, of any cone. 


Then, Vc D?H, or V= kD?H. (1) 
By (1), P=kx 2 x 10= 250% (2) 
and R=kx100x5=500k (8) 
Adding, P+R=S= 70K. (4) 
Let d represent the diameter of the base, in feet, of S. 
Then, by (1), S=kx @x 30= 380d. (5) 
From (5) and (4), 30 a2k = 750%. (6) 
Solving (6) for a, @= 355. 


Hence, the diameter of the base of 9 is 5 feet. 


PROGRESSIONS 


Page 347 
Ws] E+ 248 +--+ 19 
=F(@+)=6 x B= 78. 


12. l=a+(n—1)¢= 163, + 9 x 82} = 305.5. 
s= aut lt) = 5 x 8212 = 1608}. 
Hence, the body will fall 16081 feet in 10 seconds. 
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13. s=8+ 16 + 244 --- 240 
=Gle+ 1) = 15 x 248 = 3720, 
Hence, she must walk 3720 feet. 
14. T=a+(n—1)d=5 + 29 x 5 = 150. 
s= A + 1) = 15.« 155 = 2825. 


: Hence, he was paid $1.50 the thirtieth day and earned $23.25 in 30 
ays. 


Page 349 
3. In the series 2, 6, 10, --- 66, a = 2, J = 66, andd = 4; and n is to 
be found. - 
From t=a+(n—1)dn=—441=F 241-17 


4, In the series 1, 6, 11,---61,a=1,7=61, andd=5; and s is to 
be found. 


Frome vee + “eid, nat=#y1=" 441218 


ean (EES) = 18 x 81 = 408. 


5. In the series — 1, 2,5, ---, a= —1, d = 3, and s = 221 are given ; 
and 7 is to be found. 
From l=a+(n—1)d=—1+ 3(n — 1) we obtain 
1=8n—-4. (1) 
From s= AG + 2)<or 221 = Ae 1 + J) we obtain 
j= EN, (2) 
n 


Eliminating / and solving (1) and (2) for , 
nm = 13 or — 113. 
Hence, the given series has 13 terms. 
6. In the series 2, 9, 16, --- 86, a = 2, 1 = 86, andd="%; and » and s 
are to be found. 
l—a 86 — 2 


From (= a+ (n—1)d,n= 7 +1= rT +1 = 18. 
aan (2) = 18 x 44 = 72. 


7, See next page. 


8. Inthe series --- 22, 27, 82, ---, we have d = 5, s = 714, and n = 17; 
and a and J are to be found. 


From J=a-+ (n—1)4, ERS x Oey (1) 
and from s = 5 (a +), bhas aa = 8h (2) 

F 2) and (1), =i) 

rom (2) and (1) fae 


and 
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7. In the series — 10, — 83, —7,--- to 10 terms, a = — 10, d= 3, and 
n-= 10; and Zand sare to be ‘found. 

t=a+(n— 1)d=—104+9x3=31, 

$= (at 1) = 5(— 10 + 32) = — 3821. 
9. Given s = 1132, @ = 1, and d = 2, to find n. 

n 28 2272 682 
= d), n= ———— = . a 
say em AUS GET TEL OLE Ss (1) 
Substituting a + (n —1)d=1+2n—2forlin (1), 
wee 682 RS 2 ete) (2) 
1+1+6n—6 6n—4 38n_—2 

Clearing (2) of fractions, 3 n? — 2n = 841. (8). 
Solving (8), nm = 11 or — 33, 
Rejecting the negative value, (ee 101 


10. In the series — 16, — 11, — 6: - 34, a= — 16,7= 34, and ad=5:; 
and s is required. 


Ne eco h  =esmene 

ro EE) =n ay (1) 
From t=a+ (n—1)d,n=l=@, 4284416, ,_ 4, (2) 
Substituting 11 for n in (1), 8s = 99. 


11. In the series --- — 1, 3, 7, -.. 23, d= 4, 7 = 23, and n = 16; and s 
is required. 


$= 5(@+)) =8a+ 184. (1) 
From 7 =a + (nm — 1)d, a=t—(*—1)@ = 281i x 2 gy (2) 
Substituting — 37 for win (1), 8 = — 296 + 184 = — 112, ' 
12. Givend=2, 5 = 300, and x = 20, to find a and 7. 

From s = 5 (a t), 1=28 = 800... 

(a + 2) a+ zs 30 30. (1) 
ee ee a—-tl= n—I1)@=—19x2= _ 38 2 
Nes (1) and (2), t= a fe 

an l= 84, 


18. In the series 1, 5, 9,---l,a=1,d= * ond t= 7; and n is required. 
From J = @ + (m — 1), — 4124-1 i er ee 8 


Hence, the number of terms is Ss 3 which is known when 7 is known. 


14. Given @=2,1= y, and n = d, to find s, 


pa M+) _dbe@+y 
2 2 
& From ?= 44m - ta da ee ae ee 
(al VARs ah oS 
Hence, the A. P. is 1, 14, 2, 21, 3 3}, 4, 44, 5, 51,6. 


349, 850, 351] PROGRESSIONS 
ee en ie go St es 
een ee 


Hence, the A. P. is 24, 22, 20, 18, ---, 2. 


4. From? =a+(n—1)d, d= —— = ————__ = - 3. 
n—1 9-1 


Hence, the A. P. is 10, 7, 4,1, — 2, — 5, — 8, — 11, — 14. 


5, Fromi/=a+(n—1)d, d= = oe = 2. 


Hence, the A. P- is — 1, — 4, — }, #, 3, 14, If, 2. 
Page 350 
en Saeed a2 ee 
n—1 Pee 3 
Hence, the A. P. is 15, 154, 153, 16, 163, , 20. 
7. Pope ok nd da = @+y-@-H_?, 
n—1 5—1 2 
Hence, the A. P.isa—0,a—b+%a—b+b,a—0+ 5), a+b; 


or a0 gab q, 2a’, 


2 


8. From = a+ (n—1)d,d=*—“= 


Page 351 
9. Let the series be x — y, %, v + Y. 
Then, 3a = 18, 
and 2 (@— y)(@ + ) —A20: 
From (1), = 6: 
Substituting (8) in (2), 6(6— y) . Je a = 120. 
= 142 = 20) 
Solving (4), y=+4. 
Forming the series from 2 = 6 and y = + 4, the terms are 
2, 6, 10, or 10, 6, 2; 
that is, the Leone are 2, 6, and 10. 
3. Let the series be ¢— ¥, % U + Y. 
Then, 3a@ = 21, 
and (a — yf? + 22 + (@ + y)? = 15. 
From (1), Lit. 
From (2), 3 a2 + 24? = 15. 
Substituting (3) in (4), 147 + 2y? = 155. 
Solving (5), y= +2. 
Forming the series from oe, = ANG) ete . pine terms are 


sO Ol Onads 
that is, ‘the numbers are 5, 7 and 9. 


331 


(1) 
(2) 
(8) 


(4) 
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4, Let the series bez —y, 2,2 +y 


Then, (@—y?+2 a fe + y)? = 93, (1) 
and e+y=4(e—y). (2) 
From (1), 822+ 2y?% = 93. (3) 
From (2), Y= 2 a: (4) 
Solving (8) and (4), z= dor —5, 
and = 3 or — 3. 
Forming the series from #=5 and y =3, id from «= — 5 and y= — 8, 


the terms are 2, 5, 8, or — 2, — 5, — 8. 


5. Let the series be  — y, 2, a + y. 


Then, e— y= g—4, (1) 
and 3a = 24. (2) 

From (1), Y= +2. 

From (2), Ci=8. 


Forming the series from z = 8 and y = + 2, the terms are 
6, 8, 10, or 10, 8, 6; 
that is, the numbers are 6, 8, and 10. 


6. Let the series bez —3y,27—y,z+y, 2+ 3y. 


Then, 4a = 14, (1) 
and a? — y? = 12. (2) 
eM (1) and (2), ee Be 
an y =+H. 
ene the series from 2 = 3 and y = + J, the terms are 


2, 3; re 5, or 5, 4, 3, 2; 
that is, the numbers are 2, 3, 4, and 5 


te Tet the sets boo — 89, ¢— 99, 2-9, 2 Z+Y, e+ 2y,24+ 3y. 


Then, Tz = 98, (1) 

and (¢ — 3y)? + (@—2y)? + (w— y)? + a+ (a+ ae (@ + 2y)? 
+ (@ + 3yP = 148 (2) 

From (1), = oO) (8) 

From (2), a2 + 492 — 219. (4) 

Solving (8) and (4), y=+2. 

Forming the series from 2 = 14 and ¥y = + 2, the terms are 

8, 10, 12, 14, 16, 18, 20, or 20, 18, 16, 14, 12, 10, 8; 
that is, the numbers are 8, 10, 12, 14, 16, 18, and 20. 
Page 352 

8. Let the series be @—2Y,2—y, %e+y, at 2y. 

Then, 5a = 15, (1) 
and  — 4y?'— g2 — 92 — 3, (2) 

From (1), pas Uy 

From (2), ee Sa IB 


Forming the series from z = 8 and y = +1, the terms are 
1, 2, 8, 4, 5or5, 4, 8, 2,1; 
that is, the numbers are 1, 2, 8, 4, and 5. 
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9. Let the seriesbe w—y,2,2+ y. 


100 (@ — y) + 10%+ (& Biz 
Then, oe tt Y) — 201, (1) 
and 100(@—y)+10%+(@+y)+594=100@+y)4+10%+(e—y). (2) 
From (1), r= 2y. 
From (2), y= 38: 
Beis 
Forming the series from # = 6 and y = 38, the terms are 3, 6, 9. 


Hence, the number is 369. 


10. Inthe series 1, 3, 5,---99,@a=1,d=2, and/=99; and sis to 
be found. 


From I=a+(n—1)¢n="—* + 1= 50. 


s= AG + 1) = 25 x 100 = 2500. 


11. Given alt= 70, (1) 
and in s = 4 (a + 0), since n = 10, and s = 9, 
@+t=19. (2) 
Solving (1) and (2), a= 14 or 5, 
and t= 65 or 14. 


Hence, the extremes are 5 and 14. 


12. Let ¢ = number of logs in the bottom layer. 
Then, in the series, 1, 2, 3,---J,a@=1,d@=1, ands = 55; and /is to 
be found. 


From 7=a+ (n— 1)d, nat—y1 =F 4121 (1) 
n 28 110 
== l = = ——- 2 
From s gee), n lie eal (2) 
Shien tng 110 
= ———: 8 
Eliminating n, faci (8) 
Solving (8) for 7, ¢= 10 or — 11. 
Hence, there were 10 logs in the bottom layer. 
13.. Let nm = number of yards in depth of well. 
Then, in the series 14, 13, 2,---, a=1},d= 3, ands =19; and » is 
to be found. F a 
wees a GS AE 1 
From s ees . Ug os 4 (1) 
Also, =at(n—Nd=th + Pot. (2) 
Eliminating J, 14 net = = = Ay. (3) 
Solving (8) for n, n = 8 or — 19. 


Hence, the well was 8 yards deep. 
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14. Given, in an A. P., G98; (1) 
(a+ da) + (@—d) = 34, (2) 
nm = 16, (3) . 

and the formulae, t=a+ (n— 1)d, (4) 

and a= AG + 2), (5) 
to write the progression. 

From (2), a+d= 34. (6) 

Solving (1) and (6), a@=31 or 3, (7) 

and ¢=8or 81. (8) 


Substituting (7), (8), and (8) in (4), d = — 2 or 2. 
Hence, the progression is 31, 29, 27, ---, 8; or 8, 5, 7,--+, 31. 


15. Let x = number of means required. 
Then, 5+de+id= Po (1) 
Dah 8): 9 
a 87d il @) 
From (2), =z. 
Substituting 4 for d in (1), 4a = 28, 
See 
16. Le x = number of means required. 
Then, from s = 5 (0 + 0), 116 = “(4 + 25), 
each 
Since the number of means is 2 less than the number of terms, 
2=7 — 2 = 6. 
27; Let: a,a+d,a+2d,---be an A. P., and let m be any 


common multiplier of its terms. 
It is to be proved that ma, m (a + d), and m (@ + 2 ad), +++ are in arith- 
metical progression. 
m (a+ d)— ma =m(a+d—a) = md. 
m(a+2d)—m(a+d)=m[a+ 2d—(a+ d] = ma. 
Since the successive terms of the series ma, m (a+ d),m (a+ 24d),--- 
have a common difference md, the series is an A. P. : 


18. Letv,2+1,%+4+2,2+438,---be any consecutive integers. 
It is to be proved that (# + 1)2— 2, (@ + 2)? — (w@+1)2, (~@+38)?—(@+2)2, --- 
are in arithmetical progression, and that the common difference is 2. 
@ + 1)? — =o 4+ 2e741-—g=98¢4 1. 
(@ + 2P—@+ 1P =a +424 4— (22+ 2041) = 2043. 
(@ + 3)? — (a+ 2? = a+ 6a+9—- (224+ 4e4 4)—2e4 5, 
But 2x+ 1, 2% + 3, 2@45, are three terms of an A. P. whose common 
difference is 2. 


_ Since to @ may be assigned any integral value or any number of succes- 
sive integral values, the proof given above is general. 


19. In the series 1, 3, 5, ++. tom terms, a= 1,d=2,l=a+(n—1)d 
=1+2(n—1)=2n—-1; and s is to be found. 


5) Ton am n?2, 
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Page 354 


12. b= art = al% x ( ae Sat 


\' 


n- n-1 3-2 
13. d=ar-1=2~x Cal sa SOUT 
2 


1a oe 27 A128) 
Hence, he received $128 the tenth day. 


15. J=ar"-1= 200 x 26 = 12800. 
Hence, he will have $12800 at the end of the sixth year. 


1G. Sat = 7620s = 12916: 
Hence, the population will be 1216 millions in the year 2000. 


WW. 2=ar"4 = 512 x (3/81 = 15622. 
Hence, his salary the sixth year was $1562.50. 


18. J=ar™1= 20786 x (3)®-1 = 50625. 
Hence, the population at the end of 40 years was 50625. 


19. (=a = 2 x 3° = 39366: 
Hence, the last bushel cost him $393.66. 


20. 2=ar™1=1 x 1504, number of grains, 4th year. 
150 x 150 x 150 x 150 = 45000, number of bushels harvested the 


fourth year. eee 
Page 355 
ar .q@ - 8—1 
2 3 = eae 1 = 255. 
ge a or _ 1 — (8 __ 255 
(PA 1. Te" 198 
4, sa Ut — a _ (9) — 1 _ 58025, 


(aT t— 1 2°” 619 
5. ge a4 _ ar _ 2—-2(— 9) _ 2+ phy _ 1094, 


etl So =r 1+4 4 729 
pei ee SONOS Le ieee) 2 TOO! 

ae eae: t 1+4 4096 
eg oe ay 1 1284) — 1. 
ep ea 1 22—1 
Se pe ee a 8a) a 1 ee art I, 
ee OTL Ag + 1 

_ am —a_ (er —1_ om —1, 

ee 
10. se ON on 1, 
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Page 356 


ll pe Ot Oe Sere Ee eee BR atten (==) 


rai. =r bh ee ee ee 


12, = t= 48 X 19—1 _ j099 
r—1 2 


1s. ga TEE @_ 2x 192 —3 _ gg, 


r—i1 1 
fais pear ear 3 
Page 357 
8 &= a pea 1 pa 
Por TIS Se 
a@ 8 3 
4 s= ee = =4 
1l—r i-} $ 
ee a = =t=3 
1-9 —(-} ¢ 4 
6. 407407 --- = .407 + .000407 + .000000407 + - 
Ces 407. 407 4.999) S408 it 


1—¢ 1=yA_ 1000 1000 999° 87 


7. .863636 --- = .36 + .0086 + .000036 + --- 
Pa See Sn SS 


4—* L— ps 100 1005*99 7 1 


sive Aaa a 


10-2 “10 1-3 
= t§ + ob = WE = UY 
2. Substituting 625 for 7, 1 for a, and 5 for x in 2 = ar- Ge 
625 = rt. 
aK ie tbe S18 


Hence, the series is either 1, 5, 25, 125, 625, or 1, — 5, 25, — 125, 625. 


8. Substituting 2948 for 7, for a, and 7 for n in 2 = ar"-1, 


2048 = 976, 
_ 4096 _ 48 
729 36 


we Peale ‘. 
Hence, the series is either 4}, 6, 8, 32, 12 ; 
or Ah. — 6, 8, — 32, 128, — 532, 2048, 


357, 358] PROGRESSIONS» 387 


4. Substituting $4 for 7, 34% for a, and 6 for n in / = ar}, 


$$ = Shp 1%. 
> — 3/6416 = /EF - gf 4. 
49.843 78 AL 8 


Hence, the series is 343, 42, 7, 4, 48, $4. 
5. Substituting 5120 for a, 5 for , and 6 for in 7 = a7}, 

5120 75 = 5. 

iy ipl 


S t 
Hence, the series is 5120, 1280, 320, 80, 20, 5. 


6. Substituting 1 for /, 4./2 for a, and 6 for n in 2 = art, 


Hence, the series is 4,/2, 4, 2/2, 2, ./2, 1. 


7. Substituting 2° for J, a® for a, and 7 for x ind = ar}, 


8 = a$76, 
ee ee 
a 


Hence, the series is either a®, 5b, a4b?, «3b, «704, ab®, 08; 
or a’, — add, atb?, — a3b3, a®b*, — ab’, 0. 


8. Substituting 1, /2 for 7, — 2 for a, and 8 for m in? = ar}, 


i Qo ort 
rt = — 2/2 = — (2)* Q= — (ay 
7 =—(2?=-} 2. 


Hence, the series is — 2, /2, — 1, 3./2, -4, 4/3, -4 4 2 


9. Substituting — y for /, x for a, and 6 for n ind = arn, 
—y=ar., 


ey ee ee 
x zt 


Hence, the series is 2, — a8y$, wy?, — ay?, aby?, — y. 


Page 358 
1, Given 7, JZ, and s, to find a. ; 
Formula III, s= - = = (1) 
Solving for a, a= rl — s(r — 1). (2) 


2. By 2), Ex.1, a= 7l—s(r—1) =5 x 685 — 775 x 4= 26. 


3. Since the last term of an infinite decreasing geometrical series may 
be neglected, or counted as 0, by (2), Ex. 1, 
a=rl—s(r—1)=7%, x0-4Q5-D= HR. 
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4. Find 7 in terms of a, 7, and s. ; ee: 
7l— a 


Formula ITI, a= a - (1) 
Solving for J, i= fest) : (2) 
6. By @), Ex 4, 7 As S99 

6. By (2), Ex. 4, 7= <a a a: =/%. (1) 


Substituting ./ 2 for J, 2 for a, and /2 for in? = ar-1, 
HS ord 239.8 =o. 
. d= 1(n — 7), whence, n = 8. 
7. Deduce the formula for 7 in terms of a, 7, and s. 


Formula ITI, oe BS, (1) 
r—1 
Solving for 7, — ae (2) 
3 — 
oT rato 665— 32 _ 3. 
So) By, (2) exe t,o = = here cee 


Hence, the series is 32, e. 72, 108, 162, 248. 


9. B 2), Ex. 7, r= s—@ eel =e 
7A) Ee s—l 5 38 


Since the sum is 525 greater ise the last term and 700 greater than the 
first-term, the last term. is 175 greater than the first term. 
Be Geaed att) 17G =—S56: 
Hence, the progression is 81, 108, 144, 192, 256. 


10. Deduce the formula for 7 in terms of @, n, and J. 


Formula I, l= arvl. (1) 
ae ’ “1/7 
Solving for 7, ae ig & 2) 


en 
11. By (2), Ex.10,7= %/2= — = 2/243 = 8. 
¥ (2), ex : a/ UF 3 ay 
Hence, the series is 8, 9, 27, 81, 248, 729. 


12. Find / in terms of 7, », and s. 


Formula I, t= arrl. (1) 
“Formula II, 22S) (2) 
r—1 
From (1 Ys “ = pr-l, (3) 
From (2), I 
‘rom (2) | aerere Bee 
F Multiplying (8) by (4), : q Bs Prenat) See Ssh %) 


pe i 
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is mi-lg (pp — 2 x 4095 x 1 
(18. By (6), Ex. 12, t= M2 @ =) ee x1 gn = 
| y (5) ANE ae: 2048. 
14. s=100[1 + 4 + (4)? +---]. 
The series in brackets is an infinite decreasing geometrical progression 
whose ratio is $ and first term 1. 
= 100 x 
ee 
Hence, the sled will go 500 feet. 


= 100 x 5 = 500. 


15. At first the contents of the cask is all vinegar ; then % vinegar ; then 
3 of 3, or § vinegar; etc. Hence, the part of the contents of the cask 
which will be vinegar after the sixth time is equal to the seventh term of 
the geometrical progression 1, §, §,----. 
ith term = U=ar" =1(2)? = 7, 
which is less than 75. 
Hence, the contents of the cask will be more than ;% water. 


16. Whole distance passed through = 200 + 80 + 824°. : 


In the series 200, 80, 32,+--, a = 200, 7 = 2, and the number of terms is 
infinite. Let s represent the whole distance passed through, in feet. 
Then, s=—4_ = OLS 200 = 3881. 
1—r .1-# 3 


17. The amount is 1(1 +7), or 1+ 7, at the end of 1 year; (1+ 7”) 
(1 +7), or (1+ 7)?, at the end of 2 years: (1+ 7)? (1+ 1), or (1+ 7), at the 
end of 3 years; etc. 

Hence, the amounts 1 + 7, (1+ 7)*, 1 + rs, --+ for 1, 2, 3, +++ years, 
respectively, form a geometrical progression whose ratio is 1+ 7. 


18. Let a, ar, ar, - 
be a geometrical progression, and m any common multiplier of its terms. 
Then, ma, Mar, MAP, +++ 


also is a geometrical progression having the same ratio as the given geomet- 
rical progression, since mr + m = 7, mr + mr = 7, etc. 


19. Let the series be 2, vy, y?. 


Then, a2 + ay + y? = 19, (1) 

and xt + ary? + y* = 188. (2) 
Dividing (2) by (1), 22 —ay+ y= 7. (3) 
Subtracting (8) from (1), ey — Le: (4) 
Adding (4) + 2 to (1), a2 + Qay + y? = 25, 

whence, e+y=+5. (5) 
Subtracting (4) + 2 from (8), 22 — 2ay+ y=1, 

whence, e2-y=+1. (6) 
From (5) and (6), z= 8or2or —2or—3, (7) 

and y =2or8or—30r—2. (8) 


From (7) and (8), 2? = 9 or 4, ay = 6, and y? =A or 9. 
Hence, the numbers are 4, 6, and 9. aes 
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20. Let the series be 2, zy, vy”. 
Then, ys — 8, 

and at + oy? + o4 = 21. 
From (1), zy = 2, ory = 2. 
Substituting (3) in (2), at 4+ * Sait: 


Clearing of fractions, etc., 28 —17a*+ 16=0. 

Factoring, (@ — 1) (w + 1) (@ — 2) (w + 2) (a + 1) (@? + 4) =0. 

From 4), e=1,2= —1,7=2,2= — 2, 22 = —1, a= — 4, 
* @=1or4or—1lor —4. 


Substituting (5) in the square of (8), 
2—4orlor—4or—1. 


From (5), (3), and (6) the numbers are found to be 
1, 2, and 4, or — 1, 2, and — 4. 


21. See next page. 


22. Let the series be 23, zy, y?. 


Then, zy — 64, 
and x + ay8 + 96 = 584. 
Adding (1) to (2), aw + 2a3y8 + 46 — 648. 
Extracting the square root, i+ y= 4+ 18, /2. 
Subtracting (1) x 3 from (2), 2° — 2 a3y3 + 96 = 392. 
Extracting the square root, -  g@— f= 4 14,/2. 
From (4) and (6), a® = 16,/2, 2./2, — 2./2,— 16,/2, 
and y® = 2./2, 16,/2, — 16,/2, — 2/2. 


Since 23 = + 16,/2 = (+ 2)?, «= (+ 2)) and 2? =(4 28=48 
Since a? = + 2,/2 = (+ 2)?, z= (+ 2)¢ and 2? =(4 2)8 = + 2, 
Similarly, the values of y? are found to be 2 or — 2 or 8 or — 8. 
From (1), the value of zy is found to be 4. 

Hence, the numbers are 2, 4, and 8, or — 2, 4, and — 8. 


2 2 
23. Let the series be = ®, Y, . 
a 


by 


Then, x + @= 15, 
y 
and y+ ae 60. 

x 
Dividing (2) by (1), Ya, 

on 

*. ¥=220r — 2a. 

Substituting 2a for y in (1), Os 
Substituting — 22 for y in (1), #7305 
Substituting (4) and (5) in (8), y = 20 or — 60. 
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(1) 
(2) 
(8) 


(4) 
(5) 
(6) 


(1) 
(2) 
(8) 
(4) 
(5) 
(6) 
(7) 
(8) 


Forming the series from z = 10 and y = 20, and from z = 30 and y = — 60, 


the numbers are 5, 10, 20, and 40, or — 15, 30, — 60, and 120. 
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21. Let 2 and y represent the numbers. 
Then, ay = 4, 
and os aly 
Adding (1) x-2 to (2), w+ 2 Jey + y = 18, 


whence, Jet /y = + 8/2. 
Subtracting (1) x 2 from (2), 7 — 2/ay + y = 2, 
whence, Je— Sy = + /2. 


Multiplying (8) by (4), a—y=—6or—6. 
From (2) and (5), z= 8sor2, 
and y = 2 or 8. 


Hence, the numbers are 2 and 8. 


24, Let the series be 22, ay, x. 


Then, x2 + y% = 130, 

and ay? — 6265. - 
From (1), y* = 130 — 2%. 
Substituting (8) in (2), 2? (180 — a) = 625. 


xt — 130 22 + 625 = 0. 
(a2 — 5) (a — 125) = 0; 
. a = Sor 125. 
Substituting (4) in (8), y? = 125 or 5. 
Extracting the square root in (2), vy = + 25. 
Hence, the numbers are 5, 25, and 125, or 5, — 25, and 125. 


Page 360 
25. See next page. 


26. Given a, b, and c in geometrical progression. 


To prove that L ,’ and * are in geometrical progression. 
a 


Siuce a, b, and c are in geometrical progression, 
¢ = ee 
red 

28 

Squaring (1), eden 

Dividing (1) by (2), = 4. 


But in the series 1 i Es 
Mi Te 


(1) 
(2) 
(3) 


1 the fraction b is the ratio of the third term 
c 


to the second term, and the fraction ; is the ratio of the second term to 


the first term. Since, by (8), these ratios are equal, the series is a geo- 


metrical progression. 


27. Let 2 = larger number, 
and gz — 24 = smaller number. 


Then, e+a—24_ fe @— d+. 


2 
xv = 27, larger number, 


Solving, 
4 a — 24 = 3, smaller number. 


whence, 
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25. Let «x = number of dollars first receives, — 
and y = number of dollars third receives. 
. Then, a /ay = number of dollars second receives; : 
 @+ fay + y = 700, ; (1) 
' and x — y = 300. (2) 
~ Put wu + v for # and u — 2 for y. 
(1) becomes 2u+ ./u? — 2% = 700. (3) 
(2) becomes 20 = 300. (4) 
ao O = ho: (5) 
Substituting (5) in (8), u = 6881 or 250. (6) 


The first value of w must berejected since 6831 + 150 > 700. 
@=u+ v= 400, y= u—v= 100, and ./zy = ./ 400 x 100 = 200. 
Hence, the first receives $400, the second $200, and the third $100. 
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2. The reciprocals of the terms form the A. P. 2, 4, 6, ++ 
10th term of A. P. =l=a+(n—1)d=24+9x2=2 
- 10th term of H. P. = x. 


t—a_ 7-2 
3. From /=a+(n—1)dé, d= ae Wee gs Py 
n 


The A. ies 1S 3, tm zs Tz 3) 2 os Te: 
Hence, the H. P. is 14, 18, 2, 22, 8, 4, 6, 12. 


4. Brom! atin — tad =o — oe 


m—-1 4-1 10 
The A. P.is 4, 3, 33, 2. 
Hence, the H. P. is 2, 21, 3k, 5. 


From i=¢ $i — aes £9. te 1 


The A. P. is a, 3, oh, 4, 28 oy) a8 os 
Hence, the H. P. is 12}, 84, 63, 5, 42, 34, 34, 27, 24. 


; ' Page 362 

oe | et 

6, From t= a+ (n—1)4d= l= 4_4% 8_d-a, 
haeltigie. ard | “OLE Sa. hee 


mea. Pity 2—o1, 3-01, 86-9 14 da, 
bb 4ab’b 2adb° d 4db °d wo 
ora ‘1 Ba+ba+ba+ 385.1 
b' hab’ 860° 44d a 


Hence, the H. P. is 8, —4ab_ 2 ab 4 ab a. 
8a+ba+b04a430 


7. The mth term of A. P. =a+ (n—1)d=5+ (n—1)8 =8n + 2, 
Hence, the nth term of the H. P. is 


8n+2 
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8. The 3d aan 4th terms. of the corresponding A, P. are 2.and ts: 

Since d = 7?;, the 2d.term is ? — 6 = = 7, the iss oe Ls ts — ts = 
and the terms following: the 4th are 15 + 9% = 4%, $+ 3% = §, ete. 

. the A. P. is 2, 4%, 3, as) 3 $° °°: 

Hence, the H. P. is 74, 32, 24, 1%, iL, 


17, See next page. 


18. Let @ and d represent the numbers. 


a+b 
Then, PAR ae. 5, (1) 
2ab _ 16 
de H=——=—: 

e a+b 5 @) 
From (1), a+b= 10. (8) 
Multiplying (2) by (8), 2ab = 82. (4) 
moe (8) and (4) fora@and J, a@=8or2, 

an b= 2or8. 

Tee, the numbers are 2 and 8. 
19. Leta and 0 represent the numbers, a > b. d 
Then, a—b=2, (1) 
bad A Ee Sabet: (2) 
ae D3 
Clearing (2) of fractions, 3 (a? — 2 ab + 6) = 2(a + Dd) 
a+b=3(a—byP 
Substituting 2 for a — 6, a+b=6. (8) 
From (8) and (1), a = 4, larger number, 
and 6 = 2, smaller number. 
' 20. Given a, }, and cin H.P. 
It is to be proved that b— 0206 = G6. 
By the definition of harmonical progression, 
Ie aS oe 
CA OO ned 
Uniting terms, a = oF a 
Multiplying by 3, mat S oa 


Expressing as a proportion, b—¢:¢c=a—b:4. 
By alternation and inversion, a—b:b—c=a:e. 


21. Given 4@, b, ¢, and d in H. P. 


It is to be proved that ab:cd =b—a:d—e. 
1 ee Bal told el 
he definition of a H. P.., ee ee 
By the definition hes eS es a ae 
Uniting terms, ¢ =< ree a e oe b. 
Equating the 1st and 3d fractions and eee ge signs, 
ee Oe 
a ab 
Expressing as a proportion, d—c:cd=b—a: ab. 


Alternating the extremes, ab:cd@=b—a:d—e 
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17. The 5th and 11th terms of the corresponding A. P. are 12 and 24. 

Since 11th term = 5th term + 6 times the common difference, the com- 
mon difference is (24 — 12) + 6, or 2. Hence, the first term of the A. P. 
is equal 12 — 4 times 2, or 12 — 8, or 4. 


Hence, the first term of the H. P. is t. 


22. Given a, 6, and cin H. P. 


It is to be proved that + : =141. 
b-—-a b-c @e 
Since } is the harmonical mean between uw and c, 6 = ace : 
ate 
To find the value of ; 1 - + , terms of @ and ¢, substitute this 
value of 6 for } in the expression 1 Laer 
b—a b—e 
Then, : + he Es are be 2s 
b-—a b-c 2ac _ Rac, 
a@+e a+ec 
Sie CANO Ze PC Syke Caen 
ac—a ac—@ a(e—a) c(ec—a) 
= ft 0 (i 3) = 244 x4 
c—a\a ec c—a ac ~ 
ac a@ c¢ 
28. Given b—a:e—b=a:x. (1) 
It is to be proved that x= 4a, if a, b, and carein A. P.; 
that x= }, if.a, b, and c are in G. P.: 
and that «= c, if a, b, and c are in H. P. 
Solving (1) for xv, 2S z c= 0); i (2) 
b-—a 
Substituting ¢ + © for b in (2), when a, 0, and carein A. P., 
ade ace 
nie 2] _ 2%ac—at*—ac_ac—a 
cCV—_—_—_—_—_—_—_—_—_ = = ——— = 84 
a 6 i, a+e—2a c—a 
9 


Substituting ./ac for d in (2), when a, 3, and c are in G. P., 

ea t(c— Jac) _ ac—a Dias a 
Jac — a Jac —a 

ae for d in (2), when a, d, and ¢ are in H. P., 


a(e— 2 ae 


a =) _ ae + act—Qare ac? — ar 
ST Sa ee eee ee 


Substituting 


t= 
2ac 2ac — a? — ac ac — a? 


a+e 
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24. § 380, G= /AH=./32 x # = /36= + 6. 


Hence, the geometrical mean is either 6 or — 6. 


95, 2(@ + ay) (wy + wy’) _ 2x1 + yay + y) _ 2ay (1+ y) 


(2 + xy) + (zy + ay?) (a + ay) (1 + y) @+ vy 
— ray (@ + TY) — 2 wy, 
2+ ay 


Since 2 zy, the middle term, is equal to twice the product of the first and 
third terms divided by their sum, by § 379 the numbers are in harmonical 
progression. 


26. Ifb+c¢,c+ a, anda + barein H.P., 
1 1 1 


ey ps0 Nas 
ips) BITE TO AG, ese 
ars —0b b—a 
Uniting terms, BS A Os eae 
3 G@+C+a O+OC+a) 
: é —6b _b-—a 
Multipl b : orl = 3 
ultiplying by (¢ + @) en ee 
Clearing of fractions, 2 — 2 = 2 — a?; 


that is, a?, 02, and c? are in A. P. 


IMAGINARY AND COMPLEX NUMBERS 
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10. /—4+./— 9 =2/—1+7/—-1=9/-1. 
iW ./—9 £ /— 4=8/—14+8/—-1=11y-1. 
12, 2/—44+ 8/—1=2-2/-1438/-1=t1/-1. 
13. /— 12+4/—8=2/-8+4/-3=6/—3. 
14. 5/— 18 — ./— 72 = 5-8./— 2 — 6. /—2=9,/—2 
15. 8/— 20 — ./— 80 =8-2,/— 5 — 4./— 5 = 2,/—5. 
16. (/—4+ 8/—b) + (J—4—8/—3) =2/—a4. 
17, (./—9ay — ./— ay) — (= Fay + /— 29) 
= 8./— ay —f— ay — 2./— ay — f—ay = — ./— ay. 
18. /—@+/— 4a —.f— B+ 82/—2 
= #f—1+2e/—1—2/—2+8e,/—¢@=82,/—1+28,/—2 
= 2 (8,/— 1 + 2./— 2). 
19, f= 16-8/—44 J—18 + /— 00 + J—% 
= 4, /—1 —8-2/—1 + 8/—2 + 5/—24+ 5/—1 
= 8./—1+ 8/—2. 
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20.. /—8+a/—2—./— 98 —5/— 2a 
= 2,/—2 + a,./—2 — 1. /—2 — 5-a,/—2 
21. ./— 16 0722 + ./— aa? — ./— 9 aa 
= 4ax,/—1 + aa,/—1 — 8ax/—1 = 20a /—1. 
22. /1—5—3,/1— 10 + 2/5 — 30 
= 2,/—1—- 8-8 /—-14 2-5 /—1=3/-1. 
25. 8./—8 x 2,/— 16 = 8/6, /—1 x 2/16 /—1 
= 6/5,/5,/3 (— 1) = — 6 x 58 = — 30.8 
86:94 80x A a x fad 
=4x 8/8 x 2./8(—1)=- 2% x8=~— 72, 
BON) — 8 x O/B a8 8 fed och faced 
= 20,/2,/3 (— 1) = — 20/6. 
8. 8-1 x ./—-Ba8 jd x bhai = 8 b,/b (— 1) 
=— 8 b/d. 
29. /— 125 x ./— 108 = 5/6. /—1 x 6./3,/— 1 = 80,/15 (— 1) 
= — 80,/15. 
90. /= 100 x ./- 0 = 02 teed =e 10,/80. 
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81. (/— 6 + ./= 8) (/—6 — /=8) 
= (/— 6? — (/— 3p 
=—6—(-8)=-—648=~-3 
82. (/— ab + ./—@) (./= a —J— 4) =(./— ab)? = (=a 
= —ab—(—a)=a—ab. 
+ (Jay + /=2) (Jay + J 2) 
= (\/= ay)? + 2./= ay. /=@ + (Jap 
= — wy + 2,/2y (/— TP + (— 2) 
= — ay — 2a,/y—e@=—a2yt A/y + 1); 
34, n/= 80 —/= 18 = 5,/= 8-8 /as 
/-8 — /—% =2./—-3-—5 (—8 
—20 + 4.6 
= 80.04, 85/6 
—50 + 29/6 


367] 


335. 


IMAGINARY AND COMPLEX NUMBERS 


fees Yad ale 4 c 
Jat + [b= /—-£ 


—@= xjob— Joe 
Si fab a bi — [be 
+ .fac~ +.Af/be+e 
=a — 2,/ab —b +e 
a ae a ea 
At _ Dee = S38 rd. 


VEX IPA Fai - 


gett 2B afl SiS = /86. 


Ola ft 
ee ae 
f= eB b./=1 b 


as Jai 


_a[B 8/14 _ B+ B/D 2/— 1 _ 8 4 BJA. 


28 Gee) 
AEE ay ne) EN ES ae ee 
1=5 B(-1) 
219, Bet EU eae 
a eel a 


S (/— DS -34/>i1t =8G 1) =8. 
es 


z 
3 


| (Jet 4 daa. 


fae ape ~ (= 088 aia 1 


rie NON es a NE 


ifele” wx (Bela) ae 
f= = JHB _ OB = PIT 5 3. 
2/—1 I ee 


347 


ele IY = J=1 —1= (-)J—1-1=-(/-1 +9). 
Spy ae (— 1), (/ 
— 84 /— 1? _ Bad a acai. 
1 YS 
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53. TN fool ome oe = WB a/—? ast — lt = /2'— 4./8. 


2/—2 2/—2 
54. ee —8(/= 18 = —3(/=1B 1 = — 8-1. 


$6. (JI) 2/14 = (= OP = (a a 


56. f= e+ b/=1_ (a+d,/—-1 _ = 2+? Sab, 
J— ab J/ab,/—1 


Bi fe ee 
a ee ea ey 


Page 370 
2 (6+ /—4)+(/—9-3)=(6— 38) + @/—1+38/-) 
=2+5/—1. 
8 (2—./— 16) + 8+ /-)=2+3)+(—-4/—14+2./—1) 
= 6a 
7 har scent ay + 4) + (— 2,/—2+4 3,/—2) 
aay 
5. (/= 20 — /16) + (J 45 + J8) = (— 44.2)4 R54 8/=8) 
=—2+45./—6. 
6. (4+ ./— 25) — (2+ /=4) = (4—2)4+ 6/—1-—2/—7) 
pee Be Be 
a: (8 — 2./— 8) — (2 — 8,/—5) = (8 — 2) + (—2/—5 + 8 /—8) 
=1+ ./—6. 
8. @—2/—1+8)—(/16—/= 16) =(6—4) 4 (- 8. /=144 /=7) 
ae ee a PETE 


a = 49—2—8,/— 4—, /-1+6=(6—2)+7,./—1_6, /-1—,./-1=4, 
12; (2 Bb) a eo Tae ee ae 
=2-84+5/-—1=-1458j/—1. 
18. (5 — ./— 1)(1— 2,/—1) 1) =5 — (10 + 1),./—14 2(-1) 
=5-—2-11,/—1=8-11,/7i, 
14, (V2 + J 28 — J=8) = 20+ JT) x Bt — /=7) 
= 4(14+,./— 1) (1—. /-1) =4x2=8 
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15. 
16. 
17. 


18. 


Q+ Bt2 = B+ 2-62 + B42 = 44 127-9 = —5 + 127. 
(2 — 84)? = 22 — 2-62 + B42 = 4— 127-9 =— 5 — 12%. 
(a — bt)? = a? — Qabi + Bx? = a? — Qadi — 2, 
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+ J281+ J—904+ =) = 0+ J 870+ = 8) 
= (1+ 2/- aaa 
=2(1— /— 8) (1+ ./— 3) 
—2 [1 ~ (/= 3) 

8. 


=2(t 3) 2— 


WA 


(= fe 3) (—1 +./—3) (—1+./—8) = (—1+./—3)?(—1+,/—8) 


20. 


=(1 — 2./28— 3)(—1+ ./—38) 
= 2(—1-—./—3)(—1+./— 8) 
=2((= 14 —(/= 3) 
=2(1+ 3)=8. 
If each factor given in Ex. 19 is ahs by 2, the result must be 


divided by 2%, or by 8. Therefore, 


22. 


23. 


24. 


25. 


27. 


(—4+ 2/— 38)(-—3 + Ss ee, VS ial 
pao a Ce) eon 
dee fe Og (Ms Se re) 1+2 

2 DH JB iif aa we 


Papa. tee ody oe 


4g W/4 0 (4+ ./4 (2+ /—2) _ 82+ Jf 2) 2) _ =24J=8 
Z2—f/—2 (2—-J/-2@+J/- 9) 


6+ /—38+3 ees: 26. 6+ 4,/—5+ 10 y= a2 


6—2/—8 194 ./—8 6 — 2,/—5 ae 
3./—8 +3 , 6f= b+ 10 
s/=8 +8 Tabet 

e+e _@—B(/— iP _ (a+ dJ/— 1 @—b/- 9) — 1) (@—/— 1) 
a—bf-1 a—b/—-1 a—b/—1 
=a+b/—1. 
+ a—b/-1 
rr a a+b /—1 
ab. /—1+ 2 


ab,/— 1 + b 
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vi — ab — ab — Bi 2ab-(@— Bi 


es, @+5 _ (a + bt) (at—b) _ 


a+b (ai+d)(ai—d) —-?-—B a + 
: es ; , ‘ Poe ees oa 
(i+éP i i+ai-4_ _2t._ _2604 9) = 6S 
at se Rey ee ee bine 8. (LB OS et 


31. 4+ 2/—21=7 + 2./7(—8) —8=(/%7 + /— 3 
O 4/42/98 fT Ss. 
82.0 14+ 2/-6=34 2/8(—% —2=(./8+ /— op, 
Sole 6 = ws eeere, 
8. 6-8/-7=7-2/7(—1) —1=(/7 — J—p. 
Rt eee er Pe EN Ey 
$4.09 + 2/— B= 114 2/1 (—B —2=(/1+ |= 2)2. 
oo A/9 + 2./= 28 = 11 + J—8. 
$5. 12, /—1-5 = 2,/— 36+ 4—9=4+4 2 /4(—9) —9. 
Ly Seber re Weyer S 9=/4+./—9 =248 /—1. 
G6 agent aa b-a,/—1+(a./—12=(+a/—ip, 
i Je + 2ab,/—1—a@=b + a./—1. 
87. Substituting — 1+ /— 1 for win a2 +224 2=0, 
(—1+ /— 1)? + 2(-1+./=1) +2 = 1-2 /o1-1_94.2, /—1+2 
= 0, or 0 = 0: 
Substituting — 1— ./—1 for z ina? +2242= 0, 
(-1—. foi? 42-1) = 1+2,/—1—1—2-2, /-1+42 
= 0)-or 0 = 0:. 
Hence, —1+./—1 and—1—,/=1 are roots of the equation 2?+22+4+2=0. 


88. (+ 4/— 8)? = (4) + 8 (473. /— 8 48.4) G/— Op + (3./— 3) 
=$+t/—-8-$-4/-3= ~-1. 
INEQUALITIES 
Page 376 
4. 6a%—5 > 18. 
Transposing, Prin. 2, 62> 18. 
Dividing by 6, Prin. 4, x > 3. 
5. S5a@—-1<624+4, 
Transposing, Prin. 2, >—a@<.b. 
Changing sighs, Prin. 3, e>—5. 
6. 3a—1a< 80. 
Uniting terms, 32 < 80. 


Multiplying by 2, Prin. 4, 


@ < 12. 
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Me ; 4%+1<6a-11 
Transposing, Prin. 2, — 2a < —12. 
Dividing by — 2, Prin. 4, xe > 6. 

1 4z—11 > }2, 1 
8. } 20 — 22 S 10. 3) 
Multiplying (1) by 3, Prin. 4, 12% — 33 > 2. 
Transposing, Prin. 2, liz > 33. 
Dividing by 11, Prin. 4, a> 3. 
Transposing in (2), Prin. 2, — 22> — 10. 
Dividing by — 2, Prin. 4, DaDe 


Hence, z is greater than 3 and less than 5; that is, z can have all values 
that lie between 3 and 5. 


9 i 8—424< 7%, (1) 
es 5a + 10 < 20. (2) 
Transposing in (1), Prin. 2, —4a< 4. 
Dividing by — 4, Prin. 4, z>—1. 
Dividing (2) by 5, Prin. 4, ~+2<4. 
Transposing, Prin. 2, Dee 2, 
Hence, a is greater than — 1 and less than 2. 
9 
10.: : a+ Be 458 > 25 and < 30. 
Multiplying by 6, Prin. 4, 6e2+42+ 5a > 150 and < 180. 
152 > 150 and < 180. 
Dividing by 15, Prin. 4, z > 10 and < 12. 
Page 377 
12. e+ 32> 10. 
Transposing, Prin. 2, a+3e2—10>0. 
Factoring, (@ — 2)(@ + 5) > 0. 


Since (x — 2) (x + 5) is positive, both factors are positive or both factors 
are negative. If both factors are positive, 2 > 2. If both factors are 


negative, @ < — 5. ee 
_Hence, @ can have all values except 2 and — 5 and those which lie 


‘between 2 and — 5. 


148, a? + 8a > 20. 
'Transposing, Prin. 2, a+ 8a —20>0. 
_.’ Factoring, (a -- 2) (w + 10) > 0. 


~' Since (a — 2) (@ + 10) is positive, both factors are positive or both factors 
are negative. If both factors are positive, « >2. If both factors are 


negative, x < — 10. : f 
Hence, x can have ail values except 2 and — 10 and those which lie 


between 2 and — 10. 


14. w+ 5a > 24. 
‘ Transposing, Prin. 2, w+ 5a— 24> 0. 
?-\ Factoring, (a — 8) (4 + 8) > 0. 


/ \ Since (2 — 8) (a + 8) is positive, both factors are positive or both factors 
‘are negative. If both factors are positive, w > 3. If both factors. are 


negative, 7 < — 8... / WARN. hae ‘ 
Hence, z can have all values except 3 and — 8 and those which lie 


between 3 and — 8. 
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15. (x — 2)(8—2)>0. 

Changing signs, Prin. 3, (x — 2) (@— 8) < 0. 

Since (« — 2) (x — 3) is negative, the factors have unlike signs. Hence, 
(w — 2), the greater factor, is positive, and 2 — 3, the less factor, is negative; 
that is, 2 can have all values between 2 and 3, but no others. 


16. a2 >92—18 
Transposing, Prin. 2, z?#—92+18> 0. 
Factoring, (x — 3) (x — 6) > 0. 


Since (@ — 3) (@ — 6) is positive, both factors are positive or both factors 
are negative. If both factors are positive, z >6. If both factors are 
negative, @ < 3. 

Hence, 2 can have all values except 6 and 3 and those which lie between 
6 and 3. 


17. a+ 402 > 3(42 — 25). 
a+ 402 > 122 — 75. 

Transposing, Prin. 2, w+ 282+ 75 > 0. 

Factoring, (x + 8) (@ + 25) > 0. 


Since (2 + 3) (x + 25) is positive, both factors are positive or both factors 
are negative. If both factors are positive,x>— 38. If both factors are 
negative, ~<— 25. 

Hence, z can have all values except — 3 and — 25 and intermediate values. 


18. 2? + bz > az + ab. 
Transposing, Prin. 2, a — ax+ br —ab> 0. 
Factoring, (e—a)(a@+d)>0. 


Since (x — a) (« + d) is positive, both factors are positive or both factors 
are negative. If both factors are positive, 2 >a. If both factors are 
negative, a < — b. 

Hence, @ can have all values except @ and — 4 and those which lie 
between a and — 6b. 


19, See next page. 


20. epcres Get (1) 
é 22+ 5y = 26. (2) 
Subtracting (2) from (1), Prin. 1, —8y< — 2. (3) 
Dividing (3) by — 8, Prin. 4, y> 2h. (4) 
Multiplying (1) by 5, Prin. 4, 102 — 15y < 10. (5) 
Multiplying (2) by 3, 62+ 15y = 75. (6) 
Adding (6) to (5), Prin. 1, 162 < 85. (7) 
Dividing (7) by 16, Prin. 4, a < 5s. 
Hence, the positive integral values are 2 = 0,7 — 3. 
82+ 2y = 42, (1) 
21. y 
Subtracting (2) from (1), Prin. 6, < 26. 3 
Multiplying (3) by ;%, Prin. 4, “4 4 < 12;%. v4 
Multiplying (2) by 14, Prin. 4, 422 —2y > 224. (5) 
Adding (1) to (5), Prin. 1, 45 2 > 266. (6) 
Dividing (6) by 45, Prin. 4, 2 > 5H. 


Hence, the positive integral values are x = 6, y=12; @=8, y=9;: 
@=10, y=6; e=12, y=3. ¥ "ry 9; 
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19. (~ — 8) (5 — z) > 0. 

Changing signs, Prin. 3, (w — 3) (a — 5) < 0. 

Since (2 — 3) (x — 5) is negative, the factors have unlike signs. Hence, 
x — 8, the greater factor, is positive, and # — 5, the less factor, is negative ; 
that is, z can have all values between 3 and 5, but no others. 


: 4a<3y. (2) 
From (1), y = 10 — 2. (3) 
Substituting (3) in (2), 4a < 30-32. (4) 
Transposing in (4), Prin. 2, Ta < 30. (5) 
Dividing (5) by 7, Prin. 4, a< 42. (6) 
From (1), x«=10—y. (7) 
Substituting (7) in (2), 40-—4y< 3y. ~ (8) 
Transposing in (8), Prin. 2, —Ty< — 40. (9) 
Dividing (9) by — 7, Prin. 4, y > 5§. 


Hence, the positive integral values are a=4, y=6; 2=38, y=7; 
PS 2, J Soe eS IS 


93 { y=3u+ 4, (1) 
: 25 << 2y4+ 32 (2) 
Substituting (1) in (2), 25 < 62+ 8+ 32. (3) 
Transposing in (8), Prin. 2, —~9u< —1%. (4) 
Dividing (4) by — 9, Prin. 4, a > 18. (5) 
Subtracting (1) from (2), Prin. 1, 2—y< 2%y-4 (6) 
Transposing in (6), Prin. 2, —3y<-—2 (7) 
Dividing (7) by — 3, Prin. 4, y > 93. 
Hence, the positive integral values are a= 4, y= 16; t=5, y= 19; 
z= 6, y = 22; etc. 
> Of ae 9, (1) 
24. Lee = 2 
& - ie . 
Multiplying (2) by 60, 217+ 4y = 540. (3 
Multiplying (1) by 4, Prin. 4, —4a+A4Ay > 36. (4) 
Subtracting (4) from (8), Prin. 6, 25a < 604. (5) 
Dividing (5) by 25, Prin. 4, B< 20. (6) 
Multiplying (1) by 21, Prin. 4, — 21@+ 21y > 189. (7) 
Adding (8) to (7), Prin. 1, 25 y > 729. (8) 
Dividing (8) by 25, Prin. 4, Y > 29%. 


Hence, the positive integral values are 2 = 20,y= 30; 7=16,y= 51; 
a= 12, y=72; e=8, y=98; T= 4 y=Al4 


25. See next page. 


26 a+b  @+26_4_ é ces b ) 
; FEU Ope He a+2b a+3b 
b b — b2 


—G+Bb ated (a@+8b)(a+2b) 
a+ 2b a+b : ayes 
ar 2! > —_, aand d being positive. 
Bence, 3b Gee g 
27. Since (a — b)? is positive, a2 — 2ab + 0? > 0, if a and 6 are 


equal. 
i cre aeposing — 2ab, Prin. 2, a2 + b? > 2ab. 
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Pige SE in BOs a>y+4, (1) 
26. Press § (2) 
Subtracting (2) from (1), Prin. 1, 2y>y-4. (3) 
Transposing in (8), Prin. 2, y>—-4 (4) 
Multiplying (1) by 2, Prin. 4, 2a>2y+ 8. (5) 
Subtracting (2) from (5), Prin. 1, B+2y>2y. 
Canceling 2 y = 2y, Prin. 1, z>0. 


Hence, the positive integral values are y=1, x= 10; y=2, a= PP esac. 
x= 14; etc. 


26, 27. See preceding page. 


28. If a, 0, and ¢ are unequal, since (a — 0)2, (a — c)?, and (6 — c)? are 
positive, 
@—2ab+2>0, 
@—2ac+e2>0, 
and ? — 26e+ c > 0. 
Adding, Prin. 5, and dividing by 2, Prin. 4, 
@+ 2+ ce — ab—ac— de> 0. 
Transposing, Prin. 2, a+ + c2 > ab+ ac + be. 


29. Ifa and d are unequal, (a — 3)? is positive. 


; - @—2Zab+ Bro, 
Transposing, Prin. 2, @—ab+B> ab. 


If a and @ are positive, multiplying by a + 3, Prin. 4, 
; a + B > a% + ad? 


30 C+ a+ p2 — vb (a + B—2ad) (1) 
) +R a+b ~ (a2 + 8) (a + d) 


If a and 2 are unequal and positive, a2 + 32 — 2 ab, or (a — b)%, is positive, 
ab is positive, and (a? + 0?) (a + b) is positive. 
Hence, the second member of (1) is positive, and 


ee BON: . @&+ 83 als ol Cal 
Gah! gitar 7 " PLB” @+s 


31. Except when 2a = 38, (2. @ — 3d)? is positive; that is, 
4a®— 12ab+92 > 0. 


Transposing — 12 ad, Prin. 2, 4a7 +98? > 12 ad. 
Dividing by 12 ad, if a and d are positive, Prin. 4, 

a 35 

st t—>l. 

i ae < 


32. Except when a = 33, (a — 3d)? is positive; that is}. 7 
a@—6ab+9R2>0, 
Subtracting 3? from each member, Prin. 1, 
a —6ab+8R2> — BR, 
Factoring, (a — 26) (a— 4d) > — 2, 
Changing signs, Prin. 3, (a — 26) (4b —a) < B 
33. It has been proved in Ex. 28 that aq? + 2+ > ab+ ac +.be, 
Transposing, Prin. 2, @+P+ 2 ab—ac—bes 0, 
Multiplying by a + } + ¢, if a, 6, and ¢ are positive, Prin. 4, 


B+ B+ c— Bade > 0, 
Transposing — 3 abc, Prin. 2, a+ + > 8 abe, 
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$4, Let a represent any positive real number, except 1. 


It is to be proved that a+ 1. 9. 
a 
Except when a = 1, (a — 1)? is positive, that is, 
a@—2a+1>0. 
Transposing — 24a, Prin. 2, a@+i>2a. 
Dividing by @, Prin. 4, a+1i>2, 
a 
VARIABLES AND LIMITS 
Page 384 
1. Prin. 5, lim. (@ + y + 2) = lim. @ + lim. y + lim. z 
=a+24+0=a+2. 
2. Prin.:6, lim. zy = lim. z-lim. y= @-2 = 2a, 
and lim. z? = lim. z- lim. # = a-a = a?. 
.. Prin. 5, 4, lim. (aay — 2) =a-24—-@=2a?-@= a? 
pes 
g. Prin. 5% lim. ae Ee ae $; 
2 a 20a 2a 


4. Prin. 5, lim. (7—iy+aa—y?) =lim. — lim. 4y + lim. av — lim. 7? 


Prin. 4, 6, 


5. Prin. 5, lim. [(@+y)e—(e—y)<] 


Prin. 6, 


Since lim. @ = «and lim. z= 0, 


Prin. 5, 


6. 

Prin. 5, 
Prin. 7, 4, 
Prin. 3, 


Prin. 5, 


4, -Prin. 7, 


Prin. 6, 4, 5, 3, 


a—kx2+axa—2x 2 
a—1+@—-—4 


lim. [(e + y)a] — lim. [(e — y)z] 
lim. (27+ y) lim. # — lim. (#— A lim. z 
lim. (« + y)-@ = a lim. (@ + y) 
a(lim. 2 + lim. ¥) 

a(a + 2)= a? + 2a. 


Liat al 

x—y a 

= lim. ens | + lim. epee 

] a 

= lim @+e+9 4 Tim @+y 
lim. (w — y) 

_ a + lim. (@ + 2) eee 
lim. (@ — y) 

_ a+ lim, # + lim.z lim. z + lim. y 

~ jim. ¢ — lim. a 

_at+a a+2_ 8a%—4 


aa a a—2@ 


hw UE tt Al 


+ 


ie im. (a? — 8)ee 
Lim. [2 5a+8 _ lim. (22 — 52+ 8)e=8 


a — 2 £23. lim. (@ — 2)r 3 
a Q, 
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8. Lin i. a 
a+ at+ 1 joe 1 
Prin. 7 — lim. (7° + 4@ + Ija=—1 
7 lim. (a4 + 2? + 1)z=_1 
Prin. 6, 4,5 3, i nd Red: Sat Marek 
1+1+1 3 
9. be [ | 
z+6 irae 
Prin. 7, Tm, (2? — 3824+ 4)¢=2 
lim. (@ + 6)¢=2 
Prin. 6, 4, 5, 8, oe — Ge 
2+6 4 
10. Lim. [T+2 
1+2a Jez1 
Prin. 7, = jim. (1 + 2")n21 
lim. (1 + z)z21 
Prin. 3, 6, ests ee 
ee cae On Sh aa 
Page 386 
4. Lim: ee | = lim. fe 
g— 4 r=2 z+2 ez 2 
BA Sk Bee ea 
Sar Ee. ak 
. 1 — 26 i 
2. Lim. ae | Pete es (1+ @+4 a2 + 284 tps 
=14+14+1414+1=6. 
sibime | ee — lim, [@ = 222 + a — a8 
oP 4 at loan: ae Ea siaaal 
=—a —ar+a ie ees 
_-—@-@-a@-@_ 4 
@+a+a2 3 
4 Lim. [es = lim. [22 
a? — Bb Le eA peer) 
a Dhak RE SC he 
=b=b 8573 
6. Lim. (334 = te, Pees 
w— 4 Be2 C+ 2)|e23 
2—8 


886] 


10. 


i. 


12. 


13. 


14. 


Lim. 


Lim. 


Lim. 


Lim. 


Lim. 


Lim. 


Lim. 


Lim. 


Lim. 


Lim. 


Lin. 


Lim. 


Lim. 


Lim. 


Lim. 


VARIABLES AND LIMITS 


ae rae Bie aa 
a —8a2 +7 x1 “Lat —Ta—7 
tees Goes eA ee 2 
ee ey Ae 
1 + a + a + 28 yeas 
1 = a? — at — 2a8@le=0 1 : 
ae ee ee 5 eee 
Eeeecarr, ry ay eet, eee 
5 ae — a? 4-4a 4+ 2 a ee 
Qa84+8a%—a2+1lez0 1° 
Fai —a®+ 4a + 2 528 5. 
Sy, Sete 1 ie ee 8 
(Se lian 
9 gt — a — a2 + a+ 1la=o 1 
eae e+a+i1 Sat 
9at— a —a@tatijczao 22 
Sea Pe cas LY 
at —2e2+a+1 x0 1 
Qat — Bae + 2a%—2 ae a 
om —Qaz>+a4+1 Law at 
[ 52+ 10 510) 
gv? + 20+ 2Ie=0 
SaaS _ _lim. (6% + 10)r20_ 
Peas geo lim. (a2+2¢+ 2)r=0 
ata s2 S24, 
FO Sp Re 
Be-—4_ ce hed 
poser gts SES 
38a—4 _ lim. @¢@—4)zee 
faces eto lim. (@—«#-8)rs0 
a ee 
SA eNO RA 
ee eRe eae 
2a—1 20 —1 
2a2-—4e +1 _ lim. (242? — 42+ 1) 220 
[ 2a—1 naw lim (2e—1)2e0 
2 2? 
SS ee Se DP ee OD 


“2=1 
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15. i 428+ 5a +22 _ lim. (423 + 5a? + 2a)e2=0 
“Cas [ 208 +2+1 Ie=z0 (lim (223+2+41)2=0 
% = At = ae=0 

F 423+ 5224 22 4 28 

ib, || See ee ee = —— = 2, 

ar [ 2e+a+1 L=n 2 


INTERPRETATION OF RESULTS 


Page 389 

1. Let 2 = number of years that will elapse before B will be half 
as old as A. 

Then, 25 + @= 4(40 + 2). 

Solving, x= — 10. 

The negative result indicates that B was half as old as A 10 years ago. 

2. Let x = greater number, 
and y = less number. 

Then, r+y—6, (1) 
and «—y= 10. (2) 

Solving, = 8 and y = — 2, 


Since y proves to be negative while z is positive, (1) is explained arithmet- 
ically as the difference of two numbers, 8 and 2, and (2) as the sum of these 
numbers. 


3. Let = represent the fraction. 
y 
Then, erie, (1) 
y 5 
and ies aa 
¥+1 8 (2) 
Solving, «= — 16 and y = — 25. 


: has no arithmetical signification. But if — x is sub- 
stituted for ¢ and — y for y in (1) and (2), 


The fraction 


and 


in which @ = 16 and y = 25. 


Hence, the problem is made arithmetically reasonable by changing 
“added to” to “subtracted from,” the fraction being 35. 


4. Let # = number of apples he bought. 
Then, 24 = 24 —1 
me ae . (1) 
’@+4e— 96 = 0, (2) 


so) CO =tS OF =. 19) 
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The interpretation of the result, — 12 apples bought, is 12 apples sold. 
Substituting — a for x in (1), and changing signs, 


in which 2 = 12 or — 8. 
The result c = — 12 in (1) or = 12 in (8), indicates that if, instead of 


12 apples for 24 cents, 4 apples dess than 12 apples are sold for 24 cents, the 
price (or cost) of each is 1 cent more. 


Page 390 
5. Let 2 = number of shillings earned daily by the man, 
and y = number of shillings earned daily by his son. 
Then, Ta+3y = 22, 
and 5a+y= 18. 
Solving, o=Aand y= — 2. 


The negative result evidently means that the son caused an expense of 
2 shillings daily. 


Page 391 
1. Let z = the number. 
Then, a? —2@=—a%7—2¢74+1-1. 
0Oz=0. 


“. @ = 9, indeterminate. 
Hence, any number satisfies the conditions of the problem. 


2. Let z = number of years in the son’s age. 
Then, a + 30 = number of years in the father’s age ; 
“@ + @ + 80 = 2(# + 30) — 30. 
0z:= 0; 


“. @ = 4, indeterminate. 


3. Let 2—1, 2, and z+ 1 represent the integers. 


Then, a—-1l+@4+1=22. 
Ov= 0: 
Mh ate 


Hence, any three consecutive integers fulfill this condition. 


4, Let a2 — number of sheep in first flock at first. 

Then, 400 — « = number of sheep in second flock at first. 
3a + 2 (400 — 2) = 2(@ — 30) + $ (400 — x — 56). 

Solving, Cs 


Hence, there may have been any number of sheep, less than 400, in the 
first flock and the remainder in the second flock. 


5. Let # = number of dollars in monthly salary. 
Then, 4 (10a — 600) = 5 (8 a — 480). 
Solving, x = ®, indeterminate. 
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INDETERMINATE EQUATIONS 


Page 396 

4, 52+ 3y= 49. 
Transposing 52, dy = 49 — 5a. 
When 52= 5, 10, 15, 20, 25, 30, 35, 40, 45, 

i 3y = 44, 39, 34, 29, 24,19, 14, 9, 4 
Hence, 27=2%,y=138;%=5,y=8; 2=8, y=38. 
5. 32+ 2y=5. (1) 
Transposing 8 2, 24¥y=5- 82. (2) 


It is evident from (2) that z cannot be greater than 1, if y is a positive 
integer. Since 2 can have no positive integral value less than 1, the only 
positive integral value of 2 is z = 1. 

’ When z = 1, substituting, y = 1. 


6. 2e+Ty= 48. “i (d) 
Solving for 2, z= 24— tu. (2) 


It is evident from (1) that y < 7, and from (2) that y is even. 
Substituting 2, 4, 6, successively, for y in (2), 2 = 17, 1033: 


7. 82+ 5y= 80. 

It is evident that z < 10, and that z is a multiple of 5, since 
8@=5(16—y). Hence, z=5. 

When z = 5, substituting, y = 8. 
8. 122+ 5y=61. (1) 
Transposing 12 2, by = 61 — 122. (2) 

It is evident from (2) that z cannot be greater than 4, if x and y are posi- 
tive integers. 

When z= 1, 2 3, 4, 

5 y = 49, 37, 25, 18. 
Hence, the only possible positive integral values are z = 8, 70 


9. 624+ Ty = 72. (1) 
Solving for z, e=12—1¥. (2) 
From (1), y<10. From (2), y is divisible by 6. 

Therefore, Vi 6: (3) 
Substituting (8) in (2), hed 13% 

10. 5a+9y= 75. (1) 
Solving for 2, a= 15 —9Y. (2) 
From (1), ¥<8. From (2), yis divisible by 5. 5 

Therefore, 70 (8) 
Substituting (8) in (2), o—16) 

11, 62+ 9y = 100. 

Dividing by 8, 274+ 38y= m. 


Since 22 + 8 y is equal toa fraction, z and y cannot have integral values 


at the same time; that is, the given equation is not satisfied by integral 
values of @ and y. 
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12, 22=9 + 3y, (1) 
Dividing by 3, a = B +7. (2) 


From (1), ify=1,¢2=6. From (2), wis divisible by 3. 
Hence, the least positive integral values of # and y are 


13. Sy=2a4+%,. (1) 
Dividing by 2, ayr Yaa 8+ (2) 
Collecting integral and fractional terms, : 

Uae a n+ B= 2p. (3) 
Since # + 8 — 2 y is integral, Ee = w, an integer. (4) 
Solving for y, y=2u + 1. (5) 


The least integral value of y may be obtained by substituting the least 
positive integral value for 2 in (5). 


Substituting 1 for w in (5), y= 8: (6) 
Substituting 3 for y in (1), “= 4, 

14. Ya—2y=6. (1) 
Dividing by 2, 3a + : —y=8. (2) 
Collecting integral and fractional terms, : =y—3a4+ 3. (3) 
Since y — 32 + 8 is integral, @ is divisible by 2. 

Substituting 2 for @ in (1), Years 

Hence, the least integral values of x and y are z = 2, y= 4. 

16. Sig Ue: (1) 
Dividing by 3, 22 — -y= 3 (2) 


Collecting integral and fractional terms, and changing signs, 


24 =24—y, an integer. (8) 
Put z * 1 _ 1», an integer. (4) 
Solving for 2, 2= 3420 —1. (5) 


The least integral value of 2 may be obtained by substituting the least 
positive integral value for 2 in (5). 


Substituting 1 for w in (5), Bi 2; (6) 
Substituting 2 for z in (1), y = 8. 

ra+y+2=8, vic) 
1%. jony+ dens, Sy 
Adding (1) and (2), 27+382= 14. 
Transposing in (8), 82=14—-27=2(7—@). (A) 


By (4), 2 is an even number not greater than 4. 

Substituting 2 for zin (3), = 4; and substituting 4 for z,7=1, 

Substituting 4 for 2 and 2 for z in (1), y= 2; and substituting 1 for z and 
4forzin (1), y= 8. Hence, «=4orl; y=2or3; z= 2or4., 
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2@+3y+2= 15, - (1) 

ae 8a+y—2=8. (2) 

Adding (1) and (2), 5a + 4y = 28. (3) 

Solving (8) for positive integers, z=s8andy=2. (4) 
Substituting (4) in (2), eed 

8a+2y=1%, (1) 

ue y+22=14. (2) 


From (2), y is divisible by 2. From (1), y < 8. 

Of the values y = 2, 4, 6, only y= 4 will make z a positive integer in (1), 
Substituting 4 for y in (1), = 3. Substituting 4 for y in (2), 2= 5. 
Hence, z = 3, y = 4, and z= 5. 


yt+2=7%, (1) 
20. = (2) 
Adding (1) and (2), 8a+y=14. (8) 
From (1), Yi (4) 
Subtracting (4) from (8), 3a> 7. 
Bs Eo S> Bike (5) 
From (8), y=14—-82. (6) 
From (6), a< 5. (7) 
From (5) and (7), e = 3 or 4, (8) 
Substituting (8) in ‘ y= 5or2. (9) 
Substituting (9) in (1), 2= 2or 5. 


21. Let 112 and 6 y represent the parts of 100. 


Then, llw+6y= 100. (1) 
Dividing (1) by 6, 22-24 y=164 * 
Collecting integral and fractional terms, 
Ivy 16 = oe 
Since 22+ y — 16 is integral, 2 : 4 = w, an integer. 
Solving for 2, x= 6w — 4, 
When w = 1, 2, 3, etc., x = 2, 8, 14, ete. 
Since in (1), e cannot be greater than 8, #2=2ors, 
whence, substituting in (1), y = 18 or 2. 


Hence, the parts of 100 are 22 and 78 or 88 and 12. 
22. See next page. 


23. Let « = number of cows, 
and y = number of sheep. 
Then, 452+ 6y = 800. (1) 
Dividing (1) by 6, a ig = 68. (2) 
From (1), MC GAT 
From (2), @ is divisible by 2. 
Substituting 2, 4, and 6, successively, for x in (2), the corresponding 
values of y are y = 35, 20, 5. 


Hence, he can buy 2 cows and 35 sheep, or 4 cows and 20 sheep, or 
6 cows and 5 sheep, for exactly $300. 
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22. Let 52 and 2y be the parts of 19. ; 

Then, 5a + 2y=19. (1) 

From (1), x < 4. 

Trying 1, 2, and 3, for values of x, it is found that y has the integral 
values y = 7 when # = 1 and y = 2 when 2 = 3. 


Hence, 19 pounds may be weighed with 1 5-pound weight and 7 2-pound 
weights; or with 8 5-pound weights and 2 2-pound weights. 


24. Let xz = number of cents each apple costs, 
and y = number of cents each orange costs. 

Then, 9x+ Sy = 2. 

Transposing 9 2, Sy = 52-—9uw. 

When 9x2=9, 18, 27, 36, 45, 


5y = 48, 34, 25, 16, 7%. 
* 2= 38 and y= 5. 
Hence, the apples cost 3 cents each and the oranges 5 cents each. 


Page 397 
25. Let x = number of pounds of 7-cent sugar, 
and y = number of pounds of 5-cent sugar. 
Then, Ya+ 5y = 125. (1) 
By (1), # < 18, and since a = ae a is divisible by 5. 


Substituting 5, 10 and 15, successively, for in (1), the corresponding 
values of y are y = 18, 11, and 4. 

Hence, the grocer may have sold 5 pounds of 7-cent sugar and 18 pounds 
of 5-cent sugar; or 10 pounds of 7-cent sugar and 11 pounds of 5-cent 
sugar; or 15 pounds of 7-cent sugar and 4 pounds of 5-cent sugar. 


26. Let a = number of sheep, 
y = number of hogs, 
and z = number of cows. 
Then, a+y+2=9, (1) 
and 82+ 6y + 352 = 100. (2) 
Subtracting (1) x 3 from (2), 8y + 322 = 73. (3) 
From (8), : 2< 3. 
From (8), if 2 = 1, y is fractional; if z= 2, y= 3. (4) 
Substituting (4) in (1), CA. 


Hence, he sold 4 sheep, 3 hogs, and 2 cows. 


27. Let # = number of yards at 5 cents a yard, 
y = number of yards at 7 cents a yard, 
and z = number of yards at 10 cents a yard. 
e+y+2=14, (1) 
Bat Ty + 102 = 93. (2) 
Subtracting (1) x 5 from (2), Qy + 52 = 23. (3) 
Solving (8) in positive integers, y =9 or 4, (4) 


and zg=1lord. (5) 
Substituting (4) and (5) in (1), a=A4or%,. 
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28. Let @, y, and 2 represent the three quotients. 
Then, 5z, 6y, and 7 z represent the three parts of 74. 
EY ae (1) 
and 52+ 6y+72= 74. (2) 
Subtracting (1) x 5 from (2), y+ 22= 14. (3) 
Solving (3) in positive integers, 2 =, 12, 00;-4, Oy 6. 
and Y= t2, 1058;-6,4, 2. 
Since, from (1), y + z < 12, rejecting the first two values of z and Y; 
Biz, 4.0, Ge (4) 
and ef = 8-26.74 ee (5) 
Substituting (4) and (5) in (1), Cie oe (6) 


Forming the parts of 74 from the quotients in (4), (5) and (6), we have 5, 
48, and 21; 10, 36, and 28; 15, 24, and 35; 20, 12, and 42. 


29. Let & = number of half-dollars, 
y = number of quarters, 

and 2 = number of dimes. 

Then, tT+y+2= 30, (1) 
and 502+ 25y + 102 = 650. (2) 

Subtracting (1) x 10 from (2), 402+ 15y = 350. 

Dividing by 5, Sa+3y= 70. - (8) 

Solving (8) in positive integers, B= 20.16: (4) 
and y = 18, 10, 2. (5) 

Substituting (4) and (5) in (1), A) SL pO: 


Hence, the purse may have contained 2 half-dollars, 18 quarters, and 
10 dimes; or 5 half-dollars, 10 quarters, and 15 dimes; or 8 half-dollars, 
2 quarters, and 20 dimes. 


80. Let « = number of pigs, 
y = number of sheep, 
and 2 = number of ducks. 
Then, t+y+2=100, (1) 
and 62+ 4y+12=—99, (2) 
Subtracting (1) from (2) x 2, lle+T7y=98. (8) 
Solving (8) in positive integers, t=Tand y = 3. (4) 
Substituting (4) in (1), 2= 90. 


Hence, he bought 7 pig’, 8 sheep, and 90 ducks. 


31. Let 2 and y represent the integral parts of the quotients when the 
number is divided by 25 and 33, respectively. 


Then, the number = 252 + 1 = 33 y + 2. 
Dividing by 25, etc., e=y+ “wet. 
Put a — w, an integer. 
Solving for y, y= Swat 
When w = 1, yePatag 


Hence, the number is 38 x 8 + 2, or 101. 
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33. Let w, v, w, 2, y, and z represent the integral parts of the quotients 
when the number is divided by 2, 3, 4, 5, 6, and 7, respectively. 
Then, the number =2u+1=30+1=4w0+1=5¢+1=6y+1=Tz 
“ 2u=80=40=>57=6y=T2—1. 
Since 72 —1=2u=—30=4w=52=6y, 72 —1is a common multiple 
of 2, 3, 4, 5, and 6, and, therefore, is a multiple of 60. 


Let V2=— 1 = 60m. 
Then, 2= omat. 
Giving m the values 1, 2, 3, --- in succession, the least integral value of 


m corresponding to an integral value of z¢ is m = 5, whence z = 43. 
Hence, the number = 72 = 7 x 43 = 301. 


34. Let x and y represent the greatest integral number of times 4 eggs 
and 5 eggs, respectively, were contained in the whole number of eggs. 


Then, the number = 47 +1=5y+3. (1) 
Dividing by 4, etc., a=yt oe (2) 
Put in = w, an integer. (3) 
Solving for y, y= 4w — 2. (4) 
Substituting (4) in (1), the number = 20 w — 7. (5) 
When w = 1, 2, 3, 4, 5,--:, the number = 18, 38, 58, 78, 98, ---. 


Since the number of eggs was between 6 and 7 dozen, there were 73 eggs. 
Since the grocer paid for 78 eggs, he lost 5 eggs. 


35. Let « = whole number of marbles. 
Then, : (z — 1), or ae = number left by A, 
3 327), or 9a — 21 _ number left by B, 
4 4 16 
8 (9a — 87 27 a¢@—111 é 
: 2) (ede atv ~ **~ = number left by C. 
and i 16 ) or 64 n y 
Let y = number D takes. 
Then, 4y + 1 = number left by C. 
27a —111 
°C 4 + ile 1 
64 y rn (1) 
Solving (1) for 2, eaoy + 6+ est). (2) 


It is evident from (2) that the smallest integral value of y that will make 
z integral is obtained when y + ey 
ay eGs (8) 


Substituting (3) in (2), aw = 258. (4) 
Therefore, A has } of 252 + 26, or 89; B has } of 188 + 26, or 73; 
C has } of 140 + 26, or 61; and D has 26. 
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32. Let « and y represent the integral parts of thesquotients when the 
number is divided by 10 and 11, respectively. 


Then, the number = 107+ 3=1ly+6. 
Dividing by 10, etc., a=y+% 4 3 
Put ute = @, an integer, 
Solving for y, y¥=100—3 
When w = 1, Y=% 


Hence. the number is 11 x 7 + 6, or 83. 


BINOMIAL THEOREM 


2. Page 402 

b 5 Db 

— + bv) = — (1 + 22)5 

as *) 33 (t+ 22) 
5 

= F [18 + 5-14-22 + 10-19-(2.2)? +10-12-20)8 + 5-1-Qa)t+ (2.25) 


il 5 5 oe Dee 
——f 4+ 2 ¥5 2 j572 4 2 2 pp. 5 
39 59 age Hg mt + 8 iat + Oa. 


3. (b—n)' =0' — 7 Bn + 21 bin? — 35 b4n3 + 35 B8nt — 21 B2n5 + 7 bn8— nv’, 


4. (14+ a7) = 14 4 4.18.91 4 6-12-(a-1)2 + 4-1-(a-2)8 4 (a-1)4 
=1+ 4a1+ 6a244a-8 + a-4 


5. (2 — 3 2)® = 26 — 6.25.32 4 15.94 (3 x)? — 20-28 (8 2)8 + 15.22 (8 x)4 
— 6-2 (82)5 + (8 26 
= 64 — 576 x + 2160 22 — 4320 23 + 4860 at — 2916 #5 +.'729 26. 
6. (a? — a)§ = [x(@ — 1)]8 = 28 (a — 1)8 
a (a — 8 a7 + 28 a6 — 56 25 + 70.2 — 56 23 + 28 22 — 8241) 
= x68 715+ 28 alt — 56 7184.70 22 56 G+ 28 gl0_ 8 794 98. 


7 (@ + alo = [a1 (a2 + 1)]® = a6 (@2 + 1)8 


v8 (a? + Gal + 1528 + 20% + 1524 + 629 + 1) 
a + 6at + 15a? + 20 + 150-2 + 62-4 4 a 


8. (2a + ./e® = (2a)8 + 82 ay/e + 3 (2a) (Jz)? + (/2)8 
= 808 + 12a® Je + 6aw + x ,/z. 


9% @+ a/a) = [al + Ja} = at (1 + ./a)t 
= a (14 + 4-18. /a + 6-12 (Ja)? + 4-1 (/a)® + (,/a)* 
= (1+ 4/a+6a+ 4a/a + a2) 
=a + datj/a+ 6a +4 a5 /a + af, 


Mette =f 
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10. 
26 2 2\2 2)8 2\4 , /2\8 
{een ea eis Be 43 [* 2 (& 1(2% a 
4) en at tou (2) + 10 atl + 
10 , 40 80, 80, 8. 


Pd ft ens 
11. 
(= sey —s (eye + wey (1G) Gy +526) —G) 
x 4a x L) a zx} \a x) \a x \a a 
a ae a a Ye 
== — p-— + 10 10-4 5—-—- —:- 
x at x + a a 
wm E-9=GhaGhgeagy gh 
co Y, x, vt] Y¥ vM\Y, 7] 
1 a a? a 


18. (2/a + 4/888 = (3/0?) + 8 (S/T + 82/07 (YT? + (LO)? 
=a + Sasa B + 38/A2/8 + BYd 
= at + 8a2/atd® + 3bS/ aids + BLD. 
14. (2/3 — 2/8) = (2 — 38) 
= (28) — 6 (22)5-8% + 15 (28)¢ (84)? — 20 (2#)3 (a#)8 + 15 (24) (33)8 


— 6-2? (33) i (33)6 
= 99 — g.97.93.38 4 15-28-38 — 20-24-28 -8 + 15-28-8-88 


— 6-2-93.3.3% + 3? 
= 512 —- 768/78 + 960 3/9 — 960, /2 + 3604/8 — 36./648 + 9 
= 521 — 768.5/72 + 960 2/9 — 960,/2 + 360./3 — 36./648. 
i1\5 S| 1 \2 1 \8 
B+ 72) = (./2) + 8 (./2)?-—— + 8/2 a + =, 
6. (v2 Je Je We: Fe 
1 


w/e 


— ne ees desi a 
16, (g's — at) = (ee Yt — A (ew Pam + 6 (om )? (eH)? 


= ajfi+ 8 4 88 
a 


m1) 1 i 
= Aga (an) = (an)t 


4n-4 3n-2 n+2 4 
4a» +6a2°—4a 7 + a7. 


SS 


17. (aa? — b,/x)* = (aa-*)s — 6 (ax-2)’b [ew + 15 (aa-®)! (b,/a)? i 
—~ 20 (aa-2)3 (b./x)® + 15 (aa-?)? (b,/a)* — 6 aa-? (ba /2)® + (ba/2)8 


= abx-2 — 6 aba ® + 15 atb?a2-7 — 20 a8}8e-2 + 15 atbta-2 


— 6 abo? + box. 
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g abies (Seta i 1 2_ £86 
et a5 a “al ai (ya af « a3}2 a ) 
= a [(a2)> — 6 (a2)508 + 15 (a2)* (08)? — 20 (a2) (B8)3 + 15 (a2)? (08) 
a 
— 6 a? (68)5 + (088) 
1 


= =, (V7? — 6 a* + 15 a8? — 20 a808 + 15 ad? — 6 a%B* 4+ 15) 
ab? 


@  6dere , 15 20 15b35 68, Be 
Su aN? tg Oe rh giv’ + @ 


* Gat iva = [El + GIT 


=@) +96 G) +26) G+ G 
= OEY 4 Be e+ Seal 5 Sut 
Page 403 


8. 4th term = a8 @l0-3 23 — 960 a’, 


alate 
4. 4th term = aon x2-8(— 3 y)8 =— 5940 a9 
5. 8th term = coef. 4th term times 10-Ty7 
10 « 9 > 8 Ba 7 © 7 
= ——— 4 = 120 ay’, 
eT ey : 
6. d5thterm — 12-11-10-9 g-4 (2 y)* = 7920 xbyf, 
1-2-.3.4 
4.3 = 4 m 
7. 38d term Spe (a*)#-2 (— a)? = 6 ata-4# = 6 a = 6, 


8. 20th term = coef. 6th term times 124-19 x19 


— 24-2822 21-20 19 gorng 2, 
1-:2-38-4.5 
9. 16th term = coef. 6th term times 120-15 (— 2x)15 
201918 47.46 
1-2-3.4-5 


(— 2)15 x15 — _ 508085072 218, 


10. Since there are 6 + 1 terms, the middle term is the (3 + 1)th. 
4th term = aa a&-3 (3 b)3 = 540 a3b8, 
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10-9-8-7-6 49 
1-2-8-4.5 


11. 6th term = -5 ( \" = 252 2? = 262. 
12. Since there are 10 + 1 aa the middle term is the (5 + 1)th. 


18. Since there are 9 + 1 terms, the middle terms are the 5th and 6th. 
They have numerically equal coefficients. 


bth term = 25-F* (f alam| 2)" = 126%. 


9-5 /  f\5 b 
6th term = 126 (5) (= ‘) Se 1ohe 
b a a 


14. (a+ a)? = a (@ + 1)°. 

The term sought corresponds to that term of the expansion of (a? + 1)? 
which contains a4, or (a?)?._ This term is the third from the last, or from 
the 6th term. Hence, the term sought is the 4th. 


Goof. dtuterm — 072°? =.40. 
1-2-3 


10th teem = 


as 715 an 
65536 


1 UY fee oe AVENE Soe u(y) (eee 
3. (a + b)§ =a’ +40 + ta t+ PCC Dg 538 


—a+4a%b—tatR+ A a 5b3, 


Be akan by? a ee ha*d a aa ant be? wel 


= 33 
=a? —jatd— fa 372 — 1 a 708, 


Key Acad. Alg. — 24 
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6. Ja — dP = (a — dy 
i ag th , Dep Oe ee 
=a — 4a°4b + —1 G4? — 244) h a7 
; 1-2 1-2-3 
=@ —ta%b — £a4R— ris 0288 
| = (a — db)? 
Jia — by8 


=a? — (—3)a 4b + Cac yp a~ tye (= 9) oe 2) 8 ys 


10. (ak — a-tyt = (aS) — 4 (ayant + 24 aly 4 ep 
jee 
5° 3 a) 2) (a3) 3 (@-l)s 
=a—abe1is faces To nce 


11. (a? — a)-6 = (q3)-6 — (— 6) (a3)-7a8 4 CO) (ah)-8 (a )2 
oS aD tea 8) (— 8) (a?)- 9(¢h)8 
= a + 6a tad + 21 a-428 + 560-22. 
1 3 — a 

12, (—_——__| = — S/2z)- 
(F = cr (Ja — S28 

= (Wars (— 8) fay4yfe + BED jays aap 

— CARD 8) Yayo (yas 


1-2-3 
=a? + 8a-2at + 6a #25 + 10-82, 


13. (1+ a)@ = 18 4 2 2.1- Sy + E(— 8) 4-849 | (= §) (— §) 1-48 


1-2 done 
=1+ fe— far + rh, a8, 


14, (L+aylat34 (= 1) ta + FAVE 2) pags 


+ENE Reo, ~493 


wry 
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15. 
Wa) => Beer (atl ba Paes IG Oe = 2) 4-2q2 — (s BAK) 5-48 
=1liat+@+ @&. ; 
16. 
Bee = aint 9) ia ie Dice ase 9-94 4-0 
=1+4+ 2274+ 3a? + 42%. 
Tis. 


(1 — a)-* = 1-8 — (— 8) t-4e + | a (= 4) 4-592 _ (53S E 9) p98 
=14+ 8a@ + 6a? + 102%. 


1 (ED (m2) ote (A eres 
: cermin Se a) Gar) BT at 
18. (r+ 1)th term isaueee a 


Le Dieses 327) 


2 2- 2 2---7 times ata 
2. 3-- 
ae me 3). 8. Sue 
Qr-1-2-38:- 


19. (—2—#)1=(T—2— 2)? 
= (1—a)-— (—1) 1 ay tat + SOC?) (1 —2)-a(02? 


= (Ata) C= Ee, (a2)3 + 


=(1—a)14 a(1—2) 24+ #(l—aye+ oo (l—aytt - 


Ex. 15, SsLlpat-@+ a+ t+ t+ Br wi tors 
Ex. 16, 4+ g@42a3+ Bat+4a54+ 528+ 6at+ 


1b, Gite + a4 825+ 6284 10a7+--- 
+ m+ Agi se: 


{pe + Qar+ 8a8+ Sat + Ba + 1805+ War + --- 


21. /5=/4 Ae ea 2(1+ 4}? 


=2[18+4-1? ee Xr ~¥ (42 + HOA D pet. 


SE ee ] = Hie = 2.236 
22, fl) = Gt =. /16 + =404+ 4) 
1 Z ( 
a4ftha prt + LOD rig» 


open, ()8 + ++] 
=4[1 + de — aoe + ostss — = 4t e's = 4.128. 
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28... 6 = 2541 = /25./1 + 3 = 504 2) 
= 6 fi? + pata 4 4 (— 2) 4-3 (es)? 
ie a)(= 3) 3 
gh gh 44 aes] 
a 1-2-3 (2s) = 
= 5+ .1--.001 +.00002 = 5.099. 
NAS tS eRe = 4=8(1— 2) 
nae. 4-1-4 4 ort =i ‘ay — HOD CD14? + +22] 
ber er iy 
272 274 
— .0759 = 2.924. 
{f= EFI = BIT] = 20+ pF 
z =9[tt para. age 7 D 18a 4 7 f= aaa eae 3) 3G)a 6g 
i 1 "5 


o} 
col 
al 
*Y 
ee 
A) 
lI 
(oy) 


= Spee eS ks 
Lt are fo 81-83 ] 
3322 _ 
= 2+ Tae = 2.080. 
q/30 = 2/88 3 = BRS =e Ot ee 
= 2 (1 — 4-18-34 Moar Nite = ee] 
=2f1-3- su57 — se] = 8 — .0256 = 1.974. 
LOGARITHMS 
Page 416 
16. log 1050 = 3.0212 19. log 1900 = 3.2788 
log 1060 — 3.0253 log 1910 = 3.2810 
Tab. Diff. = 41 Tab. Diff. = 2 
4 6 
Tabs Ditty 4 =e es: Tab. Diff. x 6 = 132 
log 1050 = 8.0212 log 1900 = 8.2788 
log 1054 = 3.0228 log 1906 = 3.2801 
17. log 1270 = 8.1088 20. log 21.00 = 1.3222 
log 1280 = 3.1072 log 21.10 = 1.3248 
Tab. Diff. =" 84 Tab. Diff. = 21 
2 9 
Tab. Difti-~ 9:0 68 Tab. Diff “0. =  fise 
log 1270 = 3.1088 log 21.00 = 1.3229 
log 1272 = 8.1045 log 21.09 = 1.3241 
18. log .0165 = 2.2175 


Adding 10 — 10, = 8.2175—10 
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22. log 441.0 = 2.6444 25. log .10100 = 1.0048 
log 442.0 = 2.6454 7 
CR DEE Baer log 10200. ° = 1.0086 
7 ‘ = 1 Tab. Diff. == 43 
; : 25 
Tabi Dillon cde 3 Ae 
nit oo = LSC Tab. Diff. x .25 = 1075 
‘ log .10125 — 1.0054 
23. log .7850 = 1.8949 Adding 10 — 10, = 9.0054—10 
dog See) = 1.8054 26. log 54.600 = 1.7372 
Tab. Diff. = 2 log 54.700 = 1.7380 
Tab. Diff..x.4 =. 22 ras See Siler 
log .7850 = 1.8949 Tab. Diff.x.75 = 6 
log .7854 — 1.8951 ‘log 54.600 Saou 
Adding 10 — 10, = 9.8951—10 . log 54.675 1.7378 
24. log .09090 = 2.9586 27. log .09880 = 2.9948 
log .09100 — 3.9590 log .09890 — 2.9952 
Tab. Diff. = 4 Tab. Diff. = 4 
5 5 
Apes (Dba ee ee 2 Tab. Diff.x .56 = _ 2 
log .09090 = 2.9586 log .09880 — 2.9948 
log .09095 = 2.9588 log .09885 = 2.9950 
Adding 10 —- 10, = 8.9588 — 10 Adding 10 — 10, = 8.9950—10 
Page 411 
6. Given mantissa, 6669. 
Mantissa next less, 6665; figures corresponding, 464. 
Difference, 4 
Tabular difference, 10| 4 |.4 


Figures corresponding to given mantissa, 4644. 
Hence, the number corresponding to 1 .6669 is 46.44. 


7, Given mantissa, Herne rel be 

Mantissa next less, 7966; figures corresponding, 626. 
Difference, 5 

Tabular difference, ay egies 


Figures corresponding to given mantissa, 6267. 
Hence, the number corresponding to 2.7971 is 626.7. 


8. Given mantissa, 9545. 

Mantissa next less, 9542; figures corresponding, 900. 
Difference, 3 

Tabular difference, 5 | 3 1.6 


Figures corresponding to given mantissa, 9006. 
Hence, the number corresponding to 3.9545 is 9006. 
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9. Given mantissa, 8794. , * 
Mantissa next less, .8791 ; figures corresponding, 757. 
Difference, 3 

Tabular difference, 6 | 3.5 


Figures corresponding to given mantissa, 7575. 
Hence, the number corresponding to 0.8794 is 7.575. 


10. Given mantissa, .9371. ‘ 
Mantissa next less, .9370 ; figures corresponding, 865. 
Difference, ‘f 

Tabular difference, EU) sie 


Figures corresponding to given mantissa, 8652. _ 
Hence, the number corresponding to 2.9371 is 865.2. 


11. Given mantissa, .8294. 

Mantissa next less, .8293 ; figures corresponding, 675. 
Difference, 1 

Tabular difference, Oe een 


Figures corresponding to given mantissa, 6752. 
Hence, the number corresponding to 0.8294 is 6.752. 


12. Given mantissa, .9089. 

Mantissa next less, .9036 ; figures corresponding, 801. 
Difference, 3 

Tabular difference, 6 | 3 |.5 


Figures corresponding to given mantissa, 8015. _ 
Hence, the number corresponding to 1.9039 is 80.15. 


13. Given mantissa, .8685. 

Mantissa next less, .3674 ; figures corresponding, 233. 
Difference, md 

Tabular difference, 18 | 11 |.6 


Figures corresponding to given mantissa, 2336. 


Since the characteristic is 9 — 10, or — 1, the number corresponding to 
the logarithm 9.3685—10 is .2336. 


14. Given mantissa, 9982. 

Mantissa next less, .9930 ; figures corresponding, 984. 
Difference, 2 

Tabular difference, 4| 2 |.6. 


Figures corresponding to given mantissa, 9845. 


Since the characteristic is 8 — 10,.or — 2, the number corresponding to 
the logarithm 8 .9982—10 is .09845, 


15. Given mantissa, .9535. 

Mantissa next less, .9583 ; figures corresponding, 898. 
Difference, 2 

Tabular difference, 5 | 21.4 


Figures corresponding to given mantissa, 8984, _ 


Since the characteristic is 8 — 10, or — 2, the number corresponding to 
the logarithm 8.9535—10 is .08984, 


412, 413] LOGARITHMS 375 
Page 412 

2. log 3.8 = 0.5798 8. log 72 = 1.8578 
log 56 = 1.7482 log. 39 = 1.5911 
log of product = 2.3280 log of product = 38.4484 
2.3280 = log 212.8 3.4484 = log 2808 
oe 8.8 x 56 = 212.8. : 72 x 39 = 2808. 

4. log 8.5 = 0.9294 eee ae 
log 6.2 = 0.7924 S =e 

See ETS log of product = 1.7589 
log of product = 1.7218 1.7589 Zee BAD 
1.72 Bo 52.70 : 16h REBT. 

8.5 x 6.2= rf. 2 
7. log 7.25 = 0.8603 

6. log 2.26 = 0.3541 log 240 _ = 2.3802 
log 89 = 1.9294 log of product = 3.2405 
log of product. = 2.2885 8.2405 = log 1740 
2.2835 = log 192.1 se 7.25 x 240 = 1740. 

a 2.26 x 85 = 192.1. 
9. log .892 = 9.9504—10 
log 75 = 1.8751 log of product = 19.8562 —20 
log of product = 5.3899 = 1.8562 
5.3899 = log 245400 1.8562 = log .7182 
: 3272 x 75 = 245400. 892 x .805 = .7182. 
10. log 1.414 = 0.1504 Uetoee ei see 
1 cA log .236 = 9.3729—10 
se a ibe ofprodugt> = 11000010 
log of product = 0.6020 ee Seba ace 1.0000 
0.6020 = log 3.999 pane 
1.414 x 2.829 = 38.999. Te ete = ee 
12. log 2912 = 3.4642 18. log 289 = 2.4609 
log .7281 = 9.8622—10 log .7854 = 9.8951—10 
log of product = 13.3264—10 log of product = 12.3560—10 
= 38.3264 = 2.3560 
3.3264 = log 2120 2.8560 = log 227.0 
2912 x .7281 = 2120. “289 x .7854 = 227. 
Page 413 

3. log 3025 = 3.4807 5. log 3249 = 3.5118 
log 55 = 1.7404 log 57 = 1.7559 
log of quotient = 1.74038 log of quotient = 1 7559 
1.7403 = log 54.99 = log 57.00 
ns 3025 + 55= 54.99. 3249 + 57 = 57. 

4, log 4096 = 3.6124 6. log .2601 = 19.4152—20 
log 82 = Wilh log .68 = 9.8325—10 
log of quotient = 2 1073 log of quotient = 9.5827 —10 

= log 128.0 9.5827 — 10 = log .3825 


2.1078 = 
Ne 4096 + 82 = 128. 


s. .2601 + .68 = .38265. 
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7. log 3950 = 18.5966—10 12. log 26 = 11.4150—10 
log .250 = 9.38979—10 log .06771 = 8.8307—10 
log of quotient =. 4.1987 | log of quotient = 2.5843 
4.1987 = log 15800 2.5843 = log 384.0 

8950 + .250 = 15800. 20 = 06001 = 384. 

8. log 10 = 1.0000 13. log 1 = 10.0000—10 
log 3.14 = 0.4969 log 40 = 9160211 
log of quotient = 0.5031 log (1 + 40) = 8.3979—10 
0.50381 = log 3.185 8.3979—10 = log .0250 

10 + 3.14 = 3.185. : 1 + 40 = .025. 

9. log .6911 = 19.8396—-20 14. log 1 = 10.0000—10 
log .7854 = 9.8951—10 log 75 = eror 
log of quotient = 9.9445—10 log of quotient = 8.1249—10 
9.9445 —10 = log .8800 8.1249—10 = log .01383 
 .6911 + .7854 = .88. : 1 = 45 = .01338: 

10. log 2.816 = 10.4496-10 15. log 200 = 12.3010—10 
log 22.5 = 1.3522 log .5236 = 9.7190—10 
log of quotient = 9.0974—10 log of quotient. = 2.5820 
9.0974—10 —ogedent 2.5820 = log 381.9 

2.816 + 22.5 = .1251. “. 200 + .5236 = 881.9. 

11. log 4 = 10.6021—-10 16. log 300 = 2.4771 
log .00521 = 7.7168—10 log 17.32 = 1.2385 
log of quotient = 2.8853 log of quotient = 1.2386 
2.8858 = log 767.8 1.2886 = log 17.82 

4 = .00521 ='767.8. “. 3800 + 17.382 = 17.82. 
17. log .220 = 19.3424—20 
log .8183 = 9.5028—10 
log of quotient = 9.8396—10 
9.8396 —10 = log .6912 
220 +.3183 = .6912. 
Page 415 

2. log 110 = 2.0414 8. loz 6000 = 3.7782 
log 8.4 = 0.4914 log 5 = 0.6990. 
log .658 =, 9.8149—10 log 29 = 1.4624 
colog 38 = 8.4815—10 colog .7854 = 0.1049 
-colog 7.854 = 9.1049—10 colog 25000 = 5.6021—10 
colog 1.7 = _9.'7696—10 colog 81.7 = 8.0878—10 
log of result = 39.7037 —40 log of result = 19.7344—20 
~ result = ,5054. “. result = .5425. 


415, 416] 


4. 


LOGARITHMS BYW) 
log 3.516 = 0.5460 5. log 15 = 1.1761 
log 485 = 2.6857 log .387 = 9.5682—10 
log 65 = 41.8129 log 26.16 = 1.4176 
colog 3.33 = 9.4776—10 colog 88 = 8.0555—10 
colog 17 = 8.7696—10 colog .18 = 0.7447 
colog 18 = 8.7447—10 colog 6.67 = 9.1759—10 
colog 73 = _8.1367—10 . log of result = 30.1380—30 
log of result = 40.1732—40 = 0.1880 
= 0.1782 . result = 1.374, 
“. result = 1.49. 
7. log .d = 9.6990—10 

. log 78 == 158921 log .315 = 9,4983—10 
log 52 = 1.7160 log 428 = 2.6314 
log 1605 = 8.2055 colog .3817 = 0.4989 
colog 338 = 7.4711—10 colog .973 = 0.0119 
colog 767 = 7.1152—10 colog 48.7 - = 8.3595—10 
colog 431 = _7.3655—10 log of result = 30.6990—30 
log of result = 28.7654—30 = 0.6990 

*. result = .05826. *. result =30) 
Page 416 

. log 7 = 0.8451 8. log 8.05 = 0.9058 
2 log 7 = 1.6902 2 log 8.05 SSuleey hls 
1.6902 = log 49.00 1.8116 = log 64.80 
ee = 49; CUO = 64.8. 

2 LOR = 1.0414 9. log 8.33 = 0.9206 
2 log 11 = 2.0828 2 log 8.33 = 1.8412 
2.0828 = log 121.0 1.8412 = log 69.37 
Soni lae: = 121, Fy CRORE == 69:37. 
log 47 = 1.6721 10. log 6.61 = 0.8202 
2 log 47 = 8.3442 3 log 6.61 = 2.4606 
3.3442 = log 2209 2.4606 = log 288.8 
w. AT? = 2209. Orolo = 288.8. 

. log 4.9 = 0.6902 11. log .714 = 9.85387—10 
2 log 4.9 = 1.3804 2 log .714 = 19.7074—20 
1.8804 = log 24.01 19.7074 —20 = log .6098 
BA 92 = 24.01. Ss afin = .5098. 

. log 5.2 = 0:7160 12, log 4.07 = 0.6096 
2 log 5.2 = 1.4820 3 log 4.07 = 1.8288 
1.43820 = log 27.04 1.8288 = log 67.42 
SE tiie = 27.04. “, 4.078 = 67.42. 
log .78 = 9.8921—10 18. log .548 = 9.7348—10 
2 log .78 = 19.7842—20 3 log .548 = 29.2044—30 
19.7842 — 20 = log .6084 29.2044 —30 = log .1601 
Ae ctteke = .6084. *, .543% == G0 
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14. 


16. 


18, 


20, 


KEY TO ACADEMIC ALGEBRA 


log 7 
4 log 7 
3.3804 
a6 2 


log 1.738 
3 log 1.738 
0.7200 

7. 1.7888 


log + = colog 7 
3 log + 
27.4647 — 30 
“(YE 


. log 225 


4 log 225 
1.1761 
2253 


» log 12.25 


1 Tog 12.25 
0.5441 


. 12.253 


. log .2025 


~ Log .2025 


9.6532 —10 
2025? 
log 324 

1 log 824 
1.2553 

“. 8242 
log .512 

+ log .512 
9.9031 —10 
“. .5128 


. log .1181 


1 Jog .1181 
9.5361 —10 
e,d1e? 


IU tl Uh 
o 

0g 

i 
* ~*~ 
PSG 

ret 


Ill Wt Wl 


9.1549—10 


og .002915 
-002915. 


HU tt Ul 
) 
~ 
5 
ns 
li 
(SY) 
i=) 


2.8293 
6.3850 —10 
= 9.21483—10 
= 27.6429 —30 
log .004394 
004394. 


Il ll 


Page 


— 
(o) 

(cj) 
_ 
or 
So 
=) 


lI 

oo 

on os as SF 9 
oo I & 
st 00 
S 
S 


7098 —30 
9.9081 —10 
= log .8000 

=F tor 

= 19.07226—20 
= 9536110 
= log .38436 

= 38486, 
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15. log 1.02 = 0.0086 

log 1.02 = 0.0480 
0.0430 = log 1.104 

. 1.025 = 1.104. 

17. log 3, = log .15 = 9.1761—10 
2 log = 18.3522—20 
18.3522—20 = log .0225 

3s)? = .0225. 

19. log 64 = 1.8062 
colog 869 = 7.0610—10 
log 72% = log 4 =NS58672 — 40 
2iog tay = = 17.7344_20 
17.7344 —20 = log .005425 

(225,)? = .005425. 
21. log 54;=colog248= 7.614410 
Alora, = Solna 
= 9.0458—10 
9.0458—10 = log .1111 
- (sts)# =—salia 
417 
8. log 3.375 = 0.5283 
ilog 3.375 =0.1761 
0.1761 = log 1.500 
*. 3.8753 = 1.6 
9. log 1381 = 38.1242 
2 Tog 1381 = 1.0414 
1.0414 = log 11.00 
13313 morales 

10. log 1024 = 8.0108 
-7 loz 1024 = 2.1072 
2.1072 ‘ = log 128.0 
10248 = 198, 

11. log .6724 = 19.8276—20 
blog .6724 = 9.9138—10 
9.9188—10 = log .8200 

6724? = Se 

12. log 5.929 = 0.7730 
1 Jog 5.929 = 0.3865 
0.38865 = log 2.485 

5.9293 = 2.486, 

18. log .4624 = 19.6650—20 
Llog .4624 = 9.8325—10 
9.8325 —10 = log .6800 
“46248 = 68. 


15, 


16. 


17. 


18, 


19. 


20. 


21. 


22. 


23. 


24, 


log 1.4641 
4 log 1.4641 
0.0414 


w. 1.46414 


log .00032 

i Jog .00032 

9.3010—10 
“ .00082% 


OniH 5 
Bor 
Ie op 
“oo 


‘s 


Dale 5 
5 98 
G2 x» 
co) 


a 
= 
=) 
wl 


. 
eee 


= 
e) 


oul 
He 
ot 
Je) 
i=) 


log .027 
1log .027 
9.4771 —10 

3/027 
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= 0.1656 25. log 30.25 = 1.4807 

= 0.0414 1 log 30.25 = 0.7404 

= log 1.100 0.7404 = log 5.500. 

=1.1. on OOK = 5.5. 

= 46.5051—50 26. -log .90 = 19.9542—20 

= 9.3010—10 1 log .90 = 9.9771—10 

= log .2000 9.9771 —10 = log .9486 

= 2. sn 1,90 = .9486. 

= 0.3010 27. log .52 = 19.7160—20 

= 0.1505 i Tog .52 = 9.8580—10 

= log 1.414 9.8980— 10 = log .7212 

= 1.414. ee 2) = ,7212. 

= 0.4771 28. log .032 = 48.5051—50 

= 0.2386 hlog .082 = 9.7010—10 

= log 1.732 9.7010—10 = log .5028 

= 1.782. *. </.082 = .5023. 

= 0.6990 29. See next page. 

= 0.3495 

= log 2.286 30. 176 =< eae 

= 2.236. 15 x 8.1416 15 x .0714 
a log 4 = 0.6021 

= 0.7782 colog 15 = 8.823910 

= 0.3891 colog .0714 = 1.1463 

= log 2.449 = 

ee: log result = 10.5723—10 

se ny = (0.5728 

— 0.3010 *. result = or 1a0e 

= 0.1008 

eae 31. log 100? = 4.0000 

= log 1.260 colog 48 = 8,3188—10 

= 1.26. colog 64 = §8.19388—10 

— 0.6021 colog 11 = 8.9586—10 

— 0.1505 log result = 29.4712—30 

— loo 1.414 *, result = .2959. 

= 1414 82. log 52 — 1.7160 

eS log 52 = 1.7160 

at log 300 = 24771 

= Peeve) colog 12 = 8.9208—10 
149, colog .31225 = 0.5055 

= 1.442. colog 400000 = 4.3979—10 

= 0.3010 log result = 19.7333—20 

= 0.0602 *. result = .5411. 

= log 1.149 

Saws 83. log 400 = 2.6021 

Pied: 4 colog 55 = §8.2596—10 

= 28.4314—30 colog 8.1416 = 9.5029—10 

= 9.4771—10 log result? = 0.3646 

= log .3000 log result = 0.1828 

Seu? *. result = 1.522. 


380 


29, 


34, 


35. 


36. 


KEY TO ACADEMIC ALGEBRA 


log ,025 = 18.3979—20 37 
log 025 = 9,1990—10 E 
9.1990 — 10 = log .1581 
/.025 == 581, 
log 28.5 =U 30L05¢325 
= 1.0585 (1) 
log 81.63 z= i) ee x 1.68 
= 1.472 (2) 
peer Aciing, (2) from au 38. 
23.5 = id 
log gL68 = 9.5814—10 
log 50 =e 6990 
log result = 1.2804 
*. result ONO Me 
log 1.6 = 0.2041 
+ log 1.6 = 0.0680 39, 
log 14.5 = 11614 
colog 11 = 8.9586—10 
log result = 10.1880—10 
= 0.1880 
* result = 1.542. 
/ 434 x 964 962/484 
N’ 64 x 1500 = 80 15 
log .484 - = 9.6875—10 
colog 15 = 8.8239—10 
: >) 
2 |18.4614—20 40. 
log. = 9,2307—10 
log oe = 3,9646 
colog 80 = _8.0969—10 
log result = 21.2922—20 
=. 1.2922 
*. result = 719.6: 
Page 418 
Pavel Gh te, Te eee LE 4, 
log 225 = 2.3522 
log 1.085 = 0.1670 
log A = 2.5192 
* amount = $880.50. 
»A=P(1 +r)" = 200 x 1.065, 5. 
log 700 = 2.8451 
log UA eet = 0.1265 
log A = 2.9716 
*. amount = $936.70. 


[417, 418 


-382 x 5000 x18 _ 1800 
3.14 x .1222x 8 3.14 x .0611 
log 1800 = 3.25538 
colog 3.14 = 9.5031—10 
colog .0611 = 12140 
log result = 13.9724—10 
= 3.9724 
*. result = 9384. 
log 11 = 1.0414 
log 2.68 = 0.4200 
log 4.263 = 0.6297 
colog 48 = 8.3188—10 
colog 3.263 = 9.4864—10 
log result = 19.8963—20 
*. result = OsG: 
log 1.06 = 0.0253 
5 log 1.06 = 0.1265 
colog 1.068 = 9.87385—10 
log 3500 = 3.6441 
log 3000 = 18.4176—10 
1.068 
= 3.4176 
3500 
2] = 1.7088 
aE 508 
*. result = Joli: 
a x) x SE x fA 
= 2? x (2) x (1.5)3 x (.1)8 
Llog 2 = 0.1505 
+ log .25 = 9.79938—10 
} log 1.5 = 0.0587 
tlog .1 = _ 9.5000—10 


ct 
Hl 


log result 19.5085 — 20 
4 3225. 

A= P(1 +r)" = 400 x 1.0310, . 

log 400 = 2.6021 

log 1. 930 = 0.1280 

log A == 2730 

*. amount = $587.10 

A= P(1 +r)" = 1200 1.0420, 

log 1200 = 8.0792 

log 1.0420 = 0.3400 

log A = 3.4192 

*. amount = $2625. 


418, 419, 421] LOGARITHMS 381 
6. log P= log A — n log al + 7) 
= log 1000 — 10 log 1.05. 
log 1000 = 3.0000 
10 log 1.05 = 072120 
log P = 2.7880 
“, principal = $613.70. 
Page 419 
i log P=jlog A —wiog C-- *) 8, log P= log A — nlogd + 7) 
= log 743 — 20 log 1.02. ae log 1500 — =3 log 1.04. 
ad ers Q Og Lo 0 a 1761 
log 748 2.8710 10 log 1.04 = 0.1700 
20 log 1.02 =s a 1720 log P a 3 0061 
log P = 2.6990 Senin Git: — $4014 
oS pnecipnl = $500. . principal = $1014. 
SO me. CRA log F 
9. log P= log A — nlog (1 +7) log. 2 +7) 
— log 1000 — 31 log 1.04 en nelos She aS log 800_ 
log 1000 = 3.0000 log 1884.5 OBS 8.2685 
21 log 1.04 = 0.3570 log 800 = 2.9081 
log ie } = 2.6430 Diff. of logs = 0.3604 
*, principal = $439.50. we oe = 0.0212 
1. A= PA +7). Hence, the time is 17 years. 
gad ESS gees ee ee Fe 
NS ' log (1+ 7) 
log 402 = 2.6042 _ log 2000 — log 1000, 
log 300 = 2.4771 nana log 1.06 -_ 
log (402 = 300) = 0.1271 og 2000 ae 
1 log (402 + 800) = 0.0212 oe = att 
Sane 4.05 HI. oF 20gs al 
0.0212 = log 1.05 log 1.06 = 0.0258 


- r= 1.05 = 1=.05; 
ie., rate = 5%. 


Page 421 
A=* lie ry — 1] 4, 
= 2 [1.08 — 1] 
= Wee [1.0420 — 1]. 
By logarithms, 
1.0429 = 2.188 
ey Col = 1.188 
log 625 = 2.7959 
log 1.188 = 0.0748 
. log A = 2.8707 
“. amount = $742.50. 


3010 - =,0253 ==11.9) nearly 
. time = 11.9 years, nearly. 


pat ae 
r (+ 7)" 
_ 300 1.045 —1 
Gd 1 O4e 
1.0429 —1 
= 7500 - refs 
3) 1,048 
By logarithms, 
1.048 = 1.216 
ed 048 ls =O 
log 7500 = 8.87951 
log .216 = 9.3345 —10 
colog 1.04° = 9.9150 —10 
log P = 3.1246 


|p. v. = $1882. 
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a a@ (+rr—1 
’ =- a 6. P =--:- Ht 
6 A a 4 T Ge 7 
— 17.76 [1.03525 — 1]. — 1000 | 1.04570 — 1 
035 045 1.04570 
By logarithms, By logarithms, 
1.035% = 2.358 1.04520 = 2.41 
“- 1.085% — 1 = 1.358 . 1.04520 — 1 = 1.41 
log 17.76 = 1.2494 log 1000 = 38.0000 
log 1.358 = 0.1829 log 1.41 = 0.1492 
colog .035 = 1.4559 colog .045 = 1.3468 
“. log A — 2.8382 colog 1.04520 = 9.6180—10 
*. amount = $689. clos = 4.1140 
TPs Ve =P S000: 


7. From A = 2 [(1 + vr)" — 1], 
eee SS 
ad+ryrp—1 
— 1000x.05_ 50 
1.0510 — 1 1.05104 
By logarithms, 


1.050 = 1.629 
-- 1.05% — 1 =. .629 
log 50 = 1.6990 
colog .629 = 0.2013 
*. log a = 1.9003 


“. annuity = $79.48. 


UNDETERMINED COEFFICIENTS 


Page 425 
1 


3. Assume Toe = lt Av + Bat + C28 + Dat + »+., 


Clearing of fractions, 
1+e=1+ Ale + Ble? + Ola? + Diet +... 
= oD) Al BY a ne ore 
Equating the coefficients of like powers of 2, 
ale lB A= 0; Of B20 DOE 6 cic 
«+ D=C=B=A=9 


*. to five terms, ; em 


7 = 1+ 244+ 2a24 228 + Vat 
4. Assume SERB 14 det Bod Coo 4 Dot 4 os. 


Clearing of fractions, 


1+3e2=14+ Ale + Bla? + Ola? + Dit +... 
te Ds As SO ein ae, 


425] UNDETERMINED COEFFICIENTS 


Equating the coefficients of like powers of 2, 
A+1=3,B+A=0; C+ B=0;, D+ C=0,ete. 
Ar =O Bin oO a ep LC. 


. to five terms, ta Sta 1 49a — 2a? + 203 = 224. 
4% 


5. Assume 


too = 1+ Aw + Bro + Ont + Dat + +++, 


Clearing of fractions, 
ee A! 
-- 2 


¢ 


a+ Bla? + O|a8 + Dat 
IA 2 Bese C 
Equating the coefficients of like powers of z, 
Jee ea 15) = oC ioral: D—2 C=); ete. 
- A=?2B=4, C=8, D= 16, ete. 


*. to five terms, ss! +2a+422 + 80% + 1624. 
— 2a 


tees 


6. Assume = 3+ Aw + Ba? + Ca? + Dat+->>. 


1— 2 
Multiplying each member by 2 — 2, 
3=8+2Aln+ QBiz2+ 2 Ola? + 2Diat+--- 
eA oe Bio g 50 


Equating the coefficients of like powers of 2, 
2A—2=0;2B—-A=0;20—-B=0; 2D—C=09; ete. 
retdva= SB == sO = aes 


-, to five terms, oe as 
2-24 


3 Chueh je Ob ee gate 
<a+=wa — 98 + — at. 
24 3 1 32 


7, Assume a= 14+ Aw + Ba? + Ca? + Dat +++. 
Clearing of fractions, 
= = Ala Bie + Ola + Bie tee 
— a| — aA! aB) aC} see 
Equating the coefficients of like powers of 2, \ 
A—a=0; B—aA=0; C—aB=0; D—aC=),; ete. 
Ajo B= 02,020, D a, ete. 


-. to five terms, peel ee + ae + ax? + ax? + atat. 
1 — az 
2 p2 . 
8. Assume : zt “ — 24 Ag? + Bat + Cx? + De® + -- 
—nu 


Clearing of fractions, 
a+ Ber=2+ Aw + Bia + O\a8 + Ae i ee 
4| —2A|—2B 20) —-+:: 
Equating the coefficients of like powers of 2, 
A= 4= 3. B=2A =—0; C—2B=0;, D—2C0=0,; ete. 
- A=, B= 14, C= 28, D= 96, etc., 


E RE seer 2 an a GS 8 
j to five terms, 7 ery ae + 14 a4 + 28.26 + 5628. 
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9, Assume ft— 82 4a + Ast + Bad 4 Cat* + DaP +++, 
cs ae 1 


Clearing of fractions, 
4ea—38a=44+4 Ala? + Biz + Clat+ Die +... 
+8 + 2Al+2Bi) 42C| +--- 
Equating the coefficients of like powers of 2, 
A+8=—3;B+2A=0; C+2B=0; D+2C=0; ete. 
ce A==11,B=22 C=— 44 D = 88" cic. 


! to five terms, 42+ 32° _ 4 _ 1192 4 9908 — 44 ot 4 88.05. 
1+22@ 


10. Assume 


SSPE B14 Ao + Be + CM 4 Det pone, 


— 2% — x2 
Clearing of fractions, 


1—a@—22=1+ Ala+ Bla®+ Cle + Diet 4... 
— 2|—2A\— 2B) — 26 vee 
1 zi B 


Equating the coefficients of like powers of 2, 
A=?=—1; B=2A—1=—2;0—SB-—A—0- 
D—2C—B=0; ete. 


fe Ba Or a LCs 
1—a2— 222 


Tange eee a See a 


*, to five terms, 


eee 
11, Assume Trapp tet Aa + Bet + Cat + Dad + .-., 
22 — 2 


Clearing of fractions, 


z—@@—=e@+ Ala®+ BleS+ Clet++ Digs +... 
+ 2) -¢2Al +2B) +26 
in) Ie ee se eee 


Equating the coefficients of like powers of 2, 
Al 2 = 1B 2 At 1 =): C+2B—A=0; Di20—B=0. 
~~ A=—3 B=7, 0S =D) = Ate 


— 72 
Ash =2~ 8224 798 — 17444 41 95 


eee DONEC) LenMn Gy ee 
; 1+ 2a%— 22 


12, tO Sipe eae ae ae 
1—2+ 2? 
Clearing of fractions, 
1—e@=1+4 Ale + Bla? + Clas4+ Diet + . 
coed Osler, ee = el eer a ee 
Ue Alin Bl Beware 


Equating the coefficients of like powers of 2, 

A=—T= —~lyB—A +9 = 0: C= Ba A= 0D S04 BE! ee 

Ae) Be — 1, D=0, ete. 

Dropping the terms having zero coefficients, we have less than the 
required number of terms. The series may be extended, however, by 
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means of the relation between any coefficient and the two preceding it, 

shown in the equations involving three coefficients. Thus, since D — C 

+ B=0, D= C—B; similarly, C= B— A, etc. ; that is, any coefficient 

is equal to the preceding coefficient minus that which in turn precedes tt. 
Hence, 


1~@ _ _440x—a2— 23 + Oat + [0—(— 1] + (1-0) 28 ++ 


1—a@ + 2 
to five terms = 1 — 22 — 22 + a& + gf. 


A 4 Ae + Ba? + Ox8 + Dat + +e, 
1—2-—23 


Clearing of fractions, 


18. Assume 


1=14+ Ala+ Bla?+ Cle? + Dat + --- 
= 1 A B C tee 
— i A B 


_ Equating the coefficients of like powers of z, 
A—1t=0; B—A—1=0; C-B-—A=0; D—C— B=); ete. 
prAna eens 0 = 3, D = 5, etc. 


=14+ 0+ 2a%+4 323 + Bat. 


.. to five terms, 
1-4-2 


LoS 
14. Assume Maat done Eales 2+ Ax + Br? + Cx? + Dat + +e, 
= oe 202 ; 


Clearing of fractions, 
Q+e—2a%?=2+ Ala+ Bla?+ C 
ee 
+ 44 +2A 
Equating the coefficients of like powers of 2, 
A—2=1;B—-A+4=—2;C—B+2A=0; D—C+ 2B=0; ete. 
- A=3,B=—3,C=—-9,D= — 3, ete. 
“to five terms, 2+ ° =" = 9 4 82 — 828 = 90% — Bat 
1 — w+ 22? 


a+ Dia + + 
AT GI ema 


+2Bl +--- 


15. Assume ee — a2 + Ag + Bat + Cx? + Da? + cee. 
~ Sg a 


Clearing of fractions, 


Set Pee a Biatz+ Clai+ Diao + --- 
Sra BUA ie eva PaO ys 
panda Aenea t- *8 


Equating the coefficients of like powers of 2, 
A—2=1;B—24A+1=0; C—-2B+A=0;D—20+ B=0; ete 
~ A=3, B=56, C=%7,D=9, ete. 
. to five terms, ae es — 72+ 328 + Sat + 72° + 9 2%, 
1-274 2 
Key Acad. Alg. —25 
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LA ee fa a Be 
a + a3 + at 
Clearing of fractions, 

1—2e2=1+4 Ajz4- Bla? + Clz3 + Dita... 

+ 1} +Al +B) 4+¢) 4. 
+ 1) +A} +B) + 

Equating the coefficients of like powers of 2, 
PAL Wi 25 BA 0 OB fA 0D aa OB 0; ete. 
tA vod, B= 2, CO = 1) = 3 ete, 
1—22 
x2 + 3 + at 


16, Assume 


*. to five terms, =e" —3@14 24 ¢— 3242. 


2— 54 

2a — g 

Clearing of fractions, 
igtinamm ni Weary Ear ig ie ee 


17, Assume =@1+4A+4 Bo+ 072+ Dr?4... 


A 
Equating the ae of like powers of z, 
2RA—1=—5;2B—A=0: 20— B=0; 2D— C=0; ete. 
EON ier ee Fea 
2—52 


.. to five terms, = a1 2—g¢—1gt_1gs 
5 z 4 


Uv — 2 


1+ 2% +2 
e+ 2+ at 
Clearing of fractions, 1 + # + @2=1+4 Ag+ Se oe +C 


18. Assume = =e@1+ A+ Be+ 022 + Dat +... 


a3 


+ Diat +. 
+ B 
+ Al + 


aa ‘| 
ura the coefficients of like powers of a. 


ASI Btls lO eR Ae lS 6. D+B+A=0; ete. 


oak a Seth Gao , D = — 1, next coef. = — C— B= 2, ete. 
dt 9 et 2 gat oh es Oe ee 
w+ a + gt 
to five terms, =al+ 1 — 292 — 78 4 Qa, 
1 


19. Assume 


a at+ Av + Br + Ox + Dat + 
Clearing of fractions, 1 = 1 + A 
— Pi et 
Equating the coefficients of like powers of @; 
tA —a=0; aB— A=0; a6— B=0; aD— C=0; ete. 
A= a2 B= a3rGs a-~*, D = a-5, ete. 


*. to five terms, 


e+ es + cali + Te tose. 


ae a 1+ a-2x + a-8g2 + g-428 4 g-by4. 
a — 
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20. Since, by Ex. 19, pa ai+ ae + a-3a? + a74a3 + a Pat + ee, 
a—2 : 


substituting — # for z, we have 
1 


a+ @ 


to five terms, = ai — ax + aa? — a-4a3 + a-ha. 


21. Since, by Ex. 19, a Se + ae + aa? + a-4a3 + a- Pat + ---, 
a—@ 


substituting 1 for a, ne a 
=—@ 
*, to five terms, eae =a@+aa4+ a+ aa+ adt. 
—w 
22. Since, by Ex. 19, = 14+ ae + a3? + a4? + a-bat + ---, 
a—2 
substituting 0 for a, = 0-1 + b-2a + 0-322 + b-4a3 + b-Sat + ---. 
*, to five terms, @_ — gpl + adb-2x + ab-822 + ab-4a3 + adb-oet. 
23. Assume 5 Cig 4 Ay + Bar+ Cx8 + Dat + ---. 
— ax 


Clearing of fractions,c=c+ bAlx + Bia? + Clas + bDiat + --- 
—ab-¢| —aA| —aB, —aC| —-::: 
Equating the coefficients of like powers of x, 
dA — abc = 0; bB-—aA=0; DC—aB=0,; bD — aC=0,; ete. 
. A=ad-%c, B = a%b-*c, C = a®b-4e, D = atd~*e, etc. 


&  —}-1¢ 4 ab-2cx + a2b-8ca? + a8b-4ea3 + atb-Sexr4. 
x 


*, to five terms, ; 


Page 426 


2. Assume /1 —a=1+ Aw+ Ba*+ Co® + Dat+ ---. 
Squaring, 1—e2=1+42Ar+ 2Ba? + 2 Ola? + peices 
+ A 42 AB) 4+2AC} 
+. . B? 
Equating the coefficients of like powers of a, 
9A=—1;:2B+ A2=0; 204+ 2AB=0; 2D+2AC+ B2=),; ete. 
: 2 he = SSS = Sap D = — 7z3;, ete. 


Hence, to five terms, ./1 —@=1—}4—}2?— py a8 — 73, a4. 


3. Assume ./1+22=1+ Av+ Bor+ Ce? + Dat+-:--. 
Squaring, 142@2=14+2Av+2Bie2?+ 208+ 2D 
+ A? +42ABl + 2AC 
on Bb? 


a4: 


Equating the coefficients of like powers of 2, 
9A=2:2B+ A2=0;20+2AB=0; OR eA CB == 0 etc. 


Hence, to five terms, /1+ 22 =1+2—4a%+ }a%— 3 
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4, Assume /1+ 4a=1+ Av + Be? + C2? + Dat +---. 


Squaring, 1+427=1+42Ar+2B\a?+2C gee 2 Dat +-- 
+ A? 42AB) +2AC 
eh 


Equating the coefficients of like powers of 2, 

2A=4,2B+4+ A2=0;204+ 2AB=0; 2D+2AC+ B=); ete. 
At i Ch A Ee oe a 
Hence, to five terms, \/1 + 4a =1 +22 — 2224423 — 10at4. 


5. Assume \/4+ 2= 2+ Aa + By? Fe C23 + Dat + 
Squaring, 44+4e=4+4+4Ar4+4B2+ 40 ee + 4Dizt 
+ A2} +2AB\) 42A0 
Sh see 


Equating the coefficients of like powers os ADs 

ica Sey 40+2AB=0,4D+2AC+ B2=0; ete. 
. A=4, B=-¢ C=stn D=—-y1 a ete. 

Hones to five terms, ./4—a@=2+1la— 


6. See next page. 


7. Assume ./a? — a? =a + Aa? + Brt + Cx® + D2’. 
Squaring, a? — 22 = a? + 2aAa?+ 2aBlat++ 2a0 i + “gaD x8 + 
+ Al +2ABl + 2AC 
. te B2 
Equating the coefficients of like powers of 2, 
2aA= —1; 20B+ A2=0; 200+ 2AB=0;2aD4+2A0+4+ B2=0. 
1 1 1 5 
."A=-—, B= — C= DS Se + 
20° «SB a” 164° iasav’ “* 
Hence, to five terms, ./a? 22 —a— = _ ™ CC Le 
2a S8a® 1645 128a7 


8. Assume ,/1 +a2=1+4 Av + Be? + Cr? + Dat+---. 
Squaring, 1+%=1+2Aa+ 2Bla2+ 2Cl28+ 2D 
+ A2]} +2ABl +2406 


+ B23 
Equating the coefficients of like powers of 2, 


2A=1;2B+ A2=0; 203+ 2AB=0; 2D+2AC+ B2=0; ete. 
AS BSS Oe a Det aie cts 


Hence, to five terms, /1 +@=1+ }a— 42+ J. 03 — 18, at. 
This result may be obtained by substituting — 2 for zin Ex, 2. 


aA 4 wee 


9. Assume /1 + a+ a%2=14+4 Av + Ba2+ C23 + Dat+... 
Squaring, Rea atiteetin oe fc 2C\z + 2D 
+2ABl +2AC 


ap wee 
Equating the coefficients of like powers of 2, 
2A=1; ent gas 20+ 2AB=0;2D+2AC+4+ B2=0; ete. 
-A=} B=} O23, fs, D = zip, etc. 


ranes to five terms, ,/1 + @ + a2 = 1 + 3@+ $22 — Sad + 13, at 


at + 06 
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6, Assume ./a —#=./a+ Aw + Ba? + Ca®+Dat---. 


Squaring, a — 2 = a + 2/aAw + 2./aB\o? + 2,/a0|a* + 2./aD 
+ A?) +2 AB| + 2AC 
~  B 


at+..-. 


Equating the coefficients of like powers of 2, 
2 fad = —1; 2J/aB+ A? =0;2/Ja0 + 2AB=0; 2,./aD +2AC 
+ B%= 0. 
ry ae ge Ba Ae (Gh _ ala Dy _ 5a etc. 
20 8 a at 

Henee, to five terms, \/a — # = ./a Ws, EE ee 
2a 8at 1608 128 a4 

This result may be obtained by substituting —# for # in Ex. 1. 


10. Assume ‘ 
(1+ 40+ 602+ 408+ at) =1+4+ Av + Bo? + Ca? + Det +---. 
Squaring, 
1442746224403 + at=1+2Av+ 2Bi\2?+ 2022+ 2D 
+ A} +2AB) +2A0 
+ 8B 


li a 


Equating the coefficients of like powers ot ag; 
9A—4:2B+ A?=6; 204+ 2AB=4; 2D+2AC+ B2=1; ete. 

hea = 2 BP S41, C0 =.0) DS 0: 

It will be observed that the equation 2D + 2AC+ B? =1, from which 
D is found when the preceding coefficients have been obtained, contains 
C and Bin each term of the first member except that containing D; that 
930 +2AB= 4 contains A and B; and in general that the equation from 
which any coefficient is found has one or the other of the two preceding 
coefficients in every term not containing the coefficient itself. Thus, the 
next coefficient H, found from the equation 29H+2AD + 2BC =), con- 
tains either ( or D as a factor in each of the last three terms. Since C=0 
and D=0, H=0. Likewise, since D = 0 and H=0, F=0; and so on. 
Hence, the series is finite. 

Hence, (1 +4a4+6e2+4084 thal + 2@ + 2. 


11. See next page. 


12. (1+at= jf tae =J/14+ 82+ 3a + 


Assume T+ 30 4+ 8eta8 =14+ Avot Bat+ Cae + Dat+---. 
Squaring, 
ib 48a4+8a2+4+ e=—14+2Ae+ 2B + 2Clz8 + 2Diat+--- 


+ A? 


+2AB| +2AC 
we ca Sie 


Equating the coefficients of like powers of 2, 

4 = S02 Bi Ata 8s 2:0 9AB=1;2D+4+2AC+ B?=0,; ete. 
» Awd, B=t C= — ge D = 7z3y, ete. 
Hence, to five terms, (1 + aiszi+ a+ far— att pie e 
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11. Assume (1— 3a + 32? — #3) = 14 Aw + Ba? + C23 + Dat +... 
Squaring, 7 

(l— 32+ 3a? — a8)§ —142Ar4+2Ba2?+ 2Cle29+ 2D 

+ A?} +2AB;) +2A0 

Be 

Multiplying by (1— 3a + 32? — a8)} =1+4 Ar + Ba? + C2? + Dat +. 
1—32+3a? —a=1+ 2Ale+ 2Bia2+ 2 Cle3 + 2 Diat +--+ 

+ A?) +2AB) + eat 


+ Aj +242} +3ABl + 2 AC! 
+ A’! +4 2 A2B! 


lata... 


+ Bl +2ABl + 28 
+ <A2B 

+ Gh SAG Sea 
- PD 


Equating the coefficients of like powers of z, 
3A=—3;3B+3A2?=3; 3C04+6AB+ AS=—1:; 3D+6AC+ 8B? 
+ 3 A2?B= 0; etc. 
4-1 BO C=), D= 0. ee. 
ag reasoning as in Ex. 10 it can be shown that all succeeding coefficients 
reduce to zero. 


Hence, (1 — 8@ + 322 — a3) — 1 — 2, a finite series. 


13. Assume 


J1 + 2a + 8a $408 + + +++ = 14 Axw+ Bor + Cat + Doty... 
Squaring, 
PEROT Bm dae + Baty +14 ae Bi 2Cla + 2Diat+ 
{AA eA By eae 
+ B2 


Equating the coefficients of like powers of 2, 
2A=2;2B4 A2=3: 2C+2AB=4;2D42A04 BI=5. eta 
. AS1, Bail Cail, P= i ete 


Hence, to five terms, Jl +2e4+ 8322p 4984... =] + Ut 22423 + at, 
Page 429 
a 9D 72 ‘> 
4. Assume that etal a oo Bete = is an identity. 


1-28 i-e2 fre+e 


Clearing of fractions, 2 +222 — a + Ale + at 
+B+C 
— Bl — C 
Equating the coefficients of like powers of 2, 
A+ B=0;4A+C—B=1; A= O= 3: 
“yA, ee ty (Ger orale : 
© Ot te 


Hence, : A 
1 — 28 Le 14) 2 40392 
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5. a A Dees i pe eS 
Fal ae 

C— Stl Al 
w@—1 “+1 

Clearing of fractions, w—8=(A+ Bye —-A+B. 

Equating the coefficients of like powers of 2, 
Ares = 1 tand B= A = — 3 
Sy VA Ss AE TVG 8) ey = lh 


em 


Assume that 


+2 S B— is an identity. 


Hence, ges & Alper Ree ke 
xv? — 1 Ci Nee 
22 7A. : : ; 
6. Assume that 0-6 pe = vas ~ + q ae 1s an identity. 


Clearing of fractions, 2v=4A42B—(A+ Be. 
Equating the coefficients of like powers of z, 
4A+2B=0and —(A+ B)=2. 
. A=2and B= — 4, 
22 eH 4 


Hence, —— = é 
8—62+a0% 2-—a 4-4 


3+ 42 ee oh iS 
14+8a4+1622 1442 (1442) 
Clearing of fractions, 38+ 4¢@%=A+4Ae+B. 
Equating the coefficients of like powers of 2, 
A+B=38 and 4A=4. 
7 -As—risand Bb) 2; 
B+4@  _ 1 2 


7. Assume that is an identity. 


H E = eS 
ae 14+ 8x + 162? pets. (1 + 42)? 
8. Assume that of + pike is an identity. 
Clearing of fractions, 38a—=A—Ale+ Ala? 
ie ae 
+B +0 


Equating the coefficients of like powers of 2, 
ha ale —-A+C+B=3;A+C=0. 
Aga Bl, (Ce. 


3a 1 1+% 1l+2 1 
= , or 
Hence, 1 + 2 one ihe Salata ee 
= p — 2 ‘ * : 
9. Assume that 2 sales =44 2 a C isan identity. 
a — 2 1l+a 1-2 


Clearing of fractions, 1 — x — 6 e- A— Aa? + Ba — Ba® + Ox + Ca? 
Equating the coefficients of like powers of z, 
Ae Bae a ee OO 
RepAl =p lee Be==2, Cr 0s 
1—a-—62?_1 fr 2 3 


Hence =- = : 
¢ ae ie feta A 
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10. Assume that 
pEceee ee EAN eS oe ee 
(l—a#(1—22)? 1-2 1-22 (1-22) 
Clearing of fractions, 1 — 22 + 24? = A—4Ajzt+4A 
+B—3B 4+2B 
aaa 
Equating the coefficients of like powers of 2, 
A+B+C=1;-4A—8B~O=—2;4A+42B=2. 
aS, Ales te 1S Sei. (Oss i. 
1— 247+ 22? 1 i i 


Hence, ee eee heed 2.3 
Se =a oe ee 


is an identity. 


q2 


11. . See next page. 


x2— 62 A 73) Came : P 

12. Assume that Cao a a @— 5? + @_5? is an identity. 
Clearing of fractions, 22 — 6z = Ag? — 10 Ala + 25.A 

-— B — 5B 

aC) 
Equating the coefficients of like powers of ti 
A=13;—104+B=].—6; 3 A—bBs O= 
Sete ae I a eee LO reas ty 
w2— 6a 1 4 5 


Hence, 5g ee ee ee eee 
(a — 5)8 2—6' @—6p (x — 5)8 
13. ea eg 
z2—1 a —1 


—4 A 


Slee : ; 
= —— isa ; 
=a | Per a eer n identity. 


Clearing of fractions, — 4= Aw — A+ Bri B 
Equating the coefficients of like powers of z, 
At B= 0 and AaB tk, 
“ A=2and B= — 2. 


Assume that 


xv — 5 2 2 
Hence, 2 Rem fe tee BP ; 
at — J “2 roe ee ee | 
14. ee Oe ils, DeATS! 
w+4e44 (@ + 2)2 
Assume that AOE Diy eee ok, Cee identi 
@+2R 249 + @ + op is an identity. 
Clearing of fractions, @+3= Atz+2A4 B. 


Equating the coefficients of like powers of z, 
A=1and24+ B=8, whence B= 1. 
Hence, 202+ 9x+ 11 = 1 1 


=o aE eS 
M@+drid Tors! aor 
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og 2 eB 
(7@—38)? a-38 (#— 3) 
Clearing of fractions, 3¢@—2= Ar—38A+B. 

Equating the coefficients of like powers of 2, 

A=83and —3A+ B= — 2, whence B= 7. 
3a = 2° 3 eked 

@ = 8)? se 3. (938) 


11. Assume that 


is an identity. 


Hence, 


— 2, 
2—62+ 62 apr Rs ed Fa 0 


15. Assume that ———————_. 
1—6@+4+ 112-622 1-wv 1-22 1-382 


identity. 
Clearing of fractions, 
Bee ee x) Or a x) (1— 22). 
Let z = 1; then, A (— 1) ee 2), whence A = 
Let z = 4; then, Ta BUS 1), whence B = = 
Let z = 4; then, A =O (2G); ‘whence ( = 3. 
262 + 6 2 1 2 3 


Hence, ee = + : 
1—6a+4+ 11a7—62? 1—a 1-24 1-82 


enn 


49 A B C0 é 
16. Assume that = + ——_— + ——— isan 
identity. (2—82)2(83—2) 8-2 2-82 (2-82) 
Clearing of fractions, 49 = A(2—32)? + B(3 — 2)(2— 382) + C(8—2). 
Let. @ = 3;, then, 49 = A(2 — 9)?, whence A = 1. 
Let « = 2; then, 49 = C(3), whence C= 8 x 7 = 21. 


Let z = 0; then, 49=4A+6B43C 
Substituting 1 for A and 21 for C@, 
49 = 44+ 6B+ 68, whence B =— 3. 
Hence RPSL NR Ges er ecinemes aA, 
; (2—82)2(8-—2) 8-2 2-32 (2-382) 


9 2 3 1p 
+274+32774+ 22 BA B 1 C 4, D+ ta (1) 
2— 2 Gel sw Ww 1+ 2 


17. Assume that : 
is an identity. 
Clearing of fractions, 
1422 +322 + 223 = A (1—2at)+ Be (1—2) (1+ 2?) + Cx (1+ 2) (1+ 2?) 
+ Da (i — 2) + Ha? (1 — 2). (2) 


Let z = 0; then, — A-1, whence A = 1. 
Let z = 1: then, = Se 2- 2), whence C = 2. 
Let z = — 1; then, B(— 1-2-2), whence B = 0. 


Substituting these ate in (2), 
142243224223 = 1—a2t4+2v42 0242034 2a¢+(Da+ Ha?) (1—2?). 
Canceling, etc., 22 — a = (Du + Eixx*) (1 — 2). 
Dividing by z(1—2?), = D+ Hz. 
Equating the ane of like powers of 2, 
andi ele 

er a Oe 2 x 

Bad Sh AAP LN aN ps ae 5 
oe z— gate Vie 


394 KEY TO ACADEMIC ALGEBRA (431, 437, 440 


Page 431 
1 a 2 at 
Se ee x 
10. 9 a+ 6 + 24 az 60 
Reverting, @=1(3)—3(3)? + ry (4)? — 244, Gt + 
1 1 11 
== — +. 
2 at ex 2160 x 16 
55 LOBO 45976 
34560 
1_,_@# , 82% _2at 
x 55 a Tey 
Reverting, @=1()+3(" —-%@*-3@'+-- 
= ay} + aa : 11 + se. 


7 90x 125 378 x 625 
2+ .01266 + = .21266. 


PERMUTATIONS AND COMBINATIONS 
Page 437 


4. The number of ways is equal to the number of permutations of 4 
things taken all together. 


Pi = (4 = 4.3.2.1 = 24. 
5. Pi =|5 = 5-4.3-2-1 — 190, 


6. The first prize may be awarded to any one of the 10 athletes, and 
after that the second prize may be awarded to any one of the 9 athletes 
remaining. Hence, the number of ways is 10 x 9, or 90, 


ith Pi =|7=7-6-5-453:9-1 = 5040. 


8. At the bottom of the mountain the traveler has the choice of 5 
routes, and having reached the top by any one of them, he may return b 
any one of the four remaining routes, since he may return by any of the 


routes except the one he has taken to go up. Hence, the number of ways 
is 5 x 4, or 20. 


= 1 Oe = Ore = E19 _ 495, 
Ci = 0%) = = = a = 2300 
5. O52 — 92:-51-50-49.48 
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6. C19 = C19, which is less than (1, since C19 = oe while 
10-9 8 10-9-8-7 10-9-8-7 _ 6 
CAD sa eS (ep = ug Lo o> 
eine ge eee ss E88 8 


Hence C70 Oo anda ieee C40: 


7. From 11 Republicans 6 Republicans may be selected in C12 ways; 
from 10 Democrats 5 Democrats can be selected in C49 ways. 

Since each combination of 6 Republicans may be associated with each 
combination of 5 Democrats to form a committee, the number of commit- 
tees that can be selected is equal to 


CE MOO wee SK Or = 116424. 


11-10-9-8-7 | 10-9-8-7-6 
1-2-85-4-5 1-2-3-4-5 


8. He may have to make 10 trials to hit upon the right mark on the 
first wheel, 13 trials, the second wheel, and 18 trials, the third wheel. In 
order to get the right combination, therefore, he may have to make 
10 x 13 x 18, or 1690, trials. 
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11. From 20 consonants 3 consonants may be selected: in C2, ways; 
from 5 vowels 3 vowels can be selected in C3 ways. 

Since each combination of 8 consonants may be associated with cach 
combination of 3 vowels to form a word of six letters, the number of 
words of six letters differing in the letters composing them is equal to 


20-19. be 
0% x 0% = 020 x Of = MOI 4 = 11400, 
: =: 1-2-3 1-2 
Finally. since from each of these 11400 words of six letters |6 words may 
be formed by permuting the six letters in their places, the whole number of 
words that may be formed under the conditions of the problem is equal to 


11400 x |6 = 11400 x 720 = 8208000. 


12. Since there are 5 different coins and these may be taken 1, 2, 3, 4, or 
5-at a time, the total number of different sums that may be paid is equal to 
Gee C8 Cr Oe Pe DE 
E S12) S258 AiO. 
=54+104+104+5+1=81. 


13. The number of boys selected may be 2 or 3 or 4 or 5, and the cor- 
responding number of girls is therefore 4 or 3 or 2 or 1. 

From 5 boys 2 boys may'be selected in C3 ways and from 5 girls 4 girls 
may be selected in (} ways. 

Since those committees of 6 which are composed of 2 boys and 4 girls 
may be formed by associating each group of 2 boys with each group of 4 
girls, the number of these committees is CRAIC es 

Similarly, the number of committees of 6 composed of 3 boys and 8 girls 
is C3 x 0%, of 4 boys and 2 girls is C3 x C3; of 5 boys and 1 girl is CRO, 

Hence, the whole number of committees of 6 is equal to 

Os x 08+ C8 x C3 + C2 x CZ +.C3 x Ts EE ee oA 
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14. (4+ 0) soldiers are divided into groups of c, m, and n soldiers, 
respectively. From (m+n + c) soldiers ¢ soldiers may be detailed in 
Cz+n+e ways and from (m+ 7) soldiers m soldiers may be selected in 
On*™, or Om+”, ways, leaving in each case a group of 7 soldiers. 

Since for every one of the 0™++¢ ways in which ¢ soldiers may be de- 
tailed to garrison the fort the remaining m + n soldiers may be divided into 
two parties in C+” ways, the number of ways of grouping the soldiers 
under the conditions of the problem is equal to 


Cminte v4 Cmin _|mtnte ae x EASES = [meets 
" “ [elmtn * [m[n ~ [mine 


16. Let 310m =n te 
m(n — 1) (m — 2) _ 9 (n +1) (7) (n — 1) (7 — 2). 
ace, 1-2-3 1-2-3-4 
= —2 
Dividing both members by nin G2) 
ga 2+) nti 
4 2 
m= 5. 
5-4-3 
i = On = ——— = 10, 
Since n = 5, eee 
6-5-4-3 
and i akgciren arc ee: 
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1, The number of orders is equal to the number of permutations of 6 
things in a circle taken 6 at a time. 


P§ (circular) = [5 = 5-4-3-2-1 = 120. 

2. P3 (circular) = |'7 = 7-6-5-4-3-2-1 = 5040. 

8. If each gentleman sits opposite his wife, when the wives have been 
seated, which can be done in P¢ (circular) = [8 = 3-2-1 =6 ways, each 
gentleman has but one place to sit. Hence, the number of orders is 6. 

4. If each gentleman sits opposite a lady, when the ladies have been 


seated in any one of the 6 ways possible, the gentlemen may be seated in the 
4 vacant places also in 6 ways. Hence, the number of orders is 6 x 6, or 36. 


5. P} (circular) =|6 = 6-5-4-3-2-1 = 720; 
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2. Since three of the seven letters of the word zodlogy are alike, the 
number of permutations of the letters all at a time is G of |7, or 840. 


_ Inthe word coefficient there are two c’s, two e’s, two f’s, and two zs, and 
in all eleven letters. Hence, the number of permutations is 


11 
Fon yee = 2494800. 


REE 
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: In the word ecclestastical there are two é’s, three c’s, two l’s, two s’s, two 
z’s, and two a’s, and in all fourteen letters. Hence, the number of permu- 
tations is {14 


[2|3|2|2|2|2 
In the word divisibility there are five z’s and in all twelve letters. Hence, 
the number-of permutations is 


= 454053600. 


12 
LX — 3991680. 
[5 


8. The number is = 69380. 
(4[5 [2 


== 


= 
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Total C1! = 21 — {1 = 1023. 
Total C’ = 2—1=81. 
Total C7 = 27 — 1= 127. 


af PN 


' 5. (a) As many as the number of permutations of the letters in count, 
er being attached to each permutation. 
P3 =|5 = 5-4-8-2-1 = 120. 

(0) With m as the middle letter the six other letters may be permuted in 
P§ =|6 = 6-5-4-3-2-1 = 720 ways. 

(c) If each vowel keeps its position the four consonants may be per- 
muted in Pj =|4 = 4-3-2-1 = 24 ways. 

(ad) The first letter may be taken in 4 ways, since any of the four con- 
sonants may be taken. The six letters remaining may be permuted in Pe. 
or |6, ways, and each of these permutations may be attached to any one 
of the 4 initial letters. 

Hence, the number of permutations beginning with a consonant is 4 [6 
= 4.6-5-4-3-2-1 = 2880. 


6. There are 4 odd places and 3 even places. To fill the odd places 
two different digits, 1 and 3, are to be selected, and this can be done in C4 
ways, since there are two 1’s and two 3’s. To fill the even places two 
different digits, 2 and 4, are to be selected, and this can be done in C3 
ways since there are two 2’s and one 4. 

Hence, the whole number of ways is equal to 

4-3 | 3-2 
i §=— x —— = 18. 
PIE Sea tin a 
ihe Pe=24 PP=PEX4x3 x2. 
n(n —1) (n —2) (n—8) (n—4) =n(n—1) x 4x 83 x 2. 
(n — 2) (n—8) (n—4) = re 3 x 2= (6 — 2) (6— 3) (6 — 4). 
a ee ie 
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DETERMINANTS 
Page 449 Page 450 
3-9. See pp. 418-419 Key. 11-23. See pp. 419-420 Key. 
Page 457 Page 458 
4-10. See pp. 420-421 Key. 2-4. See p. 422 Key. 
Page 459 Page 460 


1-4. See p. 422 Key. 5-17. See pp. 423-428 Key. 
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Page 465 
16. y¥ =34—7%. 


wx Y - PoInt 
7 ee NR = PREECE 
0 ay B 
feof as | (| 
perils: piers 
2 = il D ie Se ee 
Pees Wastes aloha 
ee geeueae 
.3) 
A EReanee 


A line drawn through A, B, 0, D, etc., is the graph of y= 38a —7. 
17, y=2a+1. 


we y Pont 
—3 —5 A 
—2 —8 B 
—1 —1 C 
0 1 D 
1 3 E 
2 5 JH 
38 7 G 
4 9 iT 


A line drawn through A, B, C, D, etc., is the graph of y = 2a +1. 


18. y=2u—-1. 


w y Point 
—3 —7 A 
—2 —5 B 
-—1 —3 C 
0 —1 D 
1 1 E 
2 3 F 
3 5 G 
4 7 iT 
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19. Solving for y, 


20. Solving for y, 


REDE ANBET SRL 
DASE REAP hae EeS 


A line drawn through A, B, ©, D, etc., is the grapu ot 4a — y = 10. 


21. Solving for y, y =4(a@— 2). 


Pont 


ReRBSQHs 


A line drawn through A, B, C,.D, etc., is the graph of x — 2 See 
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22. Solving for y, 


pis Caen Nh 
toe EEC ECE a 
ae a raEv ae 


A line drawn through A, B, C, D, etc., is the graph of 3% =2y. 


28. Solving for y, 


RawSsQawh 
ef | a a | 


A line drawn through A, B, C, D, etc., is the graph of 2% +y=1. 


24. Solving for y, 


A line drawn through A, B, C, D, etc., is the graph of 2% +3y =6. 
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1. Solving for y, y = 2a — 2, 
When x=— 6, y=~—6; 
when (eo Sl ee 
Locate A=(—6, —6), B= (6, 2). 
A straight line drawn through ‘A 
and B is the graph of 274—3y=6 


t | Ban 
seeragevepers 


a 
Eee 
[| See aw 


| 
BaAS 


EST] L 
8. Solving for y, y= 3xu—5 
When x=0,y=—5; 


when ei=4,y = 5. 
Locate A = (0, —5), B= (4, 5). 
A straight line drawn through A 
and B is the graph of 5x4 — 2 Y¥ =10: 


5. Solving for y, y=1—ta. 
y= 


When 2¢=—%, 2; 
when %=5,y=0. 
Locate 4A = (— 5, 2), B= 


5,0 

A= 5, 0). 

A straight line drawn through A 
and B is the graph of e+ 5y = 5, 


2. Solving for y, y =3 — 32. 
When «=0,y=38; 
when C—O ee 
Locate A = (0, 3), B= (8, —3). 
A straight line drawn through A 
and B is the graph of 3” +4 Ti 12% 


g5a ao 
CON Co 
eke 


4. Solving for y, y=72— 14, 
When x= ae 


y 
Locate A= (0, 2), B= (8, — 2). 
A straight line drawn through A 


and B is the graph of 4 — x7 —2 y. 
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7. Solving for y, y= }— 3. 
When x«=0, Bening 
when x= 6, y=— Be 
Locate A = (0, ri 1), B =(6, —74) 
A straight line drawn through 4 
and B is the graph of 5a +4+3y=7. 


See eraee aan 
EcEEEEE RE ae 


9. Solving for y, y —6 — $a. 


When «=0,y=6; 
when w= 6,9 =— "3. 
Locate A = (0, 6), B= (6, — 8). 
A straight line drawn through A 
and B is the graph of }42+4y=2. 
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8. “Solving for y, y=2x—6. 
When o=0, y=—6; 
when 5, y = 4. 


Locate A = = (0 — 6), B= (5,4). 
A straight line drawn through A 
and B is the graph of ¢—} 


T {tT TT fe] 


Y= "Se 
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2. The graphs of the equations 
intersect at’ P= (5, 4). 
Hence, « = 5 a y= 4. 


EN 


8. The graphs of the equations 
intersect at P = (2, 1) 
ee fo Pn nel p= Ih 
[| 


I] {TT LSA Lt 
Eee ss Ba 
~ 


=e ai eS Lt 
ee ists Soe: 


4. Since the graphs of the equa- 
tions are everywhere seven units 
apart vertically, they are parallel 
straight lines and have no point in 
common. 

Hence, the equations are incon- 
sistent. 
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5. The graphs of the equations 
intersect at P = (8.5, 2). 
Hence, « = 3.5 and y = 2. 


6. The graphs of the equations 
coincide. Hence, the equations are 
indeterminate. 


SRRRR 88 See 
Seas Bae aloe aise 
PREC CEE EEE HY 
oto SS ietst femal 

HH Vr TTT 


7. The graphs of the equations 
intersect at P= (—1, — 4). 


Hence, x =— land y=—4., 

1 a Op 
|| Sits bo et 
Poth pecineens 
Sms pt | TT 
ao ee 
bail ie 
Lat Cee Dh 
ath Shs 
BBe SER 
Rew SU ai 
alae la 


8. The graphs of the equations 
coincide. Hence, the equations are 
indeterminate. 


BEES URE RADE E See 
EEE 
Piet ook ois Ae aed 


Ht 
DEUMADEE Ghee Hit eZ 


9. The graphs of the equations 
intersect at P = (— 6, 3). 
Hence, « =— 6 and y=3. 


10. Since the graphs of the equa- 
tions are everywhere two units 
apart vertically, they are parallel 
straight lines and have no point in 
common. Hence, the equations are 
inconsistent, 
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11. The graphs of the equations 
intersect approximately at 
P=(4.6, 1.3). 
Hence, «=4.6 and y = 1.5. 
Baad anes 


LA 
Sea eRee ee ASEeeta 
EOCCCEEL CER 
+} = 
2am 24GeRNSEEe 
Pere et ELSE LL 


12. The graphs of the equations 
intersect approximately at 
PAO oil) 
Hence, «= 4.9 and y = 3.1. 


13. The graphs of the equations 
intersect approximately at 
=—q(D-Dyela2)s 
Hence, «=5.5andy=1. 


14. The graphs of the equations 
are parallel straight lines and have 
no point in common. Hence, the 
equations are inconsistent. 


Ld 
ZA 


roe 
8 
Zi 
r | 
| 
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15. The graphs of the equations 
coincide. Hence, the equations are 
indeterminate. 


BERRA Sea ae wATAD 
ChTERERG Rae ARaee 


PT Cha AT 
25GR R44 SEBREBEZ 
HE ae 
Pape bel ed eae re td 
BRSHSeM EPL NE eRask 
PE tt tt 
ESURUNey cate 
beni eeeee 


16. The graphs of the equations 
intersect approximately at 
P= (1.2; 2:3). 
Hence, x =1.2 and y=2.3. 


a 
ReiRERS a 
Bawa eE | | 
EAE e a 
Lanse eT sal a 
1 wD g 
BPaoeae |_| 
Se Sens a 
Pog dr lee Pele | | 
Aaa a 
Buea sae |_| 
Re Pasar ms | | 
BeBe a cor ‘s 
HAS PT Bane 
Seav ae ant Baaa 
BaD 4 Be oe Sh Oa Es 
a Se LS 


17. The graphs of the equations 
intersect approximately at 
B= (6501.6): 
Hence, «= 1.6 and y=1.6. 


GaSea WS Heeae 
Sab raat 
5 
aPC 


a 
So 
wns 
LBS 
Nic 
Ag 
N 
& 


ill 


VJ 


eSB EE wes 
RaEZEERS 


a 
~ 
St 
a 
a 
N | 


BEBRE7 
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1. Since the coefficient of x is — 4, § 544, first substitute 2 for x. 


Points 


CeRLLys 
Sane 
aoe 


Plotting these points and drawing a smooth curve through them, we have 
the graph of y = a2—444 3, which crosses the z-axis at 1 and 3. 
Hence, the roots of x2 —4 2 +38=0 are land 3. 


2. Since the coefficient of « is — 6, § 544, first substitute 3 for fo. 
Y= 2 — 6 x oa ifs 


Points 


Plotting these points and drawing a smooth curve through them, we have 


-axis approximately at 1.6 
and 4.4. Hence, the roots of 22 — 6 + 7=0 are 1.6 and 4.4, 


3. Putting 2? —4%—=~— 2 in the form “?—4¢%+42-—0, since the coeffi- 
cient of x is — 4, § 544, first substitute 2 for y. 


SRahS 
Cem 
ane Ss 

| |e 

I 


Plotting these points and drawing a sn 
have the graph of Opn 
at 6 and 3.4, 

Hence, the roots of a2 — 4% +2 


4. Since the coefficient of x is 


nooth curve through them, we 
—4%+42, which crosses the X-axis approximately 


= (0; or of a? — 4% —=—2, are .6 and 3.4. 
— 10, § 544, first substitute 5 for x. 
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y= x? — 10% 427. 


Points 


' Plotting these points and drawing a smooth curve through them, we have 
the graph of y=2?—10%+27, whose minimum point lies above the x-axis. 
Hence, § 546, 4, the roots of «2? —10% + 27 = 0 are imaginary. 


5. Since the coefficient of x is —2, 
§ 544, first substitute 1 for «. D D 


y=w?—2a4 5. 


Points C od 
S ! 


Plotting these points and drawing a smooth curve through them, we have 
the graph of y=a?2—2%+5, whose minimum point lies above the x-axis. 

Hence, § 546, 4, the roots of «2 —-2%+5=0 are imaginary. 

6. Putting x27 =2(%+1) in the form 2? —2%—2=0, since the coeffi- 
cient of « is — 2, § 544, first substitute 1 for x. 


BeRBME | | 
oo A 

Plotting these points and drawing a smooth curve through them, we have 
the graph of y= 2?—2«— 2, which crosses the a-axis approximately at 


—.7,and 2.7. 
Hence, the roots of #2—2«%—2=0, or of #?=2(@+1), are —.7 and 2,7. 
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7. Putting 2?+2(¢+1)=0 in the form 2?+22%+4+2=0, since the 
coefficient of « is 2, § 544, first substitute —1 for x. 


y=? +2442. 


Points 


Plotting these points and drawing a smooth curve through them, we have 
the graph of y=a?+224+2, whose minimum point lies above the z-axis. 

Hence, § 546, 4, the roots of 22+ 2a2+2—= 0, or of 22+ 2(%+1)=0, are 
imaginary. 


8. Since the coefficient of x is — 4, § 544, first substitute 2 for x. 


y=uv—4xe4+6. 


POINTS 


Ke TT 

BER ERTURRRESR 

BRS DRAGER ED 

LOT Tet te ote 

Plotting these points and drawing a smooth curve through them, we have 

the graph of y = 22—4%+6, whose minimum point lies above the z-axis. 
Hence, § 546, 4, the roots of z2-4%+46=0 are imaginary. 


9. Since this equation is thesame as the one in Ex. 6, though in differ- 
ent form, its graph and roots are the same. (For solution see Ex. 6.) 


10. Putting x? =6x%—10 in the form 22—6x + 10 = 0, since the coeffi- 
cient of x is — 6, § 544, first substitute 3 for x. 


y=2?—624 10. 


Pornts 


Plotting these points and drawing a smooth curve through them, we have 
the graph of y= x?—6%+10, whose minimum point lies above the 2-axis. 
Hence, § 546, 4, the roots of 22 —62% +10=0, or of 2 =67 — 10, are 
imaginary. 
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11. Since the coefficient of x is 4, § 544, first substitute — 2 for x. 
your? +4u+42. 


Pornts 


Plotting these points and drawing a smooth eurve through them, we nave 
+ the graph of y = x? + 4.x + 2, which crosses the z-axis approximately at — 3.4 
and — .6. 
Hence, the roots of #+42+4+2=0are —3.4 and — .6. 


12. Since the coefficient of x is 2, § 544, first substitute — 1 for x. 


Plotting these points and drawing a smooth curve through them, we have the 
graph of y=2?+4+2x2-+ 4, whose minimum point lies above the x-axis, 
Hence, § 546, 4, the roots of x? + 2% +4 =0 are imaginary. 


13. Since the coefficient of x is 6, § 544, first substitute — 3 for z. 


y=x?+6x-+ 12. 


Plotting these points and drawing a smooth curve through them, we 
have the graph ofy=27+6%+ 12, whose minimum point lies above the 


x-axis. . ; 
Hence, § 546, 4, the roots of «? + 6a + 12 = 0 are imaginary. 
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14. Since the coefficient of « is 8, § 544, first substitute — 4 for x, 


y=2e?+82+17. 


Points 

—4 1 A 
ye 2 B, B' 
a eet) 5 OF 
D, D' 


Plotting these points and drawing a smooth curve through them, we have the 
graph of y = 22+ 82417, whose minimum point lies above the z-axis. 
Hence, § 546, 4, the roots of #2 + 8% +17 =0 are imaginary. 


15. Since the coefficient of x is — 6, § 544, first substitute 3 for x, 


D D1 
y=a—62+4 18. 
Points 
t 
Cc C4 
Sh ij 
BRU a 
PECs 
+. 
i ait 
(e) 


Plotting these points and drawing a smooth curve through them, we have 
the graph of y=a2?—6a4+4 18, whose minimum point lies above the z-axis. 
Hence, § 546, 4, the roots of 22 — 6% + 13 = 0 are imaginary. 


16. Since the coefficient of a is — 2, § 544, first substitute 1 for x. 


Plotting these points and drawing a smooth curve through them, we have 
the graph of y = 22 — 2% +6, whose minimum point lies above the x-axis, 
Hence, § 546, 4, the roots of #2 — 2%+6=0 are imaginary. 
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--17. Since the coefficient of x is — 4, § 544, first substitute 2 for x. 


2eb URE a 
Ick | | | fe" 


Plotting these points and drawing a smooth curve through them, we have 
the graph of y = 22 —4a—1, which crosses the «-axis approximately at — .2 
and 4.2. 

Hence, the roots of x2 —4a%—1=0 are — .2 and 4:2, 


18. Since the coefficient of ~ is 8, § 544, first substitute — 4 for x. 


ya=we+8a414. shea i 
q D 
% 
Pornts & 
oA 
> 
a ceese 
He By 
AS 
| 


Plotting these points and drawing a smooth curve through them, we have 
the graph of y=? + 8x +14, which crosses the x-axis approximately at — 2.6 
and — 5.4. 

Hence, the roots of a2 + 8a+ 14=0 are — 2.6 and — 5.4. 
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19. Since in y=2?—2x—1, the coefficient of » is —2, § 544, first 


substitute 1 for x. 
y= 02 — 2a}. SED SS BeSh sSas 
[| od [| TT | [boy TT 


| 


bo bi ie ple 


re! 
| | el 
SERBS 
|| 


ai 
a 


HS 
|| 
am 
Gi 
ao 
i | 


~I bo 


Plotting these points and drawing a smooth curve through them, we have 
the graph of y=2?—24a—3, which crosses the z-axis approximately at — .2 
and 2.2. 

Hence, 
and 2.2. 


the roots of 2 —2«—}4=0, or of 4a—22?+41=0, are —.2 
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20. Putting 277+ 8x+7=0 in the form 72+42+4=0, since the co- 
efficient of x is 4, § 544, first substitute — 2 for z. 


y=e+4nt fh. 


Points 


oO C9 
BH bolt Roles bole 


Plotting these points and drawing a smooth curve through them, we have 
the graph of y=2?+4%-+ 4, which crosses the z-axis approximately at — 2.7 
and — 1,8. J 

Hence, the roots of 22+4%+4=0, or of 2224+ 82+7=0, are — 2.7 
and — 1.3. 


21. Putting 22?—12%+15=0 inthe form 22?—~6a2+4 13 = 0, since the 
coefficient of % is — 6, § 544, first substitute 3 for x. 


“1 bo 
BH DH bo bo 


Plotting these points and drawing a smooth curve through them, we have 
the graph of y= a2—6a4 72, which crosses the x-axis approximately at 1.8 
and 4.2, 


Hence, the roots of x2 —6 a + 42=0, or of 222-129 94.15 = 0, are 1.8 
and 4.2. 


22. Putting 12¢—4¢2—1=0 in the form a#2—34+4 4=0, since the 
coefficient of # is — 8, § 544, first substitute 14 for a. 
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Plotting these points and drawing a smooth curve through them, we have 
the graph of y= 2?—382+1, which crosses the x-axis approximately at 
-1 and 2.9. 

Hence, the roots of 227 —-32+1=0, or of 122—422—1=0, are .1 and 

9. 


23. Putting 11+ 8a%+222=0 in the form 2?+4%+43=0, since the 
coefficient of x is 4, § 544, first substitute — 2 for x. 


BiB ESUERRESS 
pt tod | TT Tt got 


BERENRER IRE 
re Pek Ve ae ee De 
pt tt ieda [TS 


| WT | TA 


Plotting these points and drawing a smooth curve through them, we haye 
the graph of y = 72 +4x-+ 43, whose minimum point lies above the x-axis. 

Hence, § 546, 4, the roots of 22+42+41) =0, or of 114+8%2+4227=0, 
are imaginary. 
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6. Imagine the circle x?+y?=25 in example 5 to become smaller and 
smaller until it coincides with the circle 22+ y?=9 (see dotted circle in 
the cut). The four real unequal roots represented by the codrdinates of 
the points of intersection of the graphs come together in pairs at the points 
(8, 0) and (— 83, 0) where the circle 27+ y?=9 is tangent to the hyper- 
bola. 4a2—9y2= 36; consequently, the equations 4%7—9y?=386 and 
x? + y? = 9 have two pairs of equal real roots, namely : 


Mem BY 3, — 3, —8; 
ei OmO Ov 10: 


7. Solving 42? — 9 y? = 36 for y, y=+ $V2?— 9. : 

Since any value numerically less than 3 substituted for a will make the 
value of y imaginary, no point of the graph lies betweenz=+3 andzx=— 3; 
consequently, we substitute for x only +3 and values numerically greater 
than 3, 

Corresponding values of a and y are given in the table: 
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Plotting these fourteen points, it is found that half of them are on one 
side of the y-axis and half on the other side, and since there are no points 
of the curve between x= +3 and x= — 3, the graph has two separate 
branches. 

Drawing a smooth curve through each group of points, the two branches 
thus constructed constitute the graph of the equation 4%? — 9 y2 =36, which 
is an hyperbola. 


The graph of the equation « — 3 y = 1 (§ 538) is-a straight line. 


The straight line intersects the hyperbola approximately at the points 
(8.2, .7) and (— 3.8, — 1.6). Hence, there are two real roots, namely : 


PS 3. 2. Os 
i= a, = 16: 


8. The graph of 4%?— 9 y? =36, the same as that constructed in example 
7, is an hyperbola. 


By a similar method we may find the graph of 4 2? + 9 y2 = 36. 
Solving 4 a? + 9 y? = 36 for y, y= +2V9 — 2. 


Since any value numerically greater than 3 substituted for x will make the 
value of y imaginary, no point of the graph lies farther to the right or to the 
left of the origin than 3 units ; consequently, we substitute for « only values 
between and including + 8 and — 3. 


Corresponding values of x and y are given in the table: 


Plotting these twelve points and drawing a smooth curve through them, we 
have the graph of 4 a? + 9 y? = 36, which is an ellipse. 


The hyperbola and the ellipse are tangent at the points (3, 0) and (— 3; 0); 
consequently, the equations have two pairs of equal real roots, namely ; 


v= 8, 38, —3, —8; 
ON Ope Ore ano: 
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9. The graph of 472 —972=36, the same as that: constructed in ex- 
ample 7, is an hyperbola; and that of 4y =a? — 16, constructed by solving 
for y and employing the method of § 543, 
is a parabola. 

These graphs intersect ee “mately at 
the points (5.2, 2.8), (— 5.2, 2.8), (3.4, 
— 1.1), and (— 3.4, — 1.1). 

IIence, the equations have four real roots, 
namely : 


fee op Gor ad 8.4% 
SO ee ee een one 


RSUCAcas aE eany ea 
HSA SSS See eal 
Cee eee AHH 
HOUR 


10. The graph of 9 x? + 16 y? = 144, constructed by the method employed 
in example 8, is an ellipse; and that for 
8a+4y = 12 (§ 538) is a straight line. 

The straight line intersects the ellipse at the 
points (4, 0) and (0, 3). 

Hence, the equations have two real roots, 

= 4,05 Paty 
ce is 
y= 0, 3. oe 


_ namely : 
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11. The graph of 922+ 16y?= 144, con- 
structed by the method employed in example 8, 
is an ellipse; and that for «? + 7? = 42, con- 
structed by the method of example 1], is a 
circle. 

These graphs intersect approximately at the 
polis), (1, — 2.2), (—2:7,—-2.2), 
and (— 2.7, — 2.2). 

Hence, the equations have four real roots, 


' Ca Qi 27 — 2:1 —2 
2 ee SG Seas oR 

12. The graph of «?+y?=4, constructed by the 
method of example 1, is a circle; and that of x = y — 
(§ 538) is a straight line. 

Since one equation is simple and the other quad- 
ratic, they have two roots, and since their graphs 
have no points in common, the roots are imag- 


BREA RB RES 
A] TT ya TIN 
INA Le TT IN 


inary. 
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13. The graph of #2 —4y?=4, constructed by the method of example 
7, isan hyperbola; and that of «?+ y?=4, same as the first equation of 
example 12, is a circle. 

The hyperbola and circle are tangent to 
each other at the points (2, 0) and (— 2, 0). 

Hence, the equations have two pairs of 
equal real roots, namely : 

x= 2, 2, — 2, = 245 
{ =—1(} Onn 0, uO 


14. The graph of x—y=2 (§ 588) is a 
straight line; and that of zy=—1, constructed 
by solving for y and substituting values of « 
just as in the case of a linear equation, is an 
hyperbola. 

The straight line is tangent to the hyperbola at 
the point (1, — 1). 

Hence, the equations havea pair of equal real 
Cia) Gee dee 
y=—1, -1. 


SESE ReRRERoR 
: Tibe: : 


roots, namely : 


15. The graph of 22+ y?=9, constructed by 
the method of example 1, is a circle; and that 
of y=a22?—52+6, constructed by the method 
of § 543, is a parabola. 

These two graphs intersect approximately at 


the points (3, 0) and (.7, 2.9). Be 
Hence, the equations have two real roots Meee amc gene 
eat > CONSE et satel 
namely : pte re as 
y y=0, 2.9. 


Since both equations are quadratic, they have four roots ; hence, the other 
two roots are imaginary, 


16. The graph of «+ y?=9, constructed by the method of example 1, 
is a circle; and that of x=y2+4+5y+6, 
constructed by the method of $543 by sub- ee 
stituting values of y and solving for a, is a 
parabola. 

These graphs intersect approximately at the 
points (0, —&) and (2.9, —.7). 

Hence, the equations have two real roots, 
{ Cin 2.9; 
(\y=-— 8, —.7. 

Since both equations are quadratic they have feur roots; hence, the other 
two roots are imaginary. 


namely : 
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17. The graph of y=x?—4, constructed by the method of § 543, is a 
parabola; and that of «=(y+1)(y+4), 
constructed by the same method by substi- HH 
tuting values of y and solving for a, is also 
a parabola. 

These graphs are tangent to each other 
at the point (0, —4) and intersect approx- 
imately at the points (1.8, —.5) and 
(— 1.6, — 1.7). 

Hence, the equations have a pair of equal 
real roots and two other real roots, namely: 


tee 0 ein Sy xis 
y =—4, —4, — 5, —1.7. 


18. The graph of y=22?—52+4, constructed by the method of § 543, 
is a parabola; and that of e=y?— 4y+3, 
constructed by the same method by substitut- 
ing values of y and solving for x, is also a pa- 
rabola. 

These graphs intersect approximately at the 
points ‘(.2, 8.1), -/(.7,..7), (3.9, —.2), and 
(6.1, 4.5). ; 

Hence, the equations have four real roots, 

Gea hss) She heise 
ae eee oh =..9, 4. 
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Pages 7-371 


Pages 7-371 of the Advanced Algebra are the same as pages 7-371 of the 
Academic Algebra. See the ae part of this mah pages 3-350. 


IMAGINARY AND COMPLEX NUMBERS 


Page 372 

3. Let Vi +i Vy VEF EVR (1) 

Then, V2—ivy=V4 he 1: (2) 

Multiplying, — aet+y= Vit. re aE if = §. (3) 

Squaring (1), g +21 Vay—y=4+4¢v— 

Therefore, %e—y=i. (4) 

Soiving (38) and (4), = '3, 9 = 4 ayes 

. Va= 3, tVy=4v—1 

Henee, by (1), Re PA gw =. 

4. Let i Va —ivy=VE-V— 1B. q) 

Then, Vativy =VPEV— 16. (2) 

Multiplying, a+ yave? + 15 = 4 (3) 

Squaring (1), . *—2it Vay —y=4—V—15 

Therefore, z-y=h (4) 

Solving (3) and (4), r=3, y=}. Sie 

. Ve =V3, ivy =3V-5 

Hence, by (1), Vi = Va 1B HV8. VSS: Y 

5. Let VER aN be lVes (1) 

Then, Ve vivyavV =444V—3. (2) 
. Multiplying, (2 etyeviteal (3) 

Squaring (1), ‘¢ 2 O8Vay —y =-4-4V—-8. ; 

Therefore, ro ae =— }. (4) 


Solving (3) and (4), —H=4, y=}. 
Ela laa Sil reehu Ge a 3. 
fence, by (1), nN ep Nie Ae OE 4-—}V- B=}-4V-3 
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6. Let Vi —ivy =V4—-4V—3. () 
Then, Vi+ivy=Vi+4V—3 4 Woe (2) 
Multiplying, ety=vi+3=1. (3) 
Squaring (1), 2—2ivaey—y=h-— is 3. 

Therefore, x—y=t. (4) 
Solving (3) and (4), oki bet mio 


on Ve = EV, iVy=4VR1 
Hence, by (1), Vinavas 8=31V8-4V-=1. 


INEQUALITIES 
Page 377 Page 378 


4-10. See pp. 350-351 Key. 12-34. See pp. 351-355 Key. 


VARIABLES AND LIMITS 
Page 385 Page 387 


1-10. See pp. 355-356 Key. 1-15. See pp. 356-358 Key. 


INTERPRETATION OF RESULTS 


Page 395 Page 396 Page 397 
1-4. See p. 358 Key. 5. See p. 359 Key. 1-5. See p. 359 Key. 


INDETERMINATE EQUATIONS 


Page 402 Page 403 
4-24. See pp. 360-363 Key. 25-35. See pp. 363-365 Key. 


MATHEMATICAL INDUCTION 
Page 407 


1. By trial, 12? = 4(2—1)(24 1), and 12432= 4-1)4+4+1 
Assume that this law holds for the first nm terms. i a ’: 


Then, 124824 524.. -+@n—1?=F@n-1DQn4)). (1) 
Adding the (nm + 1)th term (2 + 1)? to aa member, 
124 32+ 624. +(2n—1)24+(2n4 1)?= AC n—1)(2n+1)4+(@n+1)2 


=2nt [n@n—-1)+8@n+4))] 


7 Hint eat 6046} 


ett saint 


mes 


(2n+1)(2n+ 8). (2) 
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Since (2) has the same form as (1), 7 + 1 simply taking the place of n, if 
the law is true for_n terms, it holds for n + 1 terms. 
Therefore, since the law is true tor two terms, it holds for three ; being 
true for three terms, it holds for four ; etc. . 
Hence, (1) is true for all integral values of x. 


g. It is evident that 22+9n+7=(n+1)(2n+7). 

By trial, 1-3=3014+1)24+7), and 1-342-4=3(2+1)4+7). 
Assume-that this law holds for the first » terms. 

Then, 1-342-443-54--+n(n+ 2)=F(n + 1)(2n +7). (1) 


Adding the (m + 1)th term (n + 1)(n + 3) to each member, 
1-342-443-54+--+n(m7+2)4+(n4+1)(n4+ 8) 


=F +N) An+ Dt (n+ 1)(m+3) 
=242[n@n+7)+ 6(n +8)] 
= 241 (an? + 180+ 18) 


="tTn42)@n+9), (2) 


Since (2) has the same form as (1), +1 simply taking the place of n, if 
the law is true for n terms, it holds for n + 1 terms. 

Therefore, since the law is true for two terms, it holds for three ; being 
true for three terms, it holds for four ; etc. 

Hence, (1) is true for all integral values of n. 


3. By trial, 1-é =4(4-174+6-1-—1), 1-343-5=%(4-22+6.2-—1). 
Assume that this law holds for the first » terms. 
Then, 1-343-545-7+-+(2n—-NQn+1)=F4n+6n—I1). @) 


Adding the (n + 1)th term (2 + 1)(2 n + 3) to each member, 
1:343-545-7+--4+(2n—1)(Qn4+1)+(2n4 1)(20+4 8) 
=in(4n?4+6n—1)+(2n+ 1)\22+4 3) 
=1(4 n+ 6 n?— n+ 12n? + 240+ 9) 
=1(4n3 + 18 n? + 23n + 9) 


= "ti (an? + 14m +9). (2) 


Since 4n? + 14n4+9=47n?4+8n+44+6n+6-1 
aie =4(n+1)?+6(n+1)-1, 
(2) has the same form as (1), n +1 simply taking the place of n. 
Hence, if the law is true for n terms, it holds for n + 1 terms. 
Therefore, since the law is true for two terms, it holds for three; being 


true for three terms, it holds for four; etc. 
Hence, (1) is true for all integral values of n. 


4. It is evident that 
) (1. — 7°) at 
a= 40a"), a+ar=2C ed, a+ar+ at=—" . 
1—,r —f?T = 
Assume that this law holds for the first n terms. 
— rn 
Then, a+ar+ a+ +. + ayn} = C="). (1) 


Key Adv. Alg, —26 
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Adding the (7 +-1)th term ar” to each member, 
— yr 
a+ar+art-+-- arr 1+ at= ee : + ar” 


_ @ — ar® + ar” — arnt 
i l-r 
PO sachs (2) 
l-r 
Since (2) has the same form as (1), 2 + 1 simply taking the place of n, if 
the law is true for n terms, it holds for n + 1 terms. 
Therefore, since the law is true for three terms, it holds for four terms; 
being true for four terms, it holds for five terms ; etc. 
Hence, (1) is true to any number of terms. 


5. By trial, «? — y’, xt — y?, and x6 — y, say, are found to be divisible by 


“x+y. 
Assuine that «" — 4°" is divisible by x + y, n being a positive integer. 
Now gent? __ yen? = y2nt2 _ g2ny? + g2ny2 — yenre 


= Ga? = y?) = y2(an = yen), 

Since x? — y? is divisible by x + y and by supposition x — y" is divisible 
by «+, by § 104, 3, 22+? — y2n+2 is divisible by + y; that is, if x2" — y% 
is divisible by x + y for any integral value of n, it is divisible by x + y for 
the next integral value of n. 

Therefore, since «6 — y® is divisible by x + y, 28 — y8 is divisible by x + y, 
since a — y8 is divisible by x + y, x9 — y! is divisible by x + y; etc. 

Hence, x" — y’ is divisible by x + y when n is any positive integer. 


BINOMIAL THEOREM 
Page 412 Page 413 
2-19. See pp. 366-368 Key. 8-14. See pp. 368-369 Key. 


Page 414 
2-26. See pp. 369-372 Key. 


LOGARITHMS 

Page 420 Page 421 

16-27. See pp. 372-373 Key. 6-15. See pp. 373-374 Key. 
Page 422 Page 423 

2-18. See p. 375 Key. 8-17. See pp. 375-376 Key. 
Page 425 Page 426 

2-7. See pp. 376-377 Key. 2-21. See pp. 377-378 Key. 

Page 427 


2-40. See pp. 378-380 Key. 
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Page 429 
6. 3% = 81 = 34. Lt. (2)? = 256 = 162. »: 
Sp UES 2 Oe (eens 
a Ne 
7. 4c — 10, 
zlog4 = logi0 = 1. 12. 3% — 36.34 + 243 = 0. 
ei (8% — 9) (8* — 27)= 0. 
ok Perr .. 3® = 9 or 27 ; that is. 
sa 3? = 8? or 38, 
= 0.6021. *. & = 2.0 3: 
.. logx = colog .6021 13. log logz = log2. 
= 0.2203. Se lOP are: 
Beer OOO), et LO ON): 
8. 2= = 80. 14. ss=2y, (1) 
x log 2 = log 80. 4" = 20 y. 2 
— log 80 47> — 102247 = 10-3. 
~ Jog 2 “. elog 4 = log 10 + logs. 
_ 1.9081. Rr 
~~ 9.3010 log 4 — log 3 
log 1.9031 = 0.2795 = 8. 
loz .3010 =1. 0.1250 - 
Doe Ue les By (1), logy = x log3 — log2 
ane log x = 0.8009 = 81083 log 2 
* ¢ = 6.323 pegs 28 
pias soot = 3.5158. 
9, 5 32? = Q2z = (32)2z, y = 3279. 
2, 8? = 8. 15. OE == O12 = 29: 
Dba: Sie ov = 9 = 82. 
“. %©=4 or 0. y= 2, 
10. 92 — 512 = 29. 16. 5e* = 626 =5t- 
+ 22 = 9, “08 = 4, < 
eat. n2av4e= V2. 
17. (1) 
(2) 
By (1), gety = 2.8, (3) 
Dividing (8) by (2), 29-1 = 2. 3-9, 
or Qy-2 = Bi-v. 


“. (y — 2) log2 = (1 — y) log 8. 
(log 2 + log 3)y = log 3 + 2 log 2 = log (8 - 22). 
(log 6)y = log 12. 
pe loogl 2 eel OCO2) 
= Toe 6 0.7782 
log y = log 1.0792 — log .7782 = 0.1420. 


Op eStelile 
By (1 z+ y) log2 = log6. 
ee : ; log 6 — ylog2_ log6 
r= = -—y 
log 2 log 2 
— 0.7782 _ 1 387 
0.3010 


by logarithms, = 2.585 — 1.387 = 1.198. 
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4e+y = 32, (1) 
1 i D2a+2y = 95, 
By OY Q2-y — 22. r (4) 
By (8), 2x%+2y=5. 2 
By (4), Rae Has oe 
Solving (5) and (6), dies 1 
19. 27 =, @ 
x=1+logy. (2 
By (1) and (2), x=1+ log 7 Lee log 2. 
x a 


~T—log2 .6990 
log « = colog .6990 = 0.1555. 


. & = 1.4806. 
By (2), ie cs fae = 0.4306. 
- Page 430 Page 431 
2-6. See pp. 380-381 Key. 7-12. See p. 381 Key. 
Page 433 


8-7. See pp. 381-382 Key. 


PERMUTATIONS AND COMBINATIONS 


Page 436 Page 439 
4-8. See p. 394 Key. 8-8. See pp. 394-395 Key. 
Page 440 
11-16. See pp. 395-396 Key. 
Page 441 Page 442 
1-5. See p. 396 Key. 2-8. See pp. 396-397 Key. 
Page 443 


2-7. See p. 397 Key. 


Page 444 
8. In the word international there are two i’s, three n’s, two ?’s, two a’s 


13 
and in all thirteen letters. Hence, the number of permutations is Celene 
or 129729600. ie [2 [3 [22 

9. Since with any of the eight pairs of trousers any of the six vests and 


any of the five coats may be taken, the number of different suits is 8 . 6» 5, 
or 240. 


10. Five men may be selected from ten men in C'! ways, and three 
women from five women in (3, or C3, ways. Hence, the number of com- 


mittees that may be formed by associating any selection of five men with 
any selection of three women is CY - C3, or 2520. Unie 
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11. After selecting any one of the five right-hand gloves he may select 
any one of the five left-hand gloves except the mate of the right-hand glove 
selected. Hence, there are 5.4, or 20, ways of selecting a glove for-each 
hand without selecting a pair. 


12. The number of ways is |12 — 1 =|11 = 39916800. 


18. ‘The five ladies may be seated in |4 ways, and for each way the five 
gentlemen may be seated between them in |4 ways. Hence, the number of 
ways is [4-|4, or 576. 


14. From the remaining 15 members he may select 83 members in Cy, 
or 455 ways. 

15. Six persons may be selected for one table and six for the other in 
C2 ways, and at each table the six persons may be permuted in P§ (circu- 
lar) ways for each permutation of the other table. Hence, the number of ways 
is C?. P&’ (circular) - P§ (circular), or 13305600. 


16. Eight books may be arranged in |8 ways. If two particular books, 
say A and B, are together, the other six books and the combination AB may 
be arranged in |7 ways. Also the other six books and the combination BA 
may be arranged in |7 ways. Hence, out of the |8 arrangements, [8 — 2|7 
arrangements are left in which A and B do not stand side by side. 

[8 — 2|7 = 8|7 — 2|7 = 6|7 = 30240. 


17. There may be 4 boys and 1 girl or 3 boys and 2 girls. From 12 boys 
and 10 girls, 4 boys and 1 girl may be selected in C'?- C}? ways, and 3 boys 
and 2 girls may be selected in.C!?- C'? ways. Hence, the number of com- 
mittees possible is C}?. C+ C'?- CP, or 14850. 


18. From 3 men who may sit on either side 2 men may be selected to fill 
any 2 vacant places on the starboard side in C3 ways, the third man taking 
the vacant place on the port side in each case. Now when the places have 
been filled, the four men on each side may be permuted in |4 ways, and to 
obtain all the different ways of seating the crew each permutation on the 
port side may be associated with each permutation on the starboard side. 
Hence, the crew may be seated in C}- P{- P4, or 1728 ways. 


19. There are ten digits, 1, 2, 3, 4, 5, 6, 7, 8,9, 0. Of numbers expressed 
by one digit, only one, 9, contains the digit 9. 

Numbers expressed by two digits one of which is 9 have the form 9* or 
else *9. When 9 is the first digit, any of the ten digits may be taken for the 
second digit ; when 9 is the second digit, any of the ten digits except 0, and 
except 9 previously accounted for, may be taken for the first digit. Hence, 
CO 4 C8, or 18, numbers of two figures have 9 for one of them. 

Numbers expressed by three digits one of which is 9 have one ot the forms 
g**, *9*, **9. When 9 is the first digit, any one of the ten digits may be 
taken for the second digit and any one of the ten may be taken also for the 
third digit. Hence, GC’. OC}? numbers of three figures begin with 9. 

When 9 is the second digit, any one of the ten digits except 0 and 9 may 
fill the first place and any one of the ten may fill the third place. Hence, 
Oi. C} numbers of three figures, besides those previously accounted for, 


have 9 for the middle digit. 
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When 9 is the third digit, any one of the ten digits except 0 and 9 may fill 
the first place and any one of the ten except 9 may fill the second place. 
Hence, C$- OC? numbers of three figures, besides those previously accounted 
for, have 9 for the third digit. raat 

Hence, 14+ (0% + 0% +°(0%. O88 + CE. CO? + CF. C2) numbers, 
or 1+10+ 8+ 100 + 80 + 72 numbers, or 271 numbers, 
less than 1000 have the digit 9. 


20. From 20 men C%, or 4845, different pickets of 4 soldiers can be detailed. 
The number of these that contain any particular soldier is the same as the 
number of selections of 3 other soldiers from 19 other soldiers, or C9, or 
969. 


PROBABILITY 


Page 449 


10. From 9 men a committee of 4 can be chosen in (? ways. Since 
2 Democrats can be chosen from 5 in C3 ways and 2 Republicans from 4 in 
C} ways, there are C'’} - C'} ways in which 2 Democrats and 2 Republicans 
can be chosen. ‘ 

Hence, the probability that of 4 men chosen by lot 2 will be Democrats 
and 2 Republicans is 

Cy+ C}_ (6-4)(4-3)0.-2-3-4)_ 10 
CQ (1-2)(1-2)(9-8-7-6) 21 


11. From 18 balls 4 may be drawn in C'8 ways. From 5 black balls 4 
may be drawn in C3 ways. Hence, the probability of drawing 4 black balls is 


Cy _ CL _ 5(4-8-2-1) _ 1 
cB ol 18-17-16-15 612 
Again, the joint probability of drawing 2 of the 5 black balls and 2 of the 
7 white balls when there are C 'S ways in which 4 balls may be drawn, is 
C3 + Oh _ (5-4)(7-6)(4-3-2-1) _ 7, 
Ge (1+ 2)(1-2)(18-17-16-15) 102 


12. Five different ways of throwing 6 are possible, namely, 
146, 541,244,442, and 3+38. 
The probability of throwing 1 with the first die and 5 with the second is 


$4, or xs, and similarly for each of the other ways. 
Hence, the total probability is os: 


13. The probability of throwing say 6 with the first die, 6 with the second, 
5 with the third, and 4 with the fourth, is $:%:%-4, or;ay55. But the num- 
bers 6, 6, 5, 4 can be thrown with the dice in as many different orders, such 
as 6+ 6 8 6+4,645444 6, etc., as there are permutations of four things 
two of which are alike. Hence, the probability of throwing 6, 6, 5, and 4 is 
ela gibi. 1a. 
1296 |2 1296 
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Then, taking all the different eaeihinasions that 
the probabilities are as follows : h Sgt 


64+6+6 +3, in|4 +|8 orders. —.. Pi = 1756" 
6+6+6 +44, in |4 +|8 orders. *. Po = re58° 
6+6+6 + 5, in|4 +|8 orders. . ps = rise 

- 6464646, in |4 +|4 orders. . Ps = rose 
6464544, in|4 +|2 orders. o. Ps? 3Bee 
64+6+5 +45, in|4 +((2 x|2) orders... pe = rs's¢- 
6+5+45 +45, in|4 +|3 orders. . pr = piss 
Adding, total probability = P = 7335. 


14. From 40 tickets 4 may be drawn in C4? ways, and 0% of these ways 
will include either designated ticket, but not the other. Hence, A’s chance 
C8 38.87.86. 4 6 
G4 40-39-88-37 65 
Similarly, his chance of drawing prizes with both tickets is 

CPOS86 18h 3 ih Td 
C0 40-39-38-37 130 
Hence, his total chance is 2(8) + ato = Ps 


of drawing a prize with either ticket is 
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15. As shown in the suggestion, A’s chance of drawing at least one prize 
is 34. Similarly, B’s chance of drawing at least one prize is 


pe C2 By P84 8 
Cc? 30-29 29 87 


-, A’s chance : B’s chance = 34: #}, or 87: 95. 


ig. The respective probabilities of A and B drawing 8 blanks are 
C® 90-89-88 178 . 14g Cex 45-44-43 _ 1410 
Gi 100-9998 245’ G® 50-49-48 1960. 
Therefore, A’s chance of winning at least one prize is 1 — 34%, or yy, or 
fee, and B’s chance is 1 — 1418, or 5. Hence, B’s chance is slightly 
better than A’s. 
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g. The probability that A will meet a friend in any particular city is 4. 
Hence, the probability that he will meet a friend in each of the five cities is 


(4), OF rosa 
Page 453 


2. The probability that A will be lost at sea is the product of the proba- 
bility that the ship will encounter a storm, the probability that she will spring 
a leak, the probability that her engines will fail to pump her out, the proba- 
bility that her compartments will fail to keep her afloat, and the probability 
that any one passenger will not be saved by passing boats. 


1 Bop eae NER 
Hence, P= = 1760 
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4. The possible throws that give more than 10 are 5 +6, 6+5, and 6+6. 
Since the probability of throwing an assigned number with each die is 4-4, 
or 34, and since more than 10 can be thrown with three such throws of two 
dice, the probability of throwing more than 10 is ,%,, or ze: 

5. The probability of throwing 8 with one die is as 

By Ex. 1, the probability of throwing 6 with two dice is 2, the five differ- 
ent ways being 1 +5,5+1,2+4 4, 4+ 2, 38+ 3. 
Hence, the probabilities are as 38; to », or as 6 to 5. 


6. Since the occurrence of each event is associated with the failure of the 
others to occur, if p; denotes the probability that only the first occurs, po 
the probability that only the second occurs, and 3 the probability that only 
the third occurs, p=%(l =. d-b=% 5 

p= (1 Pst pits 

p= (1—-§)(1-3)- gag. 

Hence, the probability that one and only one of the events will happen is 
Pit Pot Pe=_t+et+ A=}. 

ne Probability that A will fail = 4 

probability that B will fail = 2 

“. probability that both will fail — 3 

== 

=4 


? 
> 
. 


2 — 
s=%5 
“. probability that the problem will be solved —-~%= ig 
Again, probability that .4 will succeed : 
and probability that B will sueceed = 3; 


. probability that both will sueceed = €-2 = %. 


8. The probability that all will fall tails is (3)*, or 4. Therefore, the 
probability that at least one will fall head is 1 — vs, Or #3. Again, the prob- 
ability that a particular coin will fall head and the other three tails is 3 (4)3, 
or 7s 5 and since the particular coin that falls head may be any of the four, 
the probability that one and only one will fall head is re X 4, or }. 


9. By Ex. 2 (0), the probability of throwing at least one ace in six trials 
is a little less than 2. 
The probability of throwing tails twice in succession is 3-3, or 1. Hence, 
the probability of throwing head at least once in two trials is 1 — 4; or 3. 
Hence, this event is the more probable. 


10. The probability of suecess on the first trial is i. The probability 


that a second trial is needed is 1 — %, or 8, and therefore the probability of 
Success on the second trial is € - 4, or: 5. 

The probability that a third trial is needed is (1 — 3) (1 — 4), or 28; and 
therefore the probability of success on the third trial is 23.2, or STs. 

Hence, the probability of throwing an ace in two trials is 1 4 yg, or il; 
and in three trials, } + 36+ ops, Or Sh. ; i 

Or, the probability of failure is é for one trial, (2)? for two successive trials, 
and (3)8 for three successive trials. Hence, the probability that an ace will 
be thrown in two trials is 1 — (3)?, or 44; and in three trials, 1 —(§)* or 2h. 
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11. In two throws, 10 can be made in 7 ways, namely, 
248,842,347, 7+3,446.644,546, 
The first number in each case represents the first throw with two dice, and 
the second number the second throw. Now since, Ex. 1, the probabilities 
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. rk i . . , 2 . 
of throwing 2, 3, 4, 5, 6, 7, 8 with two dice are >A, 4%, 3, +, 35> go» ge Te- 


spectively, the total probability for the 7 ways mentioned above is 
FE Te Ie t+xs-se tse set serge t fsa + te ts 
= sq +2 + 1b 8)= 


362” 81° 


12. The probability that the door is not lock i i 
without a key is 2, me the probability that it is Cay ee oath eee 
1st key, probability of success, {- 3 = 75; of failure, §-$ = 4. 
2d key, probability of success, -4= 75; of failure, 4.4 = ?. 
3d key, probability of success, +. 2 = ,4. ‘ 


Hence, the probability that he gets in by trying only one key is 2+ 1, =1; 
i yis?+ =}; 
by trying two keys, ? + #5 + 75 =3%; by trying three keys, 2 + fa + ae Rice 


109 


18. By Ex. 1, the-probabilities of throwing 12, i1, 10, 9, 8, 7, 6 with two 
dice are 35, 3%) 35) 3's) 36 35) Fe» Tespectively. The probability of three of 
ae oe concurring so that the sum of the numbers thrown is 30 is found 
as follows : 


3 

30 =12 + 12 + 6, A seta p= 8(s5 34 oo ere 
|2 36 36 36) 363 
380 =12+4+11+4 7, in|3 orders. is. = leah enol 
ae P2="\36 36 | 36) 368 
380 =12+10+ 8, in]3 orders. ae = 6(55 Se, — 90 
; 2 Ps ="\36 36 36) 368 
Bie BOO os in © orden x4 p= 8( 55 4, 4\_ 48 
2 36 36 36) 368 

3 2.2 8 
30=114 11+ 8, in [5 onder. ee ps =3(55* 36° 30) = 30 
ae tee Ca ee apn EE 
30 =11+410 9, in |3 orders. tem a on a SEN 
Ben eae AS (as 36 za) 368 

3 


_ {8 oR ST, 
ee ecig OL AD) Ag CTS: =o eh as) 


Adding, the total probability is P= 


456 19 
868 «1944 


14. In any trial the probability of throwing double fives is (4), or gg, 
and the probability of failing is $3. Therefore, the probability of throwing 
double fives three times in succession and failing the fourth time is 


a Be or 2©. But under the conditions of the problem the failure may 
36] 36 364 
occur on any trial, provided the other three trials are successful. Hence, 
the probability of throwing double fives exactly three times out of four is 
25 tO" AB 
36: * 364 419904 
Or, using formula (A), the probability is 
dr Bre 2 s Lif ps Live? e040 x Bb 
1-2-3 at A 364 419904 
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15. lst trial. The probability that A draws black is 4; the probability 
that. he fails, leaving 2 black balls and 5 others, is 3. 

2d trial. The probability that B draws black is 3 -%, or 7; the proba- 
bility that he fails, leaving 2 black balls and 2 others, is 2 - 2, or 3. a 

3d trial. The probability that C draws black is 2-4, or 4; the probability 
that he fails, leaving 2 black balls and 1 other, is 2 - 3, or 4. 

4th trial. The probability that A draws black is 4-2, or 4; the proba- 
bility that he fails, leaving 2 black balls, is 4 - 4, or 74. 

5th trial. ‘The probability that B draws black is 7, - 3, or # 
i; C’s chance = }. 
Hence, A’s expectation is 75 of $150, or $70; B’s expectation is 4 of $ 150, 


16. If one bill is drawn at random, the probability that it is a 5-dollar bill 
is 4g, or $, and the probability that it is a 2-dollar bill is 39, or %. Hence, 
the value of the privilege of drawing one bill at random is G4 of $5)+ 
(¢ of $2), or $3; and consequently the value of the privilege of drawing two 
bills at random is $6. 

Or, consider the expectations of drawing $5 + $5, $5 + $2, $2+4 $5, and 
$2 + $2, respectively. The probability of the first event is 48-385, OF 335, 
and the expectation from this possibility is 3, of $10, or $2; the probability 
of the second event, should the first not occur, is 19 - 22, or 29, and the cor- 
responding expectation is 29 of $7, or $44; the probability of the third 
event, should the first two not occur, is 28-49, or 29, and the corresponding 
expectation is $449; the probability of the fourth event, should the others 
not occur, is #° - 3%, or 3%, and the corresponding expectation is 3§ of $4, or 
$497. Hence, the total expectation is $ $2 + $449 +8 130 + $154, or $6. 


17. 1st trial. A’s chance of success, 1; of failure, 4 
2d trial. _B’s chance of success, 4-3} = 7; of failure, }.2= 14, 
3d trial. Cs chance of success, 1-1=1; of failure, 3-4=1, 
4th trial. A’s chance of success, 3.4 = ty; offailure, $-}= 4. 
Sth trial. B's chance of success, ~5-4= y4; of failure, y+} = yh 
6th trial. C’s chance of success, j,-4 = sz; Of failure, s5-4= a. 
And so on indefinitely. ‘It is evident that 
A’s chance of success ae! ae abe i t+..= BE ed = 
; aaa Sige Las 
Ly cet A esas Da 7) 
B’s chance of success = — + — 4+ 44...—1+ ofa 
a2" 95 + 8 t 2 poet 
ee se ae | 1 Zora 
and C’s chance of success = — + — 4 24...—1 of ===. 
a toe t i =5 Of THF 
18. : lst trial. A’s chance of success, 4; of failure, 2. 
2d trial. B’s chance of success, 8-4= 5; of failure, 3 & = #8. 
5d trial. _A’s chance ot success, $8°3 = ws; of failure, 32.3 = 433. 
4th trial. B’s chance of success, $22.1 — yyvs; of failure, 423.2= pots. 


And so on indefinitely. It is evident that 
A’s chance of suecess = +4)? 4 44 Hw = Ser aes 


1 — 35 ag 
and B’s chance of success = $°&+433)?+4@54+..= 8 of as =a 


19. 1st tria?. | A’s chance of success, 4; 
2d trial. B’s chance of success, }- 
3d trial. A’s chance of success, }- 
4th trial. B’s chance of success, }- 


of failure, 3. 

3=42; of failure, $-4=1. 
4=4; of failure, eae 
2= 1s; of failure, }.4= 
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And so on indefinitely. It is evident that 


A’s chance of success =3+ 4 +3) 4-2 = bes ogee 2; 
g eee 
and B’s chance of success =} + 54+ 4+--=3 of $=}. 
.. A’s expectation = 2 of $1 = 66% cents, | 
and B’s expectation = + of $1 = 333 cents. 


Since A and B own equal shares of the dollar, A’s expectation of gain is 
66% cents less 50 cents, or 163 cents, and B’s expectation of loss is 50 cents 
less 334 cents, or 16% cents. 


20. By formula (A), 
LEV 8 ON2 §-.4-3-81 81 
P= c3(<5) Gn) ee eS 0081, or 
8\i0) \10) — 1-2-3: 100000 > °F 50000 
Again, by formula (B), 


1\5 1\4 9 , 5-4/1)\8/9\?, 5-4-38/1\2/9\8 
(ca) 10) “107 \2 \10/ ise :: is \10/ \10 
.00001 + .00045 + .00810 + .07290 

.08146, or Aor. 


21. The probability of escaping injury for 1 day is 7$${; for 2 days, 
92. for 3 days, (4899)3; etc. Hence, the probability of escaping injury 
for 1500 days is (7832)12. 
log (4989)1500 — 1500(log 1000 — log 1001) 
= 1500(3 — 3.0004) = 1500(— .0004) 
= — .6000 = 1.4000 = log .2512. 
Hence, the chance of escaping injury for 5 years is about $; or, the odds 
against escaping injury are about 3 to 1. 


a 
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2. r= 34+ — — — — ——: 


3) 225883 43800 TL O)r =. 
5 (ict i108 113783102. & 
Since the reciprocal of the product of the denominators of the fourth and 


which is less than 4 of .000001, the fourth 


Convergents, 


fifth convergents is tines A NEES 
113 x 385102 


convergent $54 gives the value of m to the nearest sixth decimal place. 
By division, $33 = 3.141593 to the nearest sixth decimal place. 


3. The ratio of 2.20462 to 1 is the same as the ratio of 220462 to 100000. 
Reducing this ratio to a continued fraction, 
Po) Cee ene Se LE el eS eget ae 
100000 4414741464 2384 2+ 
29 11 86 97 668 () 
1’ 4’ 5° 39° 44’ 303" 7013” 
Errors are less than 4, gy) rhs) tera. t2d3z7 arzdsao» CLC. 5 that is, 2 is 
too small by less than 3, ¢ is too great by less than 3, 42 is too small by 
less than 45, etc. The sixth convergent is a very near approximation. 


i 
3 


ete. 


Convergents, 
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Page 469 
v15 — 3 6 1 
1 Vib =3+ =3+——_= = () 
1 V15+3 V15.4-3 
6 
VIB 329) SEO, oe (2) 
6 6 V15+3 
a 1 ‘ 
By (1), V16 +3 =6+——__. (3) 
: — +3 
Substituting (2) and (8) in a ys 
Lage 1 
V15=3 ar —_— ——_ ——_ —_—-.. 
bepie 38 : + 6 +++ 
Convergents, 3, 4, ar, s,, . 
The 4th convergent is a good approximation (§ 525). 
2. vee 11 fp OO a ee ae eee Q) 
1 V126 + 11 Vv126 + 11 
5 
oR TOR can 1 
5 5 V126 +9 V126 +9 
9 
126 + 9 196 =< 5 1 
SOE ig 28 OS Se Sa Se ee (3) 
9 9 V126 +9 V126 +9 
5 
SBE Oe 1p M108 A whale (4) 
2 2 V126 + 11 
By (1), 
VIO il 99 4 (5) 
zine +11 
Substituting (2), (8), (4), re ® in {Ps 
Vi26 = 11 +! 
a+ 2+ i. ori Ape 
Convergents, 42, + 191, oe 
The 4th convergent is a good approximation (§ 525). 
VU=2 3 1 
3. — =2+4+—_ =234_—__, 1 
i V7 +2 Vit 2 @) 
3 
V7 +2 Vt—1 ‘ 
as S142 ; cel = : (2) 
: V7i+1 vVi+1 
2 
vi+1 VT—1 3 1 
gq =l+—p—=14+———= 14 gl eee C8 
4 4 V7i+1 VT ey 8) 
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ME VED 1 1 
e ; V7 +2 he a; 
xc i 1 
: 2 
Since ee =Vi-2; by (1), ST i 
WY tate 
Substituting (2), (3), (4), and (5) in (1), ° 
Vie ee A 
gS Es ete 7 ane (alee 
Convergents, oy ee ae 
The 4th convergent is a good approximation (§ 525). 
gees ras ease i 1 
AMER yx ono oN) ae 4 ee eee 
jr Tae ie eee 
* x 
Convergents, is, oe 2 14 Cy Sh 
i 2-3 14 
The 4th convergent is a good approximation (§ 525). 
1 V21 +44 V21 44 
5 
Volto 7 pV2I—1_ 4 Ss 1 
5 5 1) oes eam pu ey | 
4 
V21 +1 Vit 3 1 
=1+ ip eee SS 
4 4 Vai+38  V2l+3 
3 
Viet a ag ee Se 
8 3 V21 +8 V21 +8 
4 
VALE veel. Beet re ts 
4 4 V21+1 V2i +1 
rl xt 5 
vat De pees ga 
5 : V21 +4 
By (1), V21+4=8+——— 
y (1) waa 
Substituting (2), (8), (4), as (6), and (7) in (1), 
Haye i aber al 1 


1+ 14+ 24+ 14+ 14 8+ dts 


5 "9 23 32 55 ( ), 
Cavepe ge 18.) d08” 
good approximation (§ 525). 


Convergents, _ 


The 6th convergent is a 


6) 


(3) 


(4) 


(6) 


(6) 


(7) 
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V1i9 — 4 3 1 


19 = =4 — =4+4+—_—-. (1) 
Ss ee 1 Pe Vi9 +4 V19 +4 
19 — 5 1 : 
VIO +4 2p) NOS Sg em a ee (2) 
3 3 V1i9 +2 V19 +2 
5 
V19 +2 Vi ae 2 1 
5 agers ies V19 +3 ) 
2 
V19 +3 Wi) a 5 é 1 
2 SED + 7943 V19 +38 (4) 
5 
V19 +3 V19 — 2 3 1 
=] =] 4+. = 1 + ————_.. (5) 
5 ao V19 +2 V19 +2 : 
aa rT 3 
VIO? Lg VI Sd oie Be (6) 
3 3 VI9 +4 
1 
By (1), V19+4=8+———. (7) 
see, 2S 


Substituting (2), (3), (4), (6), (6), oo @) in Aer 
WIS dep He wel ie Sik ee 
2+ 14 84 = = a Zp see 
4.0) 15:48; 61 R0a a ea 
V2) Spite ee" Peon eee 
The 6th convergent is a good approximation (§ 525). 


Convergents, 


fe 10 Gee Q) 
1 V10 +3 
Bye) Vid +O = 6 ae 
Re +3 
o VIO =8 
Dee 64. 
* * 
Convergents, 3 Y WR Co 
tone iu . 228 
The second convergent is a good approximation (§ 525) 
V10 
eB! 1 liveaal: 1 
b Ex. 7 — ss 0 —_- -—_ —. 
es 848464 | 84 84 Oban 
* x * * 
Convergents, Na ' a ow Cy 
Lo Be Oe ier 
The third convergent is a a go 


ood approximation (§ 525), 
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9. Let eo ao ey 
* 8+ 2+... 
Then, ree py pee 9 a 
Se x 8x+1 
“= 2G = we =4(2+V5). 
1 7 
Hence, 2 + — 1224+V5 
a Sue ota = 3( ar )» 
using only the positive value of the radical. 
10. Let (ge eget roe TE 
10 10-0. 
Then, x seve ZL ona ten Da eae es 
10+ 10+-- 10+(@—1) 2x+9 
42 8 ¢= 10.  @=—44V26. 
1 1 On 
Hence, 1 — EH V2 
ence * Tox 10-0 = 9 
using only the positive value of the radical 
11. Let oe (1) 
* D+tae 
Then, eee a 
x i * 
2 —2%=1. «.e2=14Vv2. (2) 
al 1 
Next, let =1+— — 
ext, le y om a4 D4 
1 bode 
By (1), =1+4+—-= . 3 
y GQ) Y 8+a 8241 @) 


Substituting the positive root 1 + V2 for x in (8), 
— 24 
_5+4v2_ 20+ v2 = 4(4— V3). 


ft gx/9) 2-16 = 18 
eal 1 
= 1+ > = =}(4-v2 
Bante, +3y ry ate 2( », 
ieryiee yo 
ui Beg el RN da tel ser a 1 
dee Mata Pe ate iy 6 8 Vere (1) 
fee ol el eee 
—1 eg he ee eee 
Then, x em rie ae 
Convergents, 1.723 6° 83" 9eu + 5, 
onverg sh) fe ie 9” 3? 20° 20243° 
; 38a¢4+ 5 
that is, ene %: 
nBageah  a1BEVE) (2) 
Pee col : 
cae SP Sica ca rece ces wie 3) 
one : os Ce A ¢ 
‘ 1 
By (1), Ys Ou 
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Substituting the positive root of - in (3), 
fey ete ee CEE 
84+V1B 9— 


3 a AN ds ed 2 eee 
ee : rie 1+ 141+ 64+ 14+ 
* * 


THEORY OF NUMBERS 


Page 472 

2. 8{50 8| 128 
Gizeree S16 2200 
*, 50 = 62s. 2...0 


Bh Ue teve 200s. 


8.6112: 5|342 
Peete 5| 68...2 
+. 12 = 225. 5] 18...3 


PEEKS: 
. 342 = 2382. 


-. 6627 = 2030025. 


4. 12|15 12} 100. 12} 6053 
1658 Seer 12) 504...5 
©. 15 = 18).. “. 100 = 844p. 12] _ 42...0 
Bet 


. 6053 = 360549. 


5. Oe cae 3 = lls5 4= 1002; =1015 ; 6 = 11055 i= doe 
8 = 1000. ; = 10012; 10 = 1010g. 
2. 3. 4. 5. 6. 
42, 66548 4t611 6 @ 445 1111001. 
4 38 u 12 2 
30 4 54 83 3 
“8 iu 12 2 
437 600 1000 7 
8 2 
3500 15 
2 
121 
1 2 3. & 
3819 101, 4241; 4 €58231 
45y0 1105 33235 1512 
ie 101101, 4135 20944 €315 
17712 111000, 42582315 


703072342 
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6. 6. be 
257) 13047 | 357 18214 [284 214. = 25 
111, 10, 12; = 8 
164, 1084) 3214 200 
164; 3214 
Page 473 


8. Letrbe the radix. Then, in any system, 121 stands for 
1742r4t+1=r+2r+1=(r+ 1)’, a perfect square. 
9. Let » be the radix. Then, 5, x 6,= 36,=387r+4+6, or 30j9=37r-+4 6. 
Hence, r = 8, the radix of the octary scale. 

10. Let r be the radix. Then, } of 100, = 30,, or 100, = 30, x 4; that is, 
m+ 0r+0=(8r+0)4, or 72?=127. Hence, r = 12, the radix of the duo- 
decimal scale. 

11. Expressing 75 as the sum of powers of 2, or in the binary scale, 
75 = 26+ 234 2+ 1= 10010119. 

Hence, the weights used are 64 Ib., 8 lb., 2 Ib., and 1 lb. 
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4. By the corollary to Prin. 2, 431 and 211 are prime. 

253 = 11 x 23; 301=7 x 48; 623 =7 x 89; 323=17 x 19. 

5. 1001 is divisible by 11; 1002 by 2; 1003 by 17; 1004 by 2; 1005 by 5; 
1006 by 2; 1007 by 19; 1008 by 2; 1009 is not divisible by any number less 
than its square root, which lies between 31 and 32, and consequently is prime ; 
1010 is divisible by 10; 1011 is divisible by 3. 

Hence, all are composite except 1009. 

6. Let 2a, 2b, 2c, 2d, --- be even numbers. 

Then, 2a+2b+2c+2d+-:. =2(a+b+c+d), an even number. 

7. Let2n+1and 2p +1 be two odd numbers, 2 + 1 the greater. 

Then, their sum, 2 + 2p + 2, or 2(n+ p+ 1), is even, and their differ- 
ence, 2 n — 2p, or 2(n — p), is even. 

8. Let2n-+1 and 2p +1 be two odd numbers, 2 + 1 the greater. 

Then, (Qa+1)2?—-2p+)2?=4n?+4n—4p?—4p 

=4(n—p)(n+p+1). 

Since n+p+1 exceeds n—p by 2p+1, an odd number, one of the 
factors n — p and n + p + 1 must be even. 

Hence, the product is divisible by 4 x 2, or 8. 

9. Let nbethe number. Then, n? — n denotes the difference between 
the number and its cube, n? being greater than n. 

13 —n = n(n? —1)=(n—1)(n)(n +1), 
which, Prin. 3, is divisible by |3, or 6. 
10. nd —5n3+4n = n(n? — 1)(n? — 4) 
=(n —2)(n—1)(n)(n + 1)(m + 2), 
which, ‘Prin. 3, is divisible by |5, or 120. 

11. Every number must belong to one of the forms 3p, 3p +1, 3p — 1, 
the last of which is equivalent to the form 3p + 2, inasmuch as 3p + 2 
=8(p+1)-1. 

(3p)? = 9 p? = 38(8 p?) = 3. 
(8p4+1)?=9p?+6p+1 = 3(3p2?+2p)+1=38n+1. 

Hence, every perfect square has one of the forms 3n, 3n +1. 

Key Ady. Alg. — 27 
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12. Every number must belong to one of the forms 4p, 4p +41, 4p+2; 
for 4p +38 =4(p+1)—1, which has the same form as 4p — 1, and 4p — 2 
= 4(p — 1)+ 2, which has the same form as 4 p + 2. 

(4p)? = 16 p?=4(4 p?)=4n. 
(494+ 1)?=16p?4+8p4+1=44p?42p)4+1=4n+41. 
(4p+2)?=16p?+ 16p+4=4(4p?+4p4+1)=4n. 
Hence, every perfect square has one of the forms 4 n, 4 + 1. 


18. Every number belongs to one of the forms 6n, 6n+1, 6n+2, 
6n+83; for 6n+4=6(n+1)—2, which has the same form as 6n—2; 
also 6n+5=6(n+1)—1, which has the same form as 6n—1; also 
6n—3=6(n —1)+8, which has the same form as 6 n + 3. 

Now 6n, 6n + 2, and6n +3 are composite numbers, except when n = 0, 
in which case 6n + 2=2 and 6n+8=8; and therefore the forms 6n +1 
must contain all the primes except 2 and 3. 


14. Let v+5e+2=(%+m)?2. 

eee m? — 2 

Solving, eae ’ 
5—2m 


which is rational for all rational values of m. 
To illustrate, substituting for m the values 


Ai Pasa 4, — 3, eat 2, a is 0, ie 2, 3, 4, aad | 
GS--, t$ rp § Sh —h — 4 2 -G — Ff, 
15. Let Vax +b =m. 
Squaring, ax+b=m?. 
ee m2 — b. 


a 
To illustrate, if m= 2, Pe Seat and Vax + b=V(4—6)+6=V4=2. 
a 


16. 33957 =3-3-.7-7-7-11= 82-73-11. 

Hence, the least multiplier that will make 33957 a perfect square is 7 - 11, 
or a j and the least multiplier that will make it a perfect cube is 3-11-11, 
or 363. 


DETERMINANTS 
Page 483 
492 
ora ee Teas 9 21, 01/9 2 
8. 3 : T= 4/7 6|—3}1 g|+8|5 7 
= 4(30 — 7) — 3(54 — 2) + 8(63 — 10) = 360. 
1 eed ge : 
4. (3-82 8leiie rh gi Ml gated 
ate Ue ts) 115 Sens 
= (15 + 3)— 385 + 1) +51 —3)=0. 
Bye ph 7 = x a 
& {4 8 3/—3/8 i-4]3 i|+ 55 1 
ciaari 21 2431 ASaee 


= 8(8 — 6) — 4(2 — 2) + 5(-6 + 8) = 16, 
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6. Using the elements of the first row as multipliers, 


ae la. 6 Lt 
> De Si 2238 


Sao A a 


2 8 iL a eal 
alto], 3|+9| 


3 1 
5it2|3 


D 
- oO 


=3 +0-0 


ek 

co Wl eR bo 
bo 

bo] co 


Ss 
bo 


= 12 


=12| 


Adding like determinants, = 0 +8 ! eae nts 
= 8(— Beso) oe, 


bot ed i SS 


Les) 
Orl wk 
bo dO] Re be 
ae! NI e 
~I 
eb | bo 


+ 6\5 i\+? 


=9(- (44 270 87 4-8-1 +4) 
+ 6(— 2 + 10) + 2(4 — 5) 


7 
7 
1 


—04+0-0 


we | 
me arse 

I} 

—_ 


o oo 
DO; wwe 


bo 


=4/5 \-38]5 Sid ea U 


= Bue 7) = 82 i 14)+ "(14 — 14)= 16. 


(vs) 
a NIN we 


9. Using the elements of the first row as multipliers, 


® 0 0D 
So Teo aly foo 
By 2° > a af 
TS a ee ee 
oF i iw 17 2 
=4|5 1|- (5 ij+213 5 
= 4(= 94 6)—= 4(—1 +3) + 2(—8 + 6) =6. 


Page 484 


11. 26-21=5- 5-8-7=|3 5 


Nore. — Many other determinants may be formed from 25 — 21, as 
5 3 5 7], 5 3), 25 1] 1-21 
ae Seale eee 

The student may Lae and arrange the elements in any way that will give 
the proper development. 


, ete. 
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6 11 
12. 42 +33 = 6-7 —~9(-11)=|§ it 
See Note, Ex. 11. 
13. ab—ed=a-b—e-d=|¢ AE 
See Note, Ex. 11. 
14. @— BP =a-a—b-b=/5 |. 
See Note, Ex. 11. Z 
1 
15. Ot hae A Ihe i|° 
See Note, Ex. 11. a 
16. B+1=b-b-1(-1) =|? sl- 
See Note, Ex. 11. 
b 
1, (at— 08) — = (a + b)(a—d) —c-e=|24 ast 
See Note, Ex. 11. 
29741] 
18. Re = beh SiGe eae ee ch : 
See Note, Ex. 11. 
ee 
19. m! — (a8 — n) =m mt — n(n? — 1) =|™ re mm" 
See Note, Ex. 11. ! 
20. %1(Y2 — Ys) + X2(¥s — y1) + t8(yi — ye) , 
y2 1j wn 1 ee fied oe ae 
=X — X2 + 3 =|% Ye - 
Ys 1 ys 1 ye 1 ts ys 1 
See Note, Ex. 11. be 
21. a’ — abe — abe + 08 + Ce — adr 
@-c 6 
=a|@ ie bo) le a Neg a@ el. 
b a ba a@ ec 1k a 
See Note, Ex. 11. 
22. abe — axy — acx + ayz + abe — bz 
as 
=al? “)_ ,|¢@ z|+o|¢ mide: tes 
y ¢ y ¢ CER 5 
See Note, Ex. 11. y 6 
38 ae 22518 2 b| vie es 
23. al4 2 cl—bl4 2 Cl ES Cis. G86) sal seen te 
i5 a b 5 a bd l6-a@ DB 42 ¢| 
If a, b,c, and a@ are taken for the elements of the first column of 2 


[484, 491 


nant is comp 
as the co-fact 


f the fourth order, it will 
leted by writing the give 
ors of their respective ele 


be found on trial that this determi- 
n determinants of the third order 
ments, thus: 


Se deo” eet ea 

6.3 @ < 

CPL oe er 

GSD cab 

Page 491 
6 8 4 6 8 6 
4/=|0 5 0) =— 515 4| => 5-20 =— 100. 
4 23 4 
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491] 


So Oonr 
ll er Ar 
aa} oor 
ene: Sa rt By ~ oo = 
| 
ue Se cae ; Ga len 69 Sand 
re 
for) 
{I Ip COINN erates aN O10 > Se 
a 1D 4 - B) 
a i] es IY IH [ES 1D | i tt tit S 
Seen eale II os 
ST st Ar x © IM 1GID IS Doe e ater oo 
3 re ‘ mr + 
BAR WIN ICV 10D. IN IH Bee | ieeleSig line! Ss 
i| a Siig 100 Ir ih 169 ae Sis eA ao 
=~ HID pe eo iT] ~~ * eters 
aol Po) mN Oo _ = a 
d a OO |r | | mr oD + mor 
eatin HX 5) {| 3 
~ NS ie eles: Ne eee 
RB N10 
Seo =A HARA nN CINIH IF IO S {| a 
* (er 
ae i | or oD 
i rf win Hl O IH 169 1a [80 colaeKor & Ghee A 
wiCAa 101g O OD S 
OHA AN HW HNS Hor HN S 1 169 10 IH = BSsss eS 
Crit ws Gaal Sino Ie od ae 
~-mGN Mm rNwO Sto 17S mA NN OH OO —_ ees ce 8 
[Ish a ro) S 
PS Rarity Kar) IIMA HON Sos Via SO 109 Ir IH 109 | | ees iI 
{| {| mA AK OmAN SS ee Sips $3 onsen 
LD HOD 20 mine Orn wo Onn © a Oo Sree 
ran A oat Hon HN ANntA Peo aan 
NOnNc* IAINWNe VM OMAN mA AN Dx mStet gunna 
ne 
1D © HO tH 19 NCO N NOD ALO ARON OO Sarre oO 
+ 
‘ 5 . o o od) 
(ce) é C-) S 


(a+3y(a—1|t 1]=@+3)@—D* 
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Page 492 

eevee 
2. In De soil: 

a 1) aay 


the second and third rows are identical when x = y, and the first and third 
rows are identical when a=b. Hence, « —y and @—b are factors of D. 
Since every constituent of D is of the second degree, no other factor need be 
ht. 
ines the principal diagonal ax is positive, and ag is positive also in the 
product expanded from (a — 6)(x — y), 
D=(a—b)(«%—y). 


Ge perieans | 
he Lipa) = o25 SOvaalale 
Coe aa 


the first and second rows are identical when a = 3, the first and third rows 
are identical when @ =c, and the second and third rows are identical when 
b=c. Hence, a—b, a—c, and 6 —¢ are factors of D. Since every con- 
stituent of D is of the third degree, no other factors need be sought. 
To determine the signs, since the principal diagonal a@2b is positive, and 
a’b is positive also in the product expanded from (a — b)(a@ —c)(b—c), 
D=(a—b)(a—c)(6—C¢). 


Die 2 ters 
4. In Di Zee oils 
Taio eS: 


the first and second rows are identical when x = 2, and the first and third 
columns are multiples of the same column when x = 2 ; also, the determinant 
has a numerical factor, 5, or — 5. 

The secondary diagonal, which is the constituent of the highest degree, 


is—5a2. Hence, D=— 5(@ — 2) (x — 2). 
Page 493 
Me ee 2 f3% + 2y=12, 
B8xa+2y=8 (42.4 Sy 1h 
E 5 12 
8.2 —22 Lies 2 
C= — 2 = = 
ea 9 areas Gy ee t So Dik , 
3 2 | 4 3 
2 3 ic 12 
and eee 8 BL eS ut Se. ey Oaee 
> area ie joie: 
2% + Ty=80, Oe Hy y= 12) 
2 { a+4y=17 & (oe abe ee 
380 7 ae 1 
bee 4) 10) 3) 26 
c= =-=] . — = 
ad = ea oes a ae 
hee 3 3| 
i m4 2 10] 
and y= a and = 2 10} _26_» 
1 1 e 18 13 
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Page 494 
4% — 3y=8, f3x—2y =- 2, 
2 Sa 6 (20% —38y=—5. 
ee : : aA 
Os € — 
i 2 5d ae A ti Bors eg gah tae 
A 19 aye Oe 
i 4 2°58 
ia = 
and Y= 121 ts and Y= 25 ert ean 
19 19 = 5 = 
” ete 8. i ier ne 
: mx + ny = d. i oa Me 
c b 
i St es tba ede Sie. 
eet Nee a ‘Ss ae <b] ad + be’ 
m c ad) 
eae ata 
pede m d|_ad—cem. ania c Ss as —cr 


an—bm an —bm ad+be ad+bc 


3Ba+7 i 
a7) BF | 
46- BCR | 
eel ae OT 27(80-~ Pinks sO 2e) eA 12)_ 122 _. 
a oe B 2|"-2(80 — 21)— 8(25 — 14)4+ 8715 - 12f -61 
8 3 
Seat 8b 
OO ae 
8 46 8 
yal 8 47 5) _ 2230 — 141) ~ 8(135 — 94) + 3(81—92) _ — 183 _g. 
=o1 — 61 —61 
2 5 27| 
8 6 46) 
_| 8 7 47) 2(282—822)—8(235—189)+3(230—162)_—244 _4 
oie ea eT Ban ba 261 =O: 
9e+2y+ z= 26, 
10. 45%+ y+ 2=14, 
Tx+38y4+22= 25. 
Doe ma ad AN SE en a 
1 EN Nae | iD Sta We <1 
Ble i ee ee 1d 5 
er? 5 Dh aing ee 4 1 eae 
Bal deel SH tk ce ATES i 
7 “S252 Oe as hae 
* 


424 


11. 


KEY TO ADVANCED ALGEBRA 
9 26. -1 Oe Ora — 
he © nage | Alt Ain Sp eet 
7 25 2 1126 <2 | 25 ot 
| 9 2 2 fSe0a53 ames 
HOO Le 5 APA i = 
aq Oe SSO Sy ibe 18s, 
ee — = = — id 
= 7% i; a7 Baty 
f(a+ b)x—(a—b)y=4ab, 
(a — b)a + (a+ b)y=2 a? — 2 B2. 
4 ab —a+b 2ab —a+b 
(2G a—2P arb Maes 1| 
Ta 8 —a+b\|~  (a+b)?+(a— 5b)? 
a—b a+b 
Be A) Ca hc) ee 
= 2(a2 + B®) =a+b; 
a+b 4 ab : |a+b 2 ab! 
ui a—b 2qr—202] 2(¢—5)|q a+b| 
2(@ + B) 2(a? + b%) a a 
(3%+2y+3z2=17, 
12 {2e4+ yti22=10, 
(5e+5y4 ‘z= 29. 
iy i eas ay 200 F 
#110 O21 oN Os be 2 | 3 i 
ye eee eed eee ie 
Seen IP SRS lic OceeaT 5 eats i aa 2 
Arosa l, ao) rea ee ne 
Ba Borel 5.250, 8 
SEAL Si alton ees 
2 10 2 8 48 2) 15 7 
Om On OF Oe orl = = 
OMe ee oe) 8 48) © Se 
4 23 4 SN Teel Sor = hy 
Soe Dery 1S Oe 8 
Cleo seed () Pie cabe sat 283 
peel Be 8 20) be OF OI Se olen 
4 4 a 4 = $= 3 


e+ yt 
es 
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e+ yt+Oz2=2a, 
Ox+ yt z2=8a-b), 
Z=O0: 


x+O0y+ 


15. | 


= 
on Wes 
bs) 3 
+e iii boa) 
S eg lI 
a oe 
I 4 S 
Sete ees S| | 
Seah oo | 
| S i 
P=) Bs al oO 8 
ls Neila hie 
Soo lima a Ss 
| pas I 
| ll —) 
| 
eore| So ocr 
Hoc|no sos NO Sin 
NQ | ln 
i) eel 
Suis rises ma Ore 
NVM] aia — — 
I] | 
i : | 
Seas = onn re) 
| 
| a Ses 
N NMMIN 
a) Sss 
| NOD oO i) 
sss 
NOOO) A © non ror 
* 
ine Pilg ae i! 
8 > x 


+ 


t+2y—32=—5, 
e+ y—2z2=2, 
y 


es 


8u— 
2u+ e+ 


(| —5u+2a—T7y 


16. 


ein 
AQ\O 4 
oD I 
te ET on oe 
a rm Ir 16 
ro IH AD for [eH AO 
QI |sO 09 
Ir CD ICD x11 OD 100 » OD Ir 
me HIN A CO len wD |r lod 
nN om 
.7) ee se oe tee ina) 
So Ole 
Omit | Oo sit ho SB I = 
nN | mind ico 
Sle Ie | Ol of leo nae 
QI o> 129 
ISiIns AN lip ina AN {| ce i 
om +N oN IoD Im 100 |Im4 joo DIA A ICD 
1D [22 | > Io | 
I| all eae 2.02 
OS 
OD IAI flea INI oa | ei hawt ee 
A mele 
Nn ele Awe rl~e Cle id|]Cin|so 
re) lex} 
IH alls la a eI Olea tin co ien BON SIS 
nO A DIN moO NO S 19 |99 SOID Ho ANNO 
mo N ix 


Il oF ark 


DETERMINANTS 427 


494] 


UFAS 70 
— 81 


10D IQ Ie or 


how Saiifes 


leis aN * 


mo NO 


- 


nN 
S | os 
Het WA 
APDdoz 
oD 
aA hese 
8eses 
+H 03 OS 
pal 
qe hs 
Sseaeo8 
isp) ND 
+1++ 
sSsss 
N mo 
Se 

=] 

i 


loo rN 


Alm in 


Io rman 


Ql ie 


IN © 6D | OO 10 [4 


| * 


| * 


II 


rims st OD 


mimo oO* 


US al sa cI SEM Ix 4 109 [© 
— re 
im NA CO | HDI Ww CO 
SIN © Aor wo 
lI 
3 


Onn 
re 
~oo | 
nN 
ey ete we. 
| N 
i II 
= le 
joo m4 GN {| 
fe ao | ser | 
1 
GQ 210 Ir Lo 
reo 
lex} 


CIM AN 

| od 
SIN © CO 
S 0 20 Ire 


428 KEY TO ADVANCED ALGEBRA [494, Bus 


230) ime tOm On eOe at . ty 
lined bo DE A BEI ys iy 8 2 2 it Er A 
yeu ON Lat oT ee ee se pres a —{0 6 21 
6 585288143 ee Sito Paliteeny, 2 ja as Patanghe) 
t= 7 =< 7 = = = 7 
: | haa 
6 21 la 3| , 
See: ee en 
eae. 24 0| ae A ee - Z 
el ails baron rel Len Meat 58 & 6 8 Si ee 
ip DS BEG ee Oe) es Os —|11 10 20 
5 8 10 8 OMS loaats 13° 15> 13) Oo GAs 
Fa 7 is 7 = 7 * 7 
ee? 24) 
—|0 12 64) _|73 64! 
ae age 3 Nid 2 13] 284 
ons h = 7 fy 
CONVERGENCY OF SERIES 
Page 506 
15. 1+$+i+44+-. 
=1+3+G+4)+ G@+4+ 4+ xs) + (ext 8 terms) + ... 
>1+$+4 ae +3 yao 
term by term after the second. 


Hence, Prin. 3, the series is divergent. 


16. L—~$+f-—f4-. 
Un = (— 1)r-1__! lim (ttn) nzco = 0. 
2n— 


Hence, 3d test, the series is convergent. 
By the solution of example 15, it is seen that the series does not remain 
convergent when all the terms are made positive, but becomes divergent. 


Hence, the series is-not absolutely convergent but only conditionally con- 
vergent. 


17. 1+$+$8474.-.., 
Unp1_ 2n+1 2n—1_ 2n+1 =3( 42 ): 
n 20 NO waa yy 2n—1 


Un 
Therefore, the limit of the ratio of convergency as n = o is }. 
Hence, 2d test, the series is absolutely convergent. 


18. E+ E+ E+ Beto 
Unt1_N+2 n+1_ n+2 =3( 1 ): 
Qn+l 2" 2(n+1) 2 n+1 


u 
Therefore, the limit of the ratio of convergency as n = o is }, 
Hence, 2d test, the series is absolutely convergent. 
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Q2 32 42 
19. ees ei es 
Bas figs Mga 
Uninet )2 eee pb) 2 ak 
—_— Ere => ==> 1 _ — |e 
2n Qnr-l 2 n2 a eS) 


Un 

Therefore, the limit of the ratio of convergency as n = o is 4. 
Hence, 2d test, the series is absolutely convergent. 

be 1 il 
20. ae 

0.312. ge oF. gat 
This is a geometrical series whose ratio is }. 
Hence, Ist test, the series is absolutely convergent. 

ee aE ee es 
21. 14+—— sen 
- 3 et Re 33 ae 
Una _ (w+ 1)()" 2, n4}_?( el: 
abe n(2)r-1 3 n 3 n 

Therefore, the limit of the ratio of convergency as n-= is 4. 
Hence, 2d test, the series is absolutely convergent. 


22. i + ae a ed aL ul a 
WALES EPO EE AVS) RA Wa Ei 
Unt1 1 i Ne See ae A 
Ur Vn+14+1 Vat+1 Vn+141 
He : 1 1 1 1 Ge See 
Now, by § 585, the auxiliary series —- +—+-——+—4-- is diver- 
Vi v2 V3 V4 
gent, the value of p being 3}. The ratio of convergency of this series is 
it ee a 
ee i 
Vn+1 vn Vn +1 
But vn +1 = vn and their common limit as n = o is 1. 


Vnt1l+1 Vn+1 
Hence, Prin. 4, the series is divergent. 


Page 507 
23. 1—22%4302—493 + 5a*—60°4-.. 
Un+1 _ (— LACpsi ar + pe (1 4 2s. 
Un (— 1)" Ina! n n 


Therefore, the limit of the ratio of convergency as n = 2 is — x. : 

Hence, 2d test, the series is absolutely convergent when x is numerically 
less than 1, and divergent when «& is numerically greater than 1. When 
2 =+1 this test fails. 

When x =1, 

S:=1; Ss=—1; Ss=2; S,=—2; 85=3; Ss=—3; ete. 
+, Son-1= +n and So, =— 

Since the sum of 2 n — 1 or of 2 n terms can be made as large as we please 
by taking n sufficiently great, the series is divergent when « = 1. 

Much more is the series divergent when « = — 


24. 1422444224623 4+ 8at+100°+---. 
tigi os Daan eniink enh LV 
in 20= Wes na n—1 
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Therefore, the limit of the ratio of convergency as n = a is &. : 

Hence, 2d test, the series is absolutely convergent when «x is numerically 
less than 1, and divergent when « is numerically greater than 1. 

When « = 1, the series is evidently divergent. 

When x«=—1, Si=1; Se=—1; S3=3; Sy=—5; Ss=5; Sg——5; etc. 


So, =a ane Son — Ie 
Since the sum of 2» — 1 terms or of 2 n terms can be made as large as we 
please by taking n sufficiently great, the series is divergent when « =— 1. 
25. 1+ pet hart et peat t Be w+ - 
GRO S aeee eee grt =f ee 
in ee Gye ne+1 n2+1 


Therefore, the limit of the ratio of convergency as n = w is &. ; 
Hence, 2d test, the series is absolutely convergent when ¢ is numerically 
less than 1, and divergent when « is numerically greater than 1. 
When « is numerically equal to 1, each term of the series 
EL +E + yy Ot Ty at + gy + 
is numerically less than the corresponding term of the series 
1) 1 iL 1 il 
mt gt et pet 
which is absolutely convergent (§ 585). 
Hence, Prin. 1 and 3, the given series is absolutely convergent also when 
x is numerically equal to 1. 


Pa bs 
26. Tp 2 eee 
[2 8 


Unt _ &" ee x 


8. |n n—-l1l nn 
Therefore, the limit of the ratio of convergency as n = o is 0, since, how- 
ever large « is, n may be taken so much larger that as n increases the ratio=-0. 
Hence, 2d test, the series is absolutely convergent for all finite values of z. 


EO) AUIS: : 
27. 1 ae Sine se oe 
oP (e ce 
Unsi_ n(n+1). a— 1)n n+l p= (1+ 2 ) 
Un x fee 7 ee n—1/z 
Therefore, the limit of the ratio of convergency as n = 0 is * 
w 


Hence, 2d test, the series is absolutely convergent when 2 is numerically 
greater than 1, and divergent when x is numerically less than 1. 
The series is evidently divergent when x = 1 or — 1. 


28. x Ee ae 
oe ee ee er 


Unda greet Sao ee ik See (1 2 % 
Um (m+1)(n4+2)  n(n4+1) n4+2° a ; 
Therefore, the limit of the ratio of convergency as n = o is 2. 
Hence, 2d test, the series is absolutely convergent when a is numerically 
less than 1, and divergent when x is numerically greater than 1. 
When x = 1 or —1, each term of the series after the first is numerically 
less than the corresponding term of the auxiliary series, 


1 1 
er aoa 


Nea, 
which is absolutely convergent (§ 585), 
Hence, Prin, 3, the series is absolutely convergent when « = + 1, 
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29. a+(a+d)r+(a+2d)r24+---+[at+(m—1)d]rm}+ es. 
res (a + nd)r” — a+tnd 7 
Un [at(n—1)d}r™ a+(v—1d - 
Therefore, the limit of the ratio of convergency as n = o is 1. 
Hence, 2d test, the series is absolutely convergent when » is numerically 
less than 1, and divergent when 7 is numerically greater than 1. 
When r = 1, the series is divergent, being an arithmetical series. 
When r=—1, Si=a; Se=—d; Ss=atd; Se=—2d; Ss=at2d; ete. 
*; Sm =— nd and Sm-1 = a+ nd. 
Since the sum of 2 n terms or of 2 m — 1 terms can be made as large as we 
please by taking n sufficiently great, the series is divergent when r= — 1. 


UNDETERMINED COEFFICIENTS 


Page 512 - Page 513 

3-23. See pp. 382-587 Key. 2-13. See pp. 387-390 Key. 
Page 518 Page 520 

4-17. See pp. 390-393 Key. 10-11. See p. 394 Key. 
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gw a ot od 
maT Bcc, i 
1. e go eee (a ig (1) 
a 43 at oe 
+ e-t—] =f i _ oes 2 
Le oes (37 (4 [5 (2) 


Subtracting (2) from (1), and dividing the result by 2, 


3 yo 7 
Cee se 


[iB (6 


2. Substituting 1 and — 1 successively for « in the exponential series, 


3 Wee | A ie Ne 107 
Ge re thig OS (aa a6 ae, 
il uf dae eb arti 

we have eet Saarot® igrana wa N Ie ; (1) 
j slag il Rec egal 2) 

=o ae i 3 3 5 
and ea) baie 3 * (4 a: ( 

Adding (1) and (2), and dividing the result by 2, 


ie eee 
Oe eatia 6 
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8. Substituting 1 for x in the exponential series, 


1 Shas Lee 
= 1 + eee 
Oy lap Tia Wea nes 
(141) + aa ete 
ii (sz +s)*Gete 
3+1,5+1,74+1 
=) Sh . 
eat it 7 + 
Die Oi ek 
POE ya el oneal Leola Nee PA 
2 ist nee 
4. Substitute —1 for 2 in the exponential series. When a=—1, ee=e-!=-. 
1 1 i 1 1 1 iL 
*.—-=1-1+4+—— i = 
+9 3 t (4 EG [7 
3 1 5 1 7 1 
=(1-1 cAarare ss, fay fae Ss eae )+ 
0-0 + (a5 ~i)+ (se) * (rez 


5. Substituting 7x and — ix successively for x in the exponential series, 


; } 2q2  48qy8 feet Gy GB 
(ey Ge 

F2y2 343 74 Zd—yd F646 
and ez tig 4 O_o, tt (2) 


LAS Bp ae IO Gs 
Adding, and dividing by 2, 
P2y2 . q4gd  76y8 
eiz Se) ead Bel es RE AS 
He 4-(e-*) aE 9 Ts 4 ap A ae 


But ®@=—1, #=1, ® =~], ete. 


wo $e fem) 1 


4 96 
ie tia iat 
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2. Substituting 2 for m in the formula for loge(n + 1), 
log.8 = log,2 af? Me aR |. 
Se Seo + 513.58°5.58. 
_5| 2.00000000 


25) .40000000 +1 = 0.40000000 
25|_.01600000 +3 =  .00533833 
25| .00064000 +5 = 00012800 
25 |_.00002560+-7 =  .00000366 

-00000102 +9 = .00000011 


Adding, 0.40546510 
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The error committed in omitting the rest of the series is less than 
(2 sf Ag a 2 25 2 1 _ .00000102 


2 
11-60 25 amet Ti. 51 947 59 si (ip See ey 8 
which is much too small to affect the sixth decimal place. 
By Ex. 1, log; 2 = 0.693147, to the nearest sixth decimal place. 
«. loge3 = 0.693147 + 0.405465 = 1.098612, 
to the nearest sixth decimal place, 


’ 
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3. Since 4 = 22, log. 4 = 2 log, 2 = 1.38629436, or 1.886294 to the nearest 


sixth decimal place. (Ex. 1.) 


4. Substituting 4 for n in the formula for log-(» + 1), 
Se eq ite 1 1 LP 
loge 5 = loge4 + 2 Stare aero + =) 
9 | 2.00000000 
9| .22229922 + 1 = 0.22222222 — 
9| .02469136 
9| .00274348 + 3 = .00091449 
9} .00030483 
9] .00003387 + 5 = .00000677 
9|_ .00000376 
.00000042 + 7 = .00000006 
Adding, 0.22314854 
The error committed in omitting the rest of the series is less than 
2/4 a hea at shack Vie 2 Si 2 ees CU ee 
9. 99\ 9.99" 80 97 720 720.” 
which is much too small to affect the sixth decimal place. 
By Ex. 8, loge 4 = 1.386294, to the nearest sixth decimal place. 
wv. loge 5 = 1.386294 + 0.223144 = 1.609438, 
to the nearest sixth decimal place. 


5. Since 6 = 2-3, loge 6 = loge2 + loge 3. 
Ex. 1, log. 2 = 0.693147 [18 ---] 
Ex. 2, log. 3 = 1.098612 [10 ---] 


«, loge 6 = 1.791759, to the nearest sixth decimal place, 


6. Substituting 6 for n in the formula for loge(n + iDY, 
loge 7 = loge 6 + 2 & + PE te Z ar zis +). 

13 |2.00000000 
13] .15384615 + 1 = 0.15884615 
18] .01183432 ; 
13} .00091033 + 8= .00030344 
13] .00007003 

-00000539 + 5 = .00000108 


Adding, 0.15415067 
The error .committed in omitting the rest of the series is less than 


2 1 i 

ian ee a 8 eee 
alt tit met ) falar, 16Smni1s> 7) - 168 7-168 
which is much too small to affect the sixth decimal place. 
Key Adv. Alg. — 28 


2 132 2, 1 __ .00000539 
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By Ex. 5, loge 6 = 1.791759, to the nearest sixth decimal place. 


OR ech 


= 1.791759 + 0.154151 = 1.945910, 


to the nearest sixth decimal place. 


7. Since 8 = 23, 


Bx 15 


log, 8 = 3 log, 2. 
log, 2 = 0: 693147 [18-- 


*, log. 8 = 2.079442, to thé nearest sixth decimal place. 


8. Since 9 = 32, 


Ex. 2, log, 3 = 1. 098612 [28 ---] 
*. log. 9 = 2.197225, to the nearest sixth decimal place. 
9. Since 10= 2-5, log, 10 = log, 2 + log, 5. 
Ex. 1, log, 2 = 0.693147 [18 
Ex. 4, log. 5 = 1.609438 [— 10.. 
*. log. 10 = 2.302585, to the SenrCNt sixth decimal place. 


10. By (2), § 605, log Sib gee 


Substituting 2 for 1— x, whence x = 4= 6 
@ a 
log, 2 = log, b — log. a = = STE (= = ee (* — Ns a 
@ a 2 a z a 
Changing signs, log. a — log. b = a—b BY, 1 ie =i + 1 (" = aye 
a 2 a 3 a 
11. log. Va? — 1 = Log, (« ie ) 
A 42 
1 1 
= log, x ze log, (1 = = 


When «>i, — ~, 18 numerically less than 1 and may be substituted for « 
aw 


in formula (1), § 605, 
Hence, when x > 1, 


log. Vx? — 1 = log, 


giving a convergent ser ies. 


ar GOR ear Ge hee 
(1 ae 


qo 
+9 
1 1 
= log. on ry 
s ne ee ue ) 
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2. By (2), the formula for the common logarithm of m + 1, 


log 2 = log 1 + 86858806 (3 pee hy 
2 5 tants 
log 3 = log2 4 86858896 (# pale have 
: + 3.58 bps = Ses 


and 


log 7 = log 3 + log 2 + .86858896 ( + 
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The computation of the above is as follows : 
o 


3 | 86858896 

9 | .28952965 = 1 = .28952965 

9| 03216996 + 3= .01072332 

9 | 00357444 = 5= .00071489 

9| 00039716 = 7= .00005674 

9| 00004413 + 9= .00000490 

9 | 00000490 = 11 = .00000045 

.00000054 + 13 = _.00000004 

Adding, log 2 = 0.30102999 
_5| 86858896 

25|.17371779 = 1= .17371779 

25 | 00694871 + 3= .00231624 

25 | 00027795 + 5 = .00005559 

25|.00001112 + 7= .00000159 


|.00000044 + 9= .00000005 


Adding, .17609126 
log 2 = 0.80102999 
Adding, , log 3= 0.47712125 


18 | 86858896 
13| 06681454 +1 = .06681454 
13 | 00513958 
13 | .00039535 +3 = .00013178 
13 | .00003041 

.00000234 + 5 = .00000047 


Adding, .06694679 
log 2 = 0.380102999 
log 3 = 0.47712125 
Adding, log 7 = 0.84509803 


The last figure in each of the above results is uncertain. But to the nearest 

sixth decimal place, 
log 2 = 0.301030, log 3 = 0.477121, log 7 = 0.845098. 

The eight-place decimals first obtained for log 2, log 8, and log 7, may be 
used to find small multiples of these logarithms, provided the results obtained 
are cut off at the nearest sixth decimal place, as.required. Then, 

log 4 = log 2? = 2 log 2 = 0.60205993 = 0.602080, 

log 10 = 1 = 1.000000. 

log 5 = log 12 = log 10 — log2= 0.69897001 = 0.698970. 

log 6 = log(2 -3) = log2 + log 3 = 0.77815124 = 0.778151. 
log 8 = log 23 = 8 log 2 = 0.90308997 = 0.903090. 

log 9 = log 3? = 2 log 8 = 0.95424239 = 0.954245. 

log 11 = 1.041393. (See Ex. 1, solved in the text. ) 

log 12 = log(22- 3) =2log2 + log 3 = 1.07918128 = 1.079181 


3. log 14 = log(2 - 7) = log 2 + log7 = 1.1461. 
log 15 = log(3 - 5) = log3 + logi5= 1.1761. 
log 16 = log 24 = 4 log 2 = 1.2041. 
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log 18 = log(2 - 3? - = a 2 log 3 = 1.2553 
log 20 = log(2- 10) = Te 2 + log 10 = 1.3010 
log 21 = log(3-7) = log! 3 + log 7 = 1.3222. 
log 22 = log(2- 11) = log2 + log11 = 1.3424. 
log 24 = log(23- 3) = 3 log 2 + log 3 = 1.3802. 
log 25 = log 5? = 2 log 5 = 1.3979. 
4. log 225 = log(3? - 5?) = 2 log 3 + 2 log 5 = 2.3522. 
log 175 = log(7 - 52) = log7 + 2 log 6 = 2.2430. 
log .014 = log (= )= =log2 + log7 —8 = 2.1461. 
5. .125=}. .. log.125 = log1 — log8. 


log 1 = 0.000000 
log 8 = 0.903090 


log .125 = 1.096910 = 1.0969 to four decimal places. 
46.2=>2x« 3x7 <1 = 10, 


-. log 46.2 = log 2 + log 3 + log7 + log 11 — log 10 
= 1.664642 = 1.6646 to four decimal places. 


1.62 = 2 x 92 = 102. 
1.62 = log 2 + 2 log 9 — 2 log 10 
= 0.209516 = 0.2095 to “four decimal places. 
.0625 = 7; = 1+ 4% .. log.0625 = log 1 — 2 log 4. 
log 1 = 0.000000 
2 log 4 = 1.204120 


.. log .0625 = 2.795880 = 2.7959 to four decimal places. 


=1+(8x5). .. logy =log1— (log8 + log 5). 


ts 

log 1 = 0.000000 

log 3 + log 5 = 1.176091 
. log #5 = 2.823909 = 2.8239 to four decimal places. 


93 = 2=7x11+8. 
log 98 = log7 + log 11 — log8 
= 0.983401 = 0.9834 to four decimal places. 


Lis1b=12, 
*. log 1.1 = log 10 — log 9 
= 0.045757 = 0.0458 to four decimal places. 


an (2x2x7Tx7)=3+ (2x7? 


a 
Ty = 
“. log 734 = log3 — 2 (log 2 + log 7). 
log 38 = 0.477121 
2 (log 2 + log 7) = 2.292256 


*, log rs = 2.184865 = 2.1849 to four decimal places. 
6. By § 607, logis 18 = (log, 18) x —2_— — 10Se 18 
» 10812 ( 5 ) log. 12 log, 12 


— 10g. CSE: — loge 2+ 2 log, 3. 


~ loge (22-3) 2log,2 + log, 


[532 
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7. By the definition of the modulus of a system of logarithms, § 607, 
pur SL NOEs 8 
loge2 loge 2 


loge 7 = log.7- and loge 8 = log, 8 


1 
log. 2” 
Also, since 8 = 2°, log, 8 = 3. 


: 2 _ log.8 Lee: 1 1 1 5 
. by (5), § 605, 3 = 22> = —— | log. 7 + 2 (= 3 
y (8), § iogs3 [1% + (et + + | 


loge 2 3.168 6.155 
oft 1 1 
= log. Y ——— | — ——_——_. —_— ose je 
ta Toute ea ) 
oy Ba 1 1 
“, logg 7 = 38 — —— ([— eS onl Ip 
= es Ge h ie pou ) 
Since log, 2 = 0.69314718 ---, by division ; z an 2.88539008 «+. 
Oe! 


The rest of the computation, then, is as follows: 
15|2.88539008 


15 19235934 + 1 = 0.19235934 
15|_.01282396 
15 ,00085493 +3 = .00028498 
15] .00005700 
.00000380 + 5 = .00000076 
0.19264508 
.. logg7 = 3 —0. 192645 = 2.807355 to six decimal places. 
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3. Since each term after the second is equal to x times the preceding term, 
the scale of relation is 1 — &. 


Then, 342+ Ax(2a”) + Bx?(1) =9, or 84+2A+B=0; 
443 + Ax(3 2?) + Ber(2e) =90, oF 403 Al 233 = 0); 
Bat + Ax(423) + Brr(827) =0, or §6+4A+3B=0; 
6 a5 + Ax(5 xt) + Bur(4a8) =0, or 64+5A+4B=0. 
Fach of these equations is satisfied by Age ae Bs 
Hence, the scale of relation is 1 — Qa + 0. 
5. Assume 1+ Aw + Bx? as the scale of relation. 
Then, 8a2+ Ax(3x) + Bxr(1)=0, or 8+3A+B=0; 
13.23 + Aa(8 2?) + Bar(8x) = 0, or 134+8A4+3B=0; 
18 xt + Ax(13 23) + Bx2(8a?) =0, or 18+13A+8B=0; 
23 a + Ax(18 24) + Bx?(13 03) = 0, or 234+18A+13B=0. 
Each of these equations after the first is satisfied by A=— 2, B=1. 


6. Assume 1 + Ax + Ba? + Ox? as the scale of relation. 


Then, — 293 + Ax(— 20%) + Ba?(x) + On 1)'= 0, 
or —2—%2A+B+C=0; 
Tat + Ax(— 22°) + Bx®(— 22%) + Cx (x) = 0, 

or Teo A-2.p4 O=0; 
Ta + Aa(7 xt) + Bu?(— 208) + Cx3( — 2.47), = 0, 

or . Te TAL 2B 2 C= 05 
— 20 a6 + Ax(7x®) + Bu2(7 xt) + O78 (= 2x) = 0," 
—~20+7A47B-20=0. 


Lv) 


=a 18)) 


Q 


or 
Each of these equations is satisfied by A=—1, B=3, 
Hence, the scale of relation isl —x+32?—3823. 
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7. Assume 1+ Ax + Bx? + Cx? as the scale of relation. 


Then, — 43 + Ax(a?) + Bu?(x) + Cx3(1) = 0, 
or —-14+A+B+C=0; 
— dat + Ax(— 2°) + Bu?(z?) + Cz3(x) = 0, 

or —-5—A+B+C=0; 
— lla? + Ax(— 5x+*) + Bu?(—23) + Cx3(a?) = 0, 

or —l1l1—5A-—B+C=0; 
— 1546 + Ax(— 110°) + Bu?(— bat) + Cx8(— 28) = 0, 

or —15-11A—-5B—C=0; 
— 92' + Ax(— 1545) + Bu?(— 1125) + Cx?(— 524) = 0, 

or 9—15A4—11B—5C=0. 


Each of these equations is satisfied by A=—2, B=1, C=2. 
Hence, the scale of relation is 1 — 2% 4 a2 + 223, 


Page 536 


1. The scale of relation is found to be 1 — z. 
pees 2474243 4+ Q2at4... 
. — &£ 
1+ 2%+4+ 2224293 4+ Qot4 ... 
= Bo Die Oy Bi Dig ene 
1+ ¢ 
Hence, the generating function is ieee This is also the sum for such 


values of « as make the series convergent. 


2. The scale of relation is found to be 1 — x — x2. 
Tm 4 2? 3 98 3 at oe 
1— % — 2 
Sa a eee — 
a | =p 2 | 3 Sink 


‘ 
— 3 


wT eet 


il 


Hence, the generating function is : 


1-2-7 
such values of a as make the series convergent, 


This is also the sum for 


3. The scale of relation is found to be 1+ 2a — z2, 
© — 32? 497 08 — 17 ght 41 gS oe 


1+2e-—7 
% — 3) @! + 7\a8 — 17 lat 441 [a8 = o, 
FOE 6) ath ee Bay a 
SSE er eee 
x— 2x2 
x — 22 


Hence, the generating function ig —2—® _. This is also the sum for 
142e¢—2 — 


such values of # as make the series convergent, 
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4. The scale of relation is found to be 1 —2 x G6 
Lap a 8 a8 Tat tT 8 os 


2 ar ae 

Le Pe ot + 17}a> + +e 

— 2) = = 6 14 see 
i 1 1| Bice 


1—a2-—2% 
- : , eel = pe Oia? 
Hence, the generating function 1s Lise ees 
1—2%— 2? 
such values of « as make the series convergent. 


This is also the sum for 


5. The scale of relation is found to be 1 — # — xe? — 23. 


I Pee ae i i ee oe ahgla 
1l—a— 2 — 2 


14+1\*+2 aia eau a pl a ere eA RL tS 
=I) il —2 — 13 — 24 — see 
Bt EF He ETc o0 
SET laces oe 

1 


Hence, the generating function is This is also the sum 


Tee = — 2 
for such values of x as make the series convergent. 


6. The eae function is found to be 1 + “%+22? — 6% 


3a +a2+ 743 — 1244 — > + 32 a6 — 42 47 — 
rae ad 2 — 28 


2—3\|"% +1 a ae Ne ge — 1\2> + 82\a5 — 42|a7 — + 
ye a eg aN te Deg gi te 
BO fr ace 14) ed 2) 
Bg, AS ha er ES acy te oa eee 
= 7-22 ¢ 
2D ae ei 


Hence, the generating function is This is also the sum 


Sie aie eee 
Teese ae ae 
for such values of x as make the series convergent. 
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2. The generating function is found to be oe 


Separating this into its partial fractions, 


pepe ys) ale 
i+2e—8xe2 4\1—a/ 4\14+8% 
Lipp etatper part 
eens 
1 
14+ 3% 
Upp = far + FC 8)re". 
we = }ob+ 49 (- 3)Ugh = — 182860 2. 


Since 


—1—3243%2—--+4+(—1)8a + 


and 
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3 1 
8. The generating function is found to be 


Saeco ber tas 1—32+2a2 
Separating this into its partial fractions, i 
1 ——_ ors 
Laer poe ite Ieee 
= 1 =— (14+ 44 227+---4+ 47 4 --) 
1-2 
3 =2Q(1+2e4+4arq-- 4 2rer 4 ..), 
—2¢ 
Upp] = — 2" + 2 (2727) = (27+! — 1) ar. 
Wiz = (22 — 1) a = 4095 al. 
- 1 
4. The generating function is found to be 3 et 
é nae : : : 1—52+62 
Separating this into its partial fractions, A 
il rig adie ee DOPE i 
l-bc46e 0 tae ©33e 


Since 


and 


Since Ve = =—2(14+ 204 42? 4... 4 Qraert os.) 
—2¢4 
and ; _ =38(1+82492?4.-..4 37a" + ---), 
—382 
ty = — 2 . Wor +3 38.3'77 = (3" eb 2rtt) ar. 
Ue = (38!2 — 212) gl = §27345 al 
Page 539 
2. Series, Ue eet idat ke Ry bcs 
Ist differences, Cape SYA AGN eas 


2d differences, 12, 18, 24, 
3d differences, 6, 6, ++ 
12. iut 1211. 10 12-11-10.9 
By (7), Sig=12-1 Sf eS A ee 
Y (7), Sie + = 2 > E + E 
By an inspection of the series it is evident that ay. = 128 = 1728. 


-6= 6084. 


3. Series, Le LO nS 256. 625, 1296, 
Ist differences, 15, 65, Libs, SCO G Tae ara 
2d differences, 50, 110, 194, 302, 
3d differences, 60, 84, ae se 
4th differences, 24, 24, 


’ 


By (7), Siz = 12- reece 1 164 BAIL AD. 59 12 tae oe 


a 12-11-10-0.8 . 24 = 60710. 


[6 
By an inspection of the series it is evident that a1. = 124 = 20736. 
4. Series, 1S By Ray 40.7 665: 
1st differences, (ine AkSio sakey 2S 
2d differences, oh, 6, 
By(7)i 1a Bais ag et 74 M10 | 6 = 1794. 
2 [8 
By (4), aig = 1411.74 1L-10 , g _ ang. 


[2 
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5. Series, 2, .8, 18, 88, ~ 54, 
1st differences, 60105) 16) 221, <= 
2d differences, 4 5 see 

3d differences, . 


By (7), Sig=12-2+ 


? ? 


1, Brows ? : 
12-11 g , 12-11-10 4 -12-11-10-9 4 _ 495, 


B [3 [2 
By Ch) aoe a ed g SU NOE 458. 
[2 [8 
6. Series, De ile plage Zope oa, 
1st differences, Gye Syren ees BA 
2d differences, Re APA ae 
Sees 12-11-10 
By (7), Sig = 12-2 4- -5 2 = 794. 
nf (0) 12 4 (2 + B 
By (4), = en ee 167 
\2 
7. Series, 1, 82, 248, 1024, 3125, 7776, 16807, 


ist differences, 31, 211, 781, 2101, 4651, 9031, 
2d differences, 180, 570, 1320, 2550, 43880, --- 
3d differences, 390, 750, 1230, 1830, -- 

4th differences, 360, 480, 600, --- 

5th differences, 120, 120, -- 


Ey); Sas Role VBY ee EO 190 4 12 1 10-8 909 
2 [3 4 
12-11-10-9-8 969 , 12-11-10-9-8-7 | 199 — g30708. 
[6 \6 
The series is a series of fifth powers. .°. dg = 12°= 248832. 
Page 541 
L- By (Gb), Sto = t PaO welt 2 220. 


2. Since the diameter of each shot is 10 inches, it takes 12 shot to make a 


row 10 feet long; that is, n = 12. 
By (2), Sig = }- 12-18-25 = 650. 


3. Substituting 2 for m and 7 for n in (8), 
87 =}2-7-8-21= 196. 


4. The base of the pile is 18 shot in length and 15 shot in width ; there- 
fore, n= 15 and m+n=18, whence m = 3. 
Hence, by (3), Sip =1-15-16-40= 1600. 


5. Since there are 7 balls in each side of the top layer of the frustum, 
there are 6 balls in each side of the bottom layer of the triangular pyramid 
needed to complete the pile. 

Hence, by (1), Se=}-6-7-8 = 56. 


6. Since there are 10 balls in each side of the top layer of the frustum, 
there are 9 balls in each side of the bottom layer of the square pyramid 


needed to complete the pile. 
Hence, by (2); So = 4 -9+10-19 = 285. 
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es Joye 165 =in(n+1)(n +2); 
that is, 38-5-ll=tn(n+ 1)(n+4+ 2). 
Multiplying the first member by 3 - 2, and the second by 6, 
- 9-10-ll=n(n+1)(n+ 2). 
“. 2 = 9, the number of courses. 


8. Evidently, the bottom course is 11 shot long and7 shot wide, and the 
top course is 7 shot long and 3 shot wide. 

If the pile were complete, the number of shot would be 

S7=21-7-8-27 = 262. 

The number of shot required to complete the pile is the same as the 
number of shot in a wedge-shaped pile with a rectangular base 6 shot in 
length and 2 shot in width, which is 

Soda 2 ei Oue bd lie 
Hence, the number of shot in the given pile is 252 — 17, or 285. 


9. Since there are 10 layers, n = 10. Substituting 10 for n in 
605 =i n(in+1)(8m+2n+41) 
and solving for m, m = 4. : 
Hence, § 618, 3, m+ 1 = 5, the number of shot in the top row. 


10. Let n be the number of shot in each side of each base. 
Then, by (2) and (1), 
» En(rn4t1)Qn+4+1) = 23-inn4+1)(m4 2). 
Canceling equal factors, 2n+1= 23(n +42). 
BS Opis ee 

Hence, the number of shot in the triangular pile is 

Sig =}4-12-138-14 = 364, 

and the number of shot in the square pile is 
Sjo = 3-12-18. 25 = 650. 


11. Let n be the number of layers, or the number of oranges in each side 
of the bottom layers. 
Then, by (2) and (1), 
dn(n+1)(2Qn+1) 
n(n +1)(2n 4 1) 
n(n+1)(2n+1—n-—-2) 
n(n + 1)\(n—1) = (n—1)(n)(n4+ 1) =7-8-9. 
Sh ses 
Hence, the number of oranges in the triangular pile was 
Ss =1-8-9-10 = 120, 
and the number of oranges in the square pile was 
120 + 84 = 204, or Ss; =1-8-9-17 = 204. 


$n(m+ 1)(n 4 2) + 84. 
n(n +1)(n+2)+7-8.9, 
7-8-9. 


Hol 


12. ‘The number of oranges in the triangular pyramid is, by (1), 
Son =E(2n)Qn4+ 1)\(Qn+2)=4nQn+ 1)(n +1). 
Hence, the number of oranges in.each square pyramid is 
} Son = $n(2n4+1)(n4+1) = tn(n+1)2n+4+1). 

But the last formula is identical with (2), the formula for the number of 
shot in a square pyramid having n shot in each side of the base. Hence, 
the fruit seller must use n2 oranges for the base of each square pyramid. 

Any triangular pyramidal pile of shot having an even number of courses 


may be divided into four equal square pyramidal piles having half as many 
courses as the triangular pile. 
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2. Series, 3.1416, 12.5664, 28.2744, 50.2656, ~ 78.6400 
Ist diff., — 9.4248, 15.7080, 21.9912. 98.9744 
2d diff., 6.2832, 6.2832, 6, 2832 


Therefore, a, = 3.1416, d, = 9.4248, dz = 6.2832. (1) 
Next take the volumes. 
Series, 5236, 4.1888, 14.1372, 33.5104, 65.4500 


Ist diff., 3.6652, 9.9484, 19.3732, 31.9396 

2d diff., 6.2832, 9.4248, 12.5664 

3d diff., 3.1416, 3.1416 

Therefore, —a; = .5236, d, = 3.6652, dy = 6.2832, ds = 3.1416, (2) 

To obtain the surfaces substitute 3.1, 3.2, and 3.7 successively for n, and 
also the values in (1), in formula (4), § 616. To obtain the volumes, substi- 
tute the same values of n, and also the values in (2), in formula (4), § 616. 

The results are as follows : 


Diam. 3.1 Sede te Oak | 

Surf. |30.1908 | 32.1700] 43.0085 | ° 

Vol. | 15.5986 | 17.1573 26.5219| 
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3. Series, 7.0472987, 7.0540041, 7.0606967, 7.0673767, 7.0740440 

Ist diff.,  .0067054, 0066926, .0066800, — .0066673 

2d diff., — .0000128, — .0000126, — .0000127 

The differences beginning with the third are so small that they may be 
neglected without affecting the result to seven decimal places. 


Regarding 350.6 as the 1.6th term of the series, by (4), § 616, 


W/350.6 == 7.0472987 + .6(.0067054) + *°(=-4) (_ 0000128) = 7.0513235, to 
seven decimal places. [2 


4. Series, .001379310, .0013698638,  .001360544, .001351351, .001342282 

Ist diff., —.000009447, —.000009319, —.000009193, —.000009069 

2d diff., .000000128, —.000000126, —.000000124 

The difterences beginning with the third are so small that they may be 
neglected without affecting the result to nine decimal places. 

Regarding yi, as the (382)th term of the series, by (4), § 616, 


rhe = .001379310 + 2.2(—.000009447) + @:2) 2-2) ( p99000128) 
es 


= .001358696, to nine decimal places. 
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2. Assume 1424+3+4+--4+n=A+ Bn + Cr? + Dr?+-, (1) 

and 1424+34--+n4+(n+1)=4+ Br4+1)+ Cirn+1)? 
+ Din +1)? +--+. (2) 
Subtracting (1) from (2), 
nt+1=B4+C2n4+1)+ DGBn?+38n41) ++. 
Equating coefficients of like powers of n, i ; 
B+ C=1, 2 C=1, and D and all succeeding coefficients vanish. 
..C=tand B=}. 

Hence, 1424+34--4+n=A+in+in?. 

When n = 1, 1=A+4+4+}h. pe Ag— 02 

Hence, 1424+34-.-+n=tn+)inr=in(n+1). 
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8. Assume 13 + 28+ 33+ +--+ 


n8 = A+ Bn+ Cn?2+ Dn?+ Ent+---, (hy 
and 13423 4+..+n3+ (n+1)?= 


+ 
A+ Bin +1)+ C(n+ 1)? 

+ Din+1)?+ E(n+1)*+---. (2) 
Sed ates @) from (2), 


8n2?+8n4+1=B+ CQn4+1)+DGn?+3n+4+1) 
+ #(4n?+ 6n?+4n4+1)4+--. 
Equating coefficients of like powers of , 
B+C4+D+F=1,204+3D4+4#F=3, 3D+6H=3,4#=1, and all 
coefficients after # Milas 


eri D = eo C—O 
Hence, eee +n?=A+in?+ini+int 
When n = 1, 1=>A+}+34+4. «.A=0. 
Hence, 13423438 4.. -+ ne =in?+ini+int= 3 n(n+4 1)?. 


4. Assume 1! + 24+ ---+nt=A+Bn + Cn?+ Dn?+ Ent+ Fn? + -- (1) 
and 14+ 24+4...+4 Be ee Hee nee 1)4+C(m+ 1)24+ D(n + ils? 
Cn 1) t- Be ad e ee (2) 
Subtracting (1) from (2), 
nt+4n2+6n2?+4n4+1=B4C(2n4+1)4+ DGBn?4+ 38n+4 1) 
+ £(4n2+6n2+4n+1)4+ Fb n*+ 10n? + 10n?+ 5n+1)+-- 
Equating coefficients of like powers of n, 
6F=1,4#+10F=4, 3D4+6#+10F=6, 204+8D44#+4+5F=4, 
and B+C+D+ B+ F=1. 
F=1, E=}, D=}, C=0, B=—%, and all coefficients after F 


Hence, 1#4 244-4 nt=A—Antinitint+ini 
When n= 1, =A-—At+t4+}41 . =0 
Hence 1#+ 244.-.4+ nt=— Apn+tntintiini 

= gy n(6 nt + 153+ 10n?—1 


Fo r(rn+1)2n+1)B8n?+3n—1). 


5. Assume 124 32 + 52+ EON ee CS a mace en) 
and 12+4 32+.. e@n = 1d +(2n+1)2=A Bie eae ape 


+ D(n+18+ (2) 
Subtracting (1) from (2), 
4n?4+4n+1=B+CQn+ 1)+ D(8n?+38n+1)4. 
Equating coefficients of like powers of n, 


3D=4, 20+3D=4, B+C+ D=1,and all coefficients after D vanish. 
. D= 4, G0; B=-}. 


Honea: 243245 toe +(2n—1)32?=A—Itn4+ sn’, 
When n= 1, 1= A-t+4 i. Ar 0) 
Hence, 17+ 32+ 52+4-..4(2n —1)2=—1n+ 4n8=bn(Qn4+1)(2n—-1). 
2. Gencral term!= a 1 ). 

; m(n+2) 2\n n+2 

1 1 1 1 


., ats Geigpal seh tat a a 
IPA ae! 3.B. ate 2a) 


me LPT: AVG Vid. Net LP sai 
ay SS + ia uaa a pets eee ee [ere 
4 : s He As: 3)+ eat 3) 


4 

1 1 1 i 
tapi terfa —.) 

4°65 ee 
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1 1 1 1 
= -=(1+= ete Be 

‘| *5 n+1 a) 
=3(5 _ 7 ats) the sum to n terms. 

2\2 (n+1)(m+2) 


AS n = 0, this sum approaches 3 as a limit. 


i os a 
n(n ao, n n+3 


8. General term = 


3 3 
145 2 = 3. 3.6 n(n + 8) 
Zag Oige tA ets eeee  ee 
= (7 +s eleka a oe a 
Zane acs Gane 
iota Laie Be ee 
Singin lsat Ve a! 
4 6 nn wel nt 8 
eel 1 1 1 
=1+-—-+- EE ROS 
asics n+1: n+2- aes 
Lie 3 n? + 12+ 11 


== +-—_, the sum to » terms. 
6 (n+1)(r+2)(n 43) J 


As n =o, this sum approaches 3} as a limit. 
4 


4 1 1 
J 1 — a SE 
ae o er n 1) en ts) 2h 1 2v+8 
4 4 4 4 
a ESS ——— +... + ——____——,.. 
aa a (Qn—1Q@n+3) 
aries pet Peal: ied pe ak | ) 
SG ee hae Gas 2n+38 
ite) mee 1 
BES teeta fa S e 
SEES In ently allt ee Oita 5 eae 
Bal, Qn—-1 2n+1 2n+8 
1 yale et 
tts Qn+1 2n+8 
_4_ —4(m+1)__ the sum to n terms. 
3 (2n—1)(2n+38) 


As n = ©, this sum approaches 4 as a limit. 


3 1 Dee (pueda nee 2 ie 
5. General term = om 73 (da FI eT 
1 1 1 1 
ee et ee 
R557 7-9 (2n + 1)(2n +8) 
L/L tiled eee 43( cs 
Bie ele ae tee ate 2\29n+1 2n+38 
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, the sum to » terms. 


Voy, Gera] 1 
a ee 
1 eset 1 it 
a ee em 
ay eae 
=3(5 2n+3 
1 1 
6 


~ 2(2n + 8) 
AS n = , this sum approaches } as a limit. 


2 Dee Lae = 
6. General | fairy 2 SS : 
(n+ 1)(n+ 4) laces n+4 
2 - 2 2 2 fe hes 2 
eee ay ee: (n+ 1)(n +4) 
SED Ue Wig Mat coe avail. 
Eyres aia 
2 nt 1 tat 1 
ae eee aaa Se aos —— 
al ace u n+1 retaotteae 
Sa re Tega i as 
Saleen n+2 n+3 <r 
229 3 n2+18n + 26 | : 
3112) (n+ 2)(n+3)(n +4) 


As n = », this. sum approaches +3 as a limit. 


7. General term =(— 1)n-1___2_ = yn in: 
es a: n(n + 2) ) ee ae 
2 Bike 2 
. _ + eee ])n-1 
133 224 3.5 ee n(n + 2) 


=(-$)-(b-t)e(b-g) rota 


tee 
2 4 
Le eee eae 1 
se mr eles a — P\nab (r= 
Pes) Pe ane a (3) 
neat 
4 6 


gtao ptt pen(-by 
3 Mant linLge 
1 1 m 
== —])r-1 ne ee 
2 se, ea zs) 
segs 


Cnet ba 


~ Hence, when n is even the sum to n terms i is Pie ici, ee ea S when nis 
1 2 (n+1)(n+2) 


M+) @ 4d) ia ote is 
As n = w, the sum ee He yasalimit. | 


odd the sum to » terms is d ar 
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Page 550 
1. Let. 24+ Loso)n., 


Patel ne 


| oD 

—~4|—7 : 5 

= 3 |= 5 3 7 

—2/-—8 4 9 “x 
—1)s-1 ice) oe) 

0 I 


The graph of 2% + 1 crosses the X-axis 
between 0 and —1. Hence, the root of 
2x+1=0 lies between 0 and —1. Try 


x=—}. When x=—}, 2%+1=0. Therefore, the root is —4. 
2. Let 2? 524+ 4=/(a). 

“| f@)| 2% |S@ 

—o | 0 3 | —2 

—1T | 10 34 | —1} 
0 4 a 0 
4] wi 44) 4 
1 0 5 4 
14|/-14] 6 10 
2 |-—2 i) oo 
24 | —2} 


The roots of z?—52+4=0 are evidently 
1 and 4. 


8. Let 22?—62+ 9= f(z). 


e | f(r) 2 |S) 
—0o | © 33 ; 
—1 16 4 i 

0 9 6 4 

1 4 Gr alee’) 

2 ih if 16 

24 4 oo 20 

3 Om 


Since. the. graph touches the X- axis: at 
x pers but. does not cross it, the equation 
72—62+9=0 has two roots each equal 
to 3, 
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4 Let 1—2= f(z). 
© |f@ 


| 


0 1 
+4 $ 
Lit Mo 
+2)-— 8 
+3/;—-— 8 
+4) -—15 
+o0!]—o 


The roots of 1—«#?=0 are evidently —1 
and 1. 


5. Let 2? —-2x—1=/f(2). 


« |f@)|_« |s@) 
—o | 0 13 |} — 13 
—3 14 2 };-1 
—2 7 22 4 
-—1 2 38 2 
—+ i 4 7 

0 |-1 5 14 

4 |—18] « io) 

1 |-2 


The graph of x2 — 2 x — 1 shows that 
the equation 22—-227—1=0 has a 
negative root a little greater than — 2 
and a positive root a little less than 24. 


The’ graph of «?+ 4 does not cross or 
touch the X-axis. Hence, both roots of 
a?+4=0 are imaginary. 
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7 Let 8 —62?+4 lla—6=f(x). Y 
_«@ | f@) jz | s@) 
—o/|—o 2:2 | —.192 
— .5 |—13.125]| 2.5 | — .3875 
0;— 2.6 | — .3884 
.56|/— 1.875]] 3 0 
1 0 8.5 1.875 
1.4 .384|| 4 6 
1.6 .875 || 4.2 8.448 
1.8 .192 ||, o oo) 
2 0 


The roots of «® —622+1l%—6=0 are 
evidently 1, 2, and 3. 


Y’ 
8 Let 28—7x2+6= f(x). 

x | f@) | «@ | S@) 
—o |—o 0 6 
—3.2|—4.368]] .5 2.625 
=—3 0 1 0 
—2.7|-°5.217|| 1.5 |—1.125 
=2 12 1.6 |—1.104 
—1.6| 13.104]| 2 0 
—1.5| 13.125]| 2.5 4.125 
—] 12 3 12 
— .5| 9.376!| @ oo 


The roots of x8?—72+6=0 are evidently 
— 3, 1, and 2. 


9. Let at — 923 + 22 2? — 32 = f(x). 


x I(*) xe | fe) 
—o co 2 0 a, 
—1.2!| 17.8056} 2.7 4.3771 ae 
—1 0 3 4 
— .7|—17.8929|| 3.3 2.7391 
~— .4|—27.8784|| 3.6 1.1776 
— .2/—31.0464 || 4 0 
0|—382 4.4 2.0736 
.2|—31.1904 || 4.6 5.2416 
.4|—29,0304 || 5 18 
i |j-1 (oe) oa) 
1.4|]— 9.7344 


There are four roots, —1, 2, 4, 4, two 
of which are equal. 


Key Adv. Alg.— 29 
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2. Let 2G oe 
Then, S(@# +h) — ay ae —2¢=2h. 
A + 2 — f(x) 
Taking the limit as h = of AEG) eae 
3. Let 2%+1=7(£). 
Then, Se +h) — f(x) =(2@+h) +1] -@r4+1) =2h. 


Et = JO) 9 


Taking the limit as h = a LN SS 


4. Let a? — 8x = f(x). 
Then, S(*« +h) —f(x) = te + ns 3h + h)] — (2? — 82) 
ha + 


, LO£®) $e) ta) ats 5 
Taking the Hit ash = J (ej 2 — 8: 
Again, S'(@+h) —f'(#) = na aairk (2% — 8) =2h. 
Ca Oe C2 ee 


h 
Taking the limit as h = 0, f’"(«) =2. 


5. Let x? -8x%+ 16 = f(x). 
Then, Se +h) —f(e) = ((a@ + h)?-8 (a . h) + 16] 
— (2 — 84+ 16) 
=2ha+ h?—8h. 

The rest of the solution is the same as that of Ex. 4. 

Hence, ies os =2a—8 and f'"(#) =2. 

6. Let 3—2¢ (Cee 

Then, fe +h) mr = S$ Ges ie (e+ hy] 
— (8 — 24 — 22) 
—2h—2hxe —h?. 


» Et —f@ = (ay 2a — h. 


Taking the limit as helo. LQ) = 
Again, ie et etal 2—2(n+h)] —( :2 — 4%) = Zhe 
seh) ey ae. 


h 
Taking the limit as h = 0, f(x) = 


7 Let mies anne ae 

Then, Je +h) — f(x) = [(e+h)F +9 (a+ h)2+23 & +h)+151 © 
— (a8 + 9 a? + 23 4 + 15) 

= Shar + Zh%x + hd + 18 he + 9h? + 98h, 


fe+ 3) = SI) 352 + Bho + AB 4 182 4 On 4 28, 


Taking the limit alla a! = é, J'(%) = 8224 18a + 23. 
Again, 1 (al ae SF (&) = [8 @ +h)? + 18 (@ + hy + 28) 
— (8a? + 18% + 23) 
6he + 3h? + 18h. 


oak T 
fe+w FX) secacueae 
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Taking the limit ash =0, f'(@) =6a +18. 
Again, S'@+h)—-f"() = 4 (@ + h) +18] = (6x4 sj) = Gh. 
Ley MG) = | 


h 
Taking the limit ash = 0, f’/"(a) = 6. 
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1. Let 


ee , 
f"@) = —2)(@-3)E @ Dee UC Rae) 
+@-ne— Hd Sones 


= (= 2(@ — 3) + oe 1)(@ — 8) + (@@ — 1)(@ —2) 
=3e=12¢4 


Or, expanding f(x), 
(@ —1)(@—2)(a —38) = a4 —62? 4114-6. 


Hence, '(@) S da? — 12'a + 11. 
2. Let 
(x — 1)8(a + 2) = f(x). 
Then, f(a) = (a +2) AG Bays Ce ied (% +2) 


= = (a+ 2)8(e— 18+ (a —1)8-1 
= («4 —1)?(4x%4 5). 


= (42 + 8) L(x 1)? + (2 —12 (4x +6) 


bet 2 » Ge 1)2.. ‘i 
= (@ — 1) 2x + 6). 


Again, SG) 


1_II 
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1. By Prin. 1, 22 — 5% +6 has one critical value, 6 — 43, or —4. This 
is a minimum, and corresponds to « = 3. fies 

2. By Prin. 1, «2+ %+ 30 has one critical values — 30 —}, or — 30}. 
This is a minimum and corresponds to « =— 4. : 

3. By Prin. 1, 342 — 4a — 15 has one critical value, — 15 — +§, or — 16}. 
This is a minimum and corresponds to x = 

4. Since x? is positive for all real values of x, the least value of x? + 4 
occurs when x = 0. Hence, the minimum of x? + 4 is 4. 

Hence, Prin, 3, — 4 is a maximum of — (a + 4), or of — a —4. 

Or, by Prin. 1, — x? — 4 has one critical value, — 4+ 9, or —4. This isa 
maximum and corresponds TOnE 105 

5. ae sum of the factors of (« —3)(7— 2) is 4, a constant. Hence, 
Prin. 6, ($)?, or 4, is a maximum of the function. 

6. The sum of the factors of (1 + ry (3 = ) is 2, aconstant. Hence, 

Ap 

Prin. 6, (#)?, or 1, isa EEE of the yee ot 

7. The product of the terms of x +4 -isll,a ponetane. ‘Hence, Prins/, 


2 is a minimum and — 2 is 4 maximum ot the function. (See figure, § 653. ) 
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8. By Ex. 7, 2 is a minimum, and — 2 is a maximum, of « + *. ’ Hence, 
Prin. 2, 2+ 2, or 4, is a minimum, and — 2 + 2, or 0, is a maximum, of 
a+ i! + 2. 

Graphically considered, adding 2 to ne is equivalent to moving the 


X-axis downward 2 units parallel to itself. (See figure, § 653.) 


Page 561 
2. Let we —6e2+4+1ll“e¢—6=f(x). 
Then, Sf' (x) = 3a? —124+411, 
and fi Gye — 12: 
To find the critical values of f(x), put f/(x) =0. 
Then, 8a? —12%+11=0. é 
Solving, e = 2—1V3, or2+4v3 


= 1.423, or 2.577, approximately. 

The first of these values makes f'’(x) negative, and the second makes f!' (2) 
positive. Hence, the first value corresponds to a maximum, and the second 
toa minimum, of f(z). Substituting these values of x in f(a), 

f2-—4V8)= 3V3= _ .885-, a maximum, 

and f(2 + 4V8) =— 3V3 =— (.385-), a minimum. 

It is evident that f(— ©) =— o and f(+0)=+.. Also, since f(x) is 
a rational integral function of x, the function is continuous. 

Hence, the function is an increasing function for all values of x up to 


2—4V3, then a decreasing function for values of x between 2—1V3 


and 2 + 4V3, and thereafter an increasing function ; and since the function 
is continuous, its graph must cross the X-axis between S(— ©), which is 
negative, and the maximum .385-, which is positive, again between the maxi- 
mum and the minimum, which is negative, and finally between the minimum 
and f(+ 0), which is positive. These intersections give three real roots of 
the equation f(z)= 0. By trial they are 
found to be 1, 2, and 3. 

The following values are suitable for 
plotting the graph : 


ae 


Sd S(#) 
— .5 — 13.125 
0 —6 
5 — 1.875 
1 0 
1.423 .885, max. 
2 0 
2.577 — .885, min, 
3 0 
3.6 1.875 
4 6 
4.2 8.448 


ioe) i.e) 
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3. Leta?+1=f(x). 
By Prin. 1, this function has only one critical value, 1 — 9, or 1, a minimum 
corresponding to x = 0. 
It is evident that f(— 0)=+ 0 and f(+ ©) =+ 0; also that the func- 
tion is continuous, being rational and integral with respect to a. 
Hence, the function is a decreasing function for negative values of x, and 
an increasing function for positive values 
of x. But since f(x) is never less than the i 
minimum 1, the graph of f(x) does not 
cross or touch the X-axis; that is, f(x) = 0 Be 
has no real roots. Hence, both roots are 
imaginary. ; 
The following values are suitable for plot- 
ting the graph: 


x S@) 
[e2) 
10 
5 
2 
1} 
1, min. : 


4. Let x? —10%+25=f (x). 

By Prin. 1, this function has only one critical value, 25 — 19°, or 0, a mini- 
mum corresponding to « = 4,2, or 5. 

It is evident that f(— ©)=+o and f(+o0)=+4 0; also that the func- 
tion is continuous, being rational and integral with respect to x. 

Hence, the function is a decreasing function for values of x less than 5 and 
an increasing function for all greater values. 

Since f(5)=0 and f(5) is also a minimum, less than either f(5 — h) or 
f(& + A) however small h is, the equation f(a”) =0 has two roots each equal to 5. 

The following values are suitable for plotting 


the graph: Ng 
wz | f(%) 
—eO (ee) 
1 16 
2 9 
3 4 
4 1 
43} 3} 
5 0, min, 
53| + 
6 1 
if 4 
8 9 
9 16 
(o-) (o) 
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5. Let w—Tx+6=f(x). 
Then,’ f'@Q= 327 7; 

and Pile) = 61x, 
To find the critical values of f(x), put f'(x)=0. 
Then, 3a2—7=0. i 
Solving, x =— 1V21 or iV21 


= — 1.527 or 1.528, approximately. 


The first of these values makes f/’(«) negative and the second makes f!!(x) 
positive. ; 

Hence, the first value corresponds to a maximum and the second to a 
minimum of f(z). 

Substituting these values of « in f(x), 

S(—4v21)= 1¢V21 + 6 = 13.128+, a maximum, 
and f(¥V21) =— 14 V21 + 6 =— 1.1284, a minimum. 

It is evident that f—(0)=— w and f(+x)=+ o. 

Also, since f(x) is a rational integral function of 2, the function is con- 
tinwous. 

Hence, the function is an increasing function for all values of « up to 
+4¥V21, then a decreasing function for values of x between — }V2i and 
}V21, and thereafter an increasing function; and since the function is 
continuous, its graph must cross the X-axis between f(— 20), which is 
negative, and the maximum 13.128+, which is positive, again between the 
maximum and the minimum, which is negative, and finally between the 
minimum and f(+ 0), which is positive. 

‘These intersections give three real roots of the equation Sie) 0; 

By trial, they are found to be — 3, 1, and 2. 

The following values are suitable for plotting the graph: 


G f(@) x |__ ft) 
— 2 —«o 0 6 
—3.2 | —4.368 5 2.625 
—3 0 1 0 
— 2.7 5.217 1.528 |—1.128, min. 
—2 12 2 0 
— 1.628] 13.128, max. || 2.5 4.125 
-—1 12 3 12 
— .6 9.375 ee) we) 
6, Let xt —5a2+4 = f(x). 
Then, J! (a) = 443 — 102, 
and ef AGO) eli eee: 
To find the critical values of J (x), put f’(x)= 0. 
Then, 423 —10”%—0. 
Solving, r=—4£V10, 0, 4V10 


=— 1.581, 0, 1.581, approximately, 
The first and third of these values make f''(«) positive and the second 


makes f'"(@) negative. Hence, the first and third values correspond to 
minima, and the second to a maximum of oe : 


561] FUNCTIONS OF A SINGLE VARIABLE 455 


+ Substituting these values of x in f(x), 
S(— £V10) = — 2.25, a minimum, 
S(O) = 4, a maximum, 
and f(2V10) = — 2.25, a minimum. 
It is evident that f(—»0)=+oand f(+«)=+o. Also, since f(a) is a 
rational integral function of x, the function is continuous, 
Hence, the function is a decreasing function for all values of % up to 


—1iv 10, then an increasing function for values of z between — }V10 and 0, 


then a decreasing function for values of « vetween 0 and 310, and there- 
after an increasing function. 

Since the function is continuous, its graph must cross the X-axis between 
f(— ©), which is positive, and the minimum — 2.25, which is negative, again 
between this minimum and the maximum 4, which is positive, again between 
the maximum and the next minimum — 2.25, which is negative, and finally 
between this second minimum and f(), which is positive. 

These intersections give four real roots of f(*) = 9. . 

By trial they are found to be — 2, —1,1,and2. . . 

The following values are suitable for plotting the graph: 


8 


f@) 
oo 


11.8125 
5.5341 
0 
— 1.7024 
— 2.25, min. 
— 1.5939 
0 
2.8125 
3.8016 
j 4, max. 


CO or 


wo 
Se 


ie bae Raye eee ee 


HEHE He HEHE HE HE HE HEE 


Cowen 


4 


jaeluet 2+4e4= f(x). 

Then, SC nL ee ara 

Since f(«) is the sum of two variables whose product is 4, a.constant, — 4 
is a maximum and 4 isa minimum of the function (Prin. 7). 

Since f/(x)= 0 as # = 0, the function is discontinuous jor“x=0. For all 
other values of «, however, the function 1s continuous. 

It is evident that f(— 0)=— » and f(+ o)=+. 

Hence, the graph of f(a) has two branches, one in the third quadrant cor- 
responding to negative values of «x, the other in the first quadrant correspond- 
ing to positive values of x. ; ; 

In the third quadrant the function éncreases continuously from — o to its 
maximum, — 4, and thereafter decreases without limit as x = 0; in the first 
quadrant the function decreases continuously from « to its minimum, 4, and 
thereafter increases without limit, as = 0. ; ; Fs 

Since f(z) has no values lying between its maximum, — 4, and its mini- 
mum, 4, the equation f(#)=0 has no real roots. 
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The following values, in which the upper-and lower signs correspond, are 
suitable for plotting the graph :. 


¥ 
a | f(#) 10 
+o + 0 
SE Sa ie Oe 
+6 | 46% ; 
+5 |4+5.8 
+4 {+5 
ae + 44 
12 +4 5 ee ee CRT GI 
Eh hbo : 
+ .8)+5.8 - 
+ .6] + 7.22 = 
+ .6/4+8.5 
+ 3/4124 
+ Olio —10 
Se 
8. Let JS(2) =ax+b 
be any function of the first degree in x. 
Then, J'(&) =a, a constant. 


Hence, § 634, f(«) varies uniformly with x, so that every increase in x 
produces an increase a times as great in ST(«). 

There is no value of x, then, at which, as increases, J(x) ceases to in- 
crease and begins to decrease, or vice versa ; that is, a function of the first 
degree in x has no critical values. 

Let f(z) =ax+b=y, and let Py, 
Pe, and Ps be any three points on the 
graph of ax + b. 


Then, | Yi = ax +b, (1) 
Y2 = xt2+b, (2) 
and Ys = axg+b. (8) 
By (1) and (2), oe =a. (4) = 
Ys — 
By (1) and (3), oe = a. (5) 


Now in the figure, yo — y, = MP» 
and 2% — @% = P;Mbp, sides of a right 
triangle P,M2P2, if a straight line is 
drawn from P, to Ps, Also y3 — ¥1 = MgPs and 23 — 2% = P, My, sides of a 
right triangle P, M,P3, if a straight line is drawn from P, to P3. By (4) and ° 
(5), the ratio of the altitude to the base in each right triangle is a, a constant. 
Hence, these triangles are similar, and since P,;My and P;M, lie in the same 
straight line, P,P. and P,P lie in the same straight line. 

Since P;, P2, and Ps lie in the same straight line and are any three points 
of the graph, the graph is a Straight line. 

Hence, the graph of any function of the first degree in is a straight line, 
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2. f(r) =e 4+ a2 5x43, f(x) = 322 +22 —5, f(x) = 6a 42. 


x SiO iOREae) x SF (x) Fe) | I'(®) 
—o —oo © —o Be 4,032 = 
—3.5 —10.125 0 3 — 6 y 
—3.3 — 56,547 5 .875 — 3.26 
—3 0 16 il 0 0 8 
—2.5 6.125 8.75 1.5 1.125 4.75 
—2 9 3 —10 2 5 11 14° 
age 913 0 ag 2.4 | 10.584 
—1.2 8.712 | —3.08 24 16 16 
—1 8 —4 — 4 ai 16.4738 
— .5 5.625 (oe) 20 roe) 2 
-} —5} 0 


It appears from the graphs of f(x) and 
its derived functions that f(«) =0 has 
two roots equal to 1 and that f’(#)=0 
has one root equalto 1. ‘The reason for 
this is that the roots of f/(«)=0 always 
correspond to critical values of f(x). 
In this case 1 is a root of f’(%)=0, and 
therefore corresponds to a minimum of x 
f(«). Since this minimum is 0, f(%)=0 
has two equal roots, x = 1. 


ow 
+ 
3 
AN 
8] 
> 
0's 
THEORY OF EQUATIONS 
Page 565 
1. 1+1— 8-17-30 [8 1+1-—38-—17—-30|-—2 
8 + 12 + 27 + 30 —242+ 2430 
14+4+ 9410 1—1-—-1-15 


In the first case the quotient is 23 + 442+9%-+ 10 and in the second it is 
2 — 42 —2%—15. The division is exact in both cases. 


2. . 144-640-1421 Vad — 6+ 0'— 14+ 2[(=1 
14+5-—1-1-2 —1-—849—-— 9410 
14+5-1-1-2 1+443—9-+9 —10 | 12 


In the first case the quotient is a + 5a —a?—a%—2 and there is no re- 
mainder ; in the second case the quotient is s+ 382>—9 a2 + 9” — 10 and 
the remainder is 12. 
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Page 566 
3. 2— 7—16—1+4 382-10 |5 2.—7-—16— 1+4.382.—10 [1 
10 + 15 —5 — 30+ 10 2— 5—21 — 22+ 10 
24+ 3— 1-6+ 2 2= 6 —21 = 227410 


In the first case the quotient is 2 24 + 323 — 2? — 6+ 2 and in the second 
it is 2 a4 — 543 — 21 4? —-22%+410. The division is exact in both cases. 


4. .1/2-5+4+40— 224 21 
+2 4-—6 
—3 —2+3 
—8+412 
—10+4 15 


2—1—4—5]— 20 + 36 
The quotient is 2 73 — x? — 4.x — 5 and the remainder is — 20z + 36. 


2. 1—9-4+23 — 15 [1 
= 8-215 
1—8+415 


Cea Coe = E=iQs 
Hence, the roots és i 3, and 5 
3. 1— 10 +29~20 {1 
1— 9+20 
1— 9420 
Recs (x — 4)(a#—5)=0. 
Hence, the roots nee * 4, and 5 
4. 140-746 [I 
1+1-6 
1+1-6 
eae a ae x+3)=0. 
Hence, the roots are 1, 2, and — ( ) 
5.. Chen 4+12|-1 
—l+1+4+ 8-12 
s1-1—8 +12 |2 
2+2-—12 
: te 
ere =(%—2)(4+3 =O 
Hence, the roots are — 1, 2, 2, eo Ys ate 
6. 1—10 + 33 = 36 [8 
3 —21 +436 
ede 7+12 
a#+12= “a—3 —4 = 
Hence, the roots ee 8, and 4. ‘ Me phceh: 
ui 1— 94214 1—30|-1 
= 1+10—31+4 930 
1—10+4 31 —30 |2 
2—16+4 30 , 
1— 8415 


; —82 Hr b=aCo3\e> 5) —o 
Hence, the roots as. = 1,25) 8; a ie 
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8. sa i 5 23H 6 412 
; — 5+ ee ee ae 
SS CSV IeS we 
—10 +34 — 12 
d-—17+6 


ba? — lie +6=(@ — 3)(6«4—2)=0. 
Hence, the roots are —1, — 2, 3, and 2. 


9. 2=—1— 12-4 (ase Was 14a 
2a eae 1D 
2+t1—11—.44 12 |1 
Yereoi—— So — he Ee 
2+3— 8—12 |2 
: 4+ 14+ 19 2 


2074+ 7¢%+6= (4+2)(22%4+8)=0. 
Hence, the roots are, 1, 1, 2, — 2, and a. , 


Page 568 


1, Koei kas 78) = 0 
The coefficient of z* is 1; of #2, —1—2— 8, or —6; of x, (—1)(- 2) 
+ (— 1)(— 3) + (— 2)(- 83; or 11; the absolute term is (— 1)(- 2)(-— 3), 
or — 6, Hence, the reduced form of the equation is 
x3 ts end 


C2: ‘ (Ga) 8). 8) = 
The coefficient of a2 is 1; of #7, —2—3-—48, “OE — 10; of x, (— 2)(— 8) 
+ (— 2)(— 6) + (— 3)(— 5), or 31; the absolute term is (— 2)(—38)(— 5), 
or — 30. Henee; the reduced form of the equation is 
23 — 1022+ 31%” —380=0. 


3. ee ee ae 

The coefficient of x3 is 1; of #, 1+38—4, or 0; of x, 1-8+41(- 4) 
-- 3(-- 4), or —18; the absolute es is a ee “ or —12. Hence, the re- 
duced form of the equation is 22 — 18a — 12 


»4. (= 1)(e = Ye 4)=0. 

The coefficient of #3 is 1; of 7, — 1— 1 +4, or —$; of @, (—1)(- 1) 
+(— 14+ (—1)3, or 0; the absolute term is (- ee 1)4, or 4. Hence, 
the reduced form of the equation is 

yw — 8 o2? +1 =0. 
ahaiplyine by 2, the general form ot het equation is 
27 — sare h=0: 


ee Since (4 — V5) + (4-44 V5)=1 and. (4 — vONG V5) =}-— 5, or 
— 19, the quadratic equation whose roots are — 3+ v5 and — 4— V5 is 
g24+%—12=0,or4a2?+ 4a —19=0. 


44+4-19 
1—2 
4+4—19 
Se ea 888 
: Be Acid incatth 4, —4-— 27 + 38 : 
Hence, the equation whose roots are 2, — } + V5 is 


473 — 442 — 274-4 38 = 0. 


460 KEY TO ADVANCED ALGEBRA 
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6. Since (} —4V—3)4 (i + }V—8)=1 and G-—3V- 3)(4+4V—8) 


(— }), or 1, the quadratic equation whose roots are — 4+4V-3 and 


1 
nie 
—}-—}v- 8isa?7+2+1=0. 


1+1+4+1 
1-1 
14141 
Pete t! 
1+0+4+0-1 
Hence, the equation whose a are 1, ™ 44+i4vV-—-3is 
e—1=—0. 
Page 570 
2. Dividing by 9, w—fe+%=0. 
Represent the roots by a, 2 a, and b. 
‘Then, § 666, —3a—b=0, 
2¢+4+3ab=—3, 
and —2a2b= 
Solving (1) and (3), a= ‘and b=—1. 


These values satisfy Cu also. 
Hence, the roots are }, 2, and — 1. 


8. Dividing by 9, ee —82?+28e"4-—3=0. 
Represent the roots by a — d, a, anda+d. 
Then, § 666, —38a=-— 8, whence a=1, 


(a—d)a+(a—a)(a+d)+a(a+ dad)= 4%, 


and —(a —d)(a)(@a+d)=— §. 


Substituting (1) in (8), d=+ 2. 
The values a = 1, d=+ 2 satisfy (2) also. 
Hence, the roots are }, 1, and 3 


4. —12%+4+16=0. 
ree it roots by a, “e eo b. 
Then, § 66 —2a—b=0, 
a+2ab=— 12, 
and — b= 16. 
ene (1) and (2), a=2or —2, 
an b=-—4or4. 


The first values of @ and 6 satisfy (8) also, but the second values do not, 
and are to be rejected. 


Hence, the roots are 2, 2, and — 4, 


5. Dividing by 2, a2! — 743 — 322 + 22%—20=0. 
Represent the roots by a, a, a, and b 


Then, § 666, —8a—b=— ’ 
304 3ab=—3, 
— 8 — 3% = 22, 
and ab = — 20, 
Solving (1) and (2), a=2or —1}, 
and b=-— or! 


The first values of a and satisfy also (38) and (4), but the second values 
do not and are to be rejected. 


Hence, the roots are 2, 2, 2, and —. 
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6. Dividing by 72, a! + 323 — j,22-§4—-—4=0. 
Represent the roots by a, — a, b, and c. 


Then, § 666, —b—¢= $, (1) 

— a? + be =— a (2) 

ab + ae =— 3, (3) 

and — abc =— 4, (4) 
Solving (1), (8), and (4), @=+4, 24, 
b= 3)! ra) 
¢=—-}, - 2. 

Any set of corresponding values satisfies (2), the remaining equation, but 

inasmuch as all the sets give the same roots, take the first, a= 3%, b =— }, 

andc=— 8. Then, the roots are 


%, —%, —4, and — 3. 


7. Dividing by 6, . a —lie®+a—4=0, 
Represent the roots by as 4 yy a 
a-d aa+t+d 
1 il 1 11 
TI 666 SS 1 
sabe a-d a at+d 6’ @ 
1 1 1 
ee el 2 
dad) ahd ao fa) é @) 
i! i 

eee 3 
ae ; a(a? — d?) 6 @) 

Solving (2) and (8), a=2 and d=+1. 


These values satisfy (1) also, but all the roots are obtained by taking 
either value of d. 
Then, the roots are 1, 4, and 3. 


8. a8 4 pvt qe+r=0. 
Represent the roots by a, — a, and 5. 
Then, § 666, p=—b, Q) 
q=-@, (2) 
and i= 020% (3) 
Hence, T=) 


is the desired relation. : ; : 
The coefficients of 73 — 522 —4” + 20 = 0 satisfy this relation. 


Hence, by (1), (2), and (3), 
b=—p=-(—5)=5, 
and a=V—G=V4 =+2. 
Hence, the roots are 2, — 2, and 5. 


Page 572 


2. Since 3 + V2 is a root, 8 — V2 is a root, and 
(2 —3 —V2) (x —34+ V2), or #2 —62+7, 
is the quadratic factor corresponding to these roots. The other factor of 
243 —1142+8x+4+7 is 2%+41, giving — 3 for the corresponding root. 


Hence, the roots are — 3, 3 + V2. 
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3. Since 3 — V— 2 is a root, 3 + V— 2 is a root, and 
(2-8 4V=DG—3 ov — 2) ore bet 
is the quadratic factor corresponding to these roots. ‘The other factor of 
203 —1lla?+ 16x2+411 is 2x+ 1, giving—3 for the corresponding root. 


Hence, the roots are — 31,34 V—2. 


4. Since }(3 + V—3) is a root, }(3 —V—3) is a root, and 
[x —-41(8+V—3)][x —1(8 —V—3)], or 22-3248, 
is the quadratic factor corresponding to these roots. 
1jl1—2-—-1+46-38 
+3 3—8 
—3 3-3 
—3+3 
l1+1-—-1{0 0O 
Removing the factor «2? — 3+ 3, the depressed equation is 
v+2—1=0. a 
Solving, __#=}(—14 V6). 
Hence, the roots are $(3 + V—3), 4(—1+V5). 
5. Since — 4(1+ V—38) is a root, — 1(1 — V—3) isa root, and 
[e+ $1 +V-—3)](#+40 —V=8)], ora2?+4241, 
is the quadratic factor corresponding to these roots. 
1314+38454+4+42 


a ils eo 
vt =o =9 

=O 2 

14242 0,0 


Removing the factor 2? + « + 1, the depressed equation is 
e+t2e¢+2=0. 

Solving, Casal N/a 

Hence, the roots are —1(1+V—3), —14V—1. 


6. Since V—1 and V—1 are roots of the equation, —-V—1 and —V—1 
are roots also, and the factor corresponding to these four roots is 
(@—V—1)(@+V—1) (2 —V—-1)(#@+V—1), or at 422241, 
ae other factor of 245 — at + 423 — 992 +2x—1 is 2x—1, giving the 
root 4. 


Hence, the roots are 1, + V—1, +V—1. 
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6. 4e#+322-2249=0, 
Dividing by 4, vt+ 3a2-—1ly42—0, 
Multiplying the roots by 2, : e 

0. 


yt+38y2—4y4 36= 


in which y = 2-2. 
7. 16 #3 ~ 12¢24102—7=0. 
Dividing by 16, a — 392454 2 =0, 
Multiplying the roots by 4, 


y® —3y2 + 10y — 28-0, 
in which y = 4 x, : 
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8. Ari 8 eas ea 
Dividing by 2, oe —tot+hia 
Multiplying the roots by m, 

y— 7 ao 2, ll m? 25 m3 _ 


(ln Ea a 12 ean ee 24 
Substituting 6 for . yp — 14 y? + 33 y — 225 = 0, 
in which y = mz =64 


1 


ee — 4a 4- eae 
wmaltipiynig the roots a a 
2 2 Te 
2 54 


Substituting 6 for m, BS —3y%+15y — 28=0, 
in which y = mv = 64%. 


10. (x — 1)8(8« — 1)? = 50. 
Substituting y for 3a, or : for x, 


(§-1)'@— DP = Y — 89 — 1)? = 60 


in which y = 84. 
Clearing of fractions, (y — 3)?(y — 1)? = 1850. 
Reducing, y® — 11 yt + 46 y? — 90 y? + 81 y — 1877 =0. 


11. 5at+ 1a?+ .125¢+4+.2=0. 

Dividing by 5, at + .02 22 + 025% + .04 = 0. 

Multiplying the roots by 10,  y#+2y?+ 25y + 400 =0, 
in which y = 10¢. 


12. The three cube roots of 1 are the roots of 
iil, or of 22 + 027+02—-1=0. 
Multiplying the roots of ‘this equation by a gives 
ye +04 0y— a=), or y® = a8, 
whose roots are the three cube roots of @?. 
Hence, the three cube roots of a? are equal to a times the corresponding 
cube roots of 1, or toa, 4a(-14+V-—83). 
Putting 8, 27, — 8, and — 1 successively for a*, the cube roots of these 
numbers are found to be 


cube roots of 8, 2; A ea at eo as 
cube roots of 27, 3, §(—-14+V=3). $(-1-Vv-—8); 
cube roots of —8, —2, a =o. Lee Year 
cube roots of —1, —1, 1(1-vV—3), 40 +v—98). 
Page 576 
. —12 47 —60 3 
: ; on ie 
—9 20 | 0 
38 —18 
—6 2 
3 
—3 


Hence, the transformed equation, in which y = x — 3, is 
y~3y+2y=9, or y(y ~ 1)(y — 2) = 0. 
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[576 


To test this result compare the roots of this equation with those of the given 


equation. 


The above process shows that 3 is one root of the given equation 


and that the other two roots are the roots of «2 —9z + 20 = 0, which are 4 


The roots of the transformed equation are easily seen to be 0, 1, and 


2, each 3 less than the corresponding root of the given equation. 


and 5. 
3. 1 4 —19 
Be 3/18) 
—] oe 
3 6 
2 


46 
— 66 


120 |3 
— 60 L 
60 


Hence, the transformed equation, in which y = z — 8, is 
yt + 848 — y2 — 68 y+ 60=0. 


4. 3: —19 21 31 
9 ix = BO, ee ae 
= 10, eo 4 
ee ee eae 
SE CES Oe RS 
9 24 | 
8 | 12 
9 | 
= 


12 |3 
12 Le 
24 


Hence, the transformed equation, in which y = 2 — 3, is 
Byt + 17 y+ 12 y? — 82y + 24 = 0. 


5. 1 
9 
6. 


12 


— 2.75 


5 
18.75 
i) 19.25 
72.75 


45 [8 


57.75 
62.25 


Hence, the transformed equation, in which y= 2 — 3, is 
y* + 12 y8 + 51.25 y? + 92 y + 62.25 = 0. 

1. 1 9 29 39 18 |-—5 

-— 56 —20 — 45 30 

4 9 — 6 48 

— 56 3 5 — 70 

- 1 12 ho eo 

— 5 30 

-— 6 | 44 

-— 6 

—ll1 


Hence, the transformed equation, in which y = x + 5, is 
yt ~11y8 +4442 — 76 y 4+ 48. =0. 
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Page 577 
2. 1 20 1381 280 |— 
—5 —75 —280 oe 
15 = 86 0 
—5 —650 
10 6 
—5 


5 ; 
Hence, the transformed equation, in which y = x + 5, is 
y+ by?+ 6y¥=0. 


3. 1 6 10 9 4 |-65 
5 —-5 — 25 80 [a2 


— 5 45 
-— 9 70 
— 5 
—14 


Hence, the transformed equation, in which y = & + 5, is 
y* — 14y? + 70 y? — 116y + 84 =0. 


4. 1 15 71 105 |-5 


—5 — 60 —105 
10 21 0 
5 —25 
5 —4 
-—5 
0 
Hence, the transformed equation, in which y = x + 5, is 
yy—4y=0. 
Page 578 


3. Since the equation «3 as 1242 + 43% —40 =0 is of the third degree, 
and the coefficient of the second term is — 12, decrease the roots by 4, 


or by 4. : 
1 —12 43 —40 [4 
4 —382 44 
— 8 11 4 
4 —16 
—4 — 5 
4 
0 
Hence, ye—5y+4=0, 
in which yon —4. 


Key Ady. Aig. — 30 
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4. Since the equation «3 — 32? — 88« — 240 =0 is of the third degree, 
and the coefficient of the second term is — 3, decrease the roots by #, or by 1. 
1 U2 


ets — 88 — 240 
pa) Ee Ceol Ce ee 
A259) — 90 — 330 
1 — |l 
-—1 — 91 
1 
0 
Hence, y — 91y — 330 = 0, 
in which y=a-1. 


5. Since the equation «3 + 1542 + 68% + 96=0 is of the third degree, 
and the coefficient of the second term is 15, decrease the roots by — 42, or 


or by — 5. 1 15 68 96 |—5 
— 6 — 50 — 90 
10 18 6 
-— 5 — 25 
5 — 7 
=e: 
0 
Hence, y- Ty+6=0, 
in which y=x—(—5)=2+5. 


6. + a2—2=0. 
Multiplying the roots by 3, 43 + 3y? — 54=—0, 
in which SY. : 
Since the transformed equation is of the third degree, and the coefficient 
of the second term is 3, decrease the roots by — 3, or by — 1. 
i 3 0 — 54 |-1 
—1 —2 2 


2 —2 — 52 
-1 —1 


i —3 
-1 
: 0 
_ Hence, 2—32—562=-0, 
in which 2e=y-—(-l=y4+1=3241. 


a B+a27+27+2=0. 
Multiplying the roots by 3, y34+3y2+9y+54=0 
in which pS 3x. 
Since the transformed equation is of the third degree, and the coefficient 
of the second term is 8, decrease the roots by — 8, or by — 1. : 
9 54 |-—1 


ul 
—1 —2 — 7 
2 7 47 
—1 —1 
1 6 
—1 
0 
Hence, 82+4+62447=0 


in which 2=y—(—lh=y41=8241. 
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ee 203 —272?-—-2xe+1=0. 
Dividing both members by 2 and multiplying the roots by 6, 
: y® — 3 y? — 86 y + 108 = 0, 
in which = O0e 
Since the transformed equation is of the third degree and the coefficient of 
the second term is — 3, decrease the roots by 3, or by 1. 


1 -3 — 36 103.) 
1 — 2 — 38 a 
—2 — 38 | 70 
] -— 1 | 
-—1 — 39 
1 
0 
Hence, 2 — 39z2+70=0, 
in which ey — l= 69, —1., 


9. Since the equation t+ 448 — 742 —227+424=0 is of the fourth 
degree and the coefficient of the second term is 4, decrease the roots by 


— 4, or by — 1. 
1 4 -— 7 —22 24 |-1 
-1 — 3 LOM LZ 
3 — 10 — 12 36 
-1 — 2 12 
2 —12 | 0 
dee 14 
1 — 18 
-—1 
0 
Hence, yt — 13 y? + 86 = 0, 
in which y=x—-(—-)l=2£+1. 


The transformed equation may be written 
(y? — 4)(y? — 9 =(y — 2) + yy — 38) +38)=0. 
“ y=2, —2, 3, —3. 


Since «=y-—1, a=1, —38, 2, -—4. 


Page 581 


1. The signs of f(~) are +++++. 

Hence, the equation has no positive roots. 

The signs of f(— x) are + —-+-—4+. 

Hence, the equation has four negative roots or less than four. 

Since the equation has four roots, and the imaginary roots, if any, enter 
in pairs, all of the roots are negative, or two are negative and two are 


imaginary, or all are imaginary. 


2. The signs of f(x) are +——-+. 

Hence, the equation has two positive roots or less than two. 

The signs of f(— x) are +++++. 

Hence, the equation has no negative roots. 

Since the equation has four roots and the imaginary roots enter in pairs, 
two of the roots are positive and two are imaginary or all are imaginary. 
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8. The signs of f(x) are + — — —. 
Hence, the equation has one positive root or less than one. 
ions of f(— «) are + —+ -. 

Hades: the ae has three negative roots or less than three. : 

Since the equation has four roots and the imaginary roots, if any, enter in 
pairs, one root is positive and three are negative ; or one is positive, one is 
negative, and two are imaginary ; or two are negative and two are imaginary ; 
or all are imaginary. 

4. Removing the zero root, the depressed equation is 

+e8+a%+1=0, say f(@) =90. 

The signs of f(a) are + + + + and the signs of —f(—«) are+++4-. 

Hence, the equation f(x) = 0 has no positive roots and not more than one 
negative root ; that is, the equation has not more than one real root. ; 

Since the equation f(a) = 0 has five roots, and the imaginary roots enter in 
pairs, and since there is not more than one real root, the equation has one 
negative root and four imaginary roots. ; 

Hence, the given equation has one zero root, one negative root, and four 
imaginary roots. 

5. The signs of f(a”) are + — +. 

Hence, there are two positive roots or less than two. 

The signs of f(— «) are + + +. 

Hence, there are no negative roots. 

Since the equation has four roots and the imaginary roots enter in pairs, 
two of the roots are positive and two are imaginary, or all the roots are 
imaginary. 

6. The signs of f(a) are + — — and the signs of —f(— @) are + — +. 

Hence, the equation has not more than one positive root and not more than 
two negative roots. 

Since the equation has three roots and the imaginary roots, if any, enter in 
pairs, there are three real roots, one positive and two negative, or else only 
one real root and two imaginary roots. 


In the latter case, to find the sign of the real root suppose that a + b V—1 
and a -- b V—1 represent the imaginary roots. 

The product of these imaginary roots with their signs changed is 
(—a—bV—1)(—a+bV-—}]), or a+ 0%, a positive number. 

Since the product of the imaginary roots with their signs changed is positive, 
and the product of all the roots with their signs changed is the absolute term 


— 2, a negative number, the third or real root with its sign changed is negative. 
Hence, the real root is positive. 


7. The signs of f(#) are + — and the signs of f(— <x) are — —. 

Hence, the equation has at most one positive root, no negative roots, and 
at least four imaginary roots. 

Since the equation has five roots, not more than one of which can be real, 
and since the imaginary roots enter in pairs, there cannot be more than two 
pairs of them. Therefore the remaining root is real and positive. 

Hence, the equation has one positive and four imaginary roots. 

8. The signs of f(a) are ++ and the signs of f(—) are —+ 

Hence, the equation has no 
at least four imaginary roots. 


Since the equation has five roots, not more than one of which can be real, 
and since the imaginary roots enter in pairs, there cannot be more than two 
pairs of them. Therefore the remaining root is real and negative. 

Hence, the equation has one negative and four imaginary roots, 


positive roots, at most one negative root, and 


581, 582 | THEORY OF EQUATIONS 469 


9. If the terms of f(#) are all positive, f(~)=0 has no positive roots. If, 
in addition, each term of f(#) involves an even power of #, the terms of 
J(— ©) likewise are all positive, and f(”)—0 has no negative root. 

Hence, in this case all the roots of f(~) = 0 are imaginary. 


10. The signs of f(a) are + —. 

If n is even, the signs of f(—x) are +—. 

If n is odd, the signs of f(— a) are ——. 

Hence, by Descartes’ rule, if n is even, x —1=0 has one positive, one 
negative, and » — 2 imaginary roots; or else all the roots are imaginary. 

But all the roots cannot be imaginary when n is even. For each quadratic 
factor corresponding to a pair of conjugate imaginary roots has the form 

(e—a—bV—1)(@—a+bV—1), or a— 2ax + a + B, 
in which the absolute term (a@?-+-0?) is essentially positive whatever the signs 
of q@and b. Therefore, the product of all the factors corresponding to the 
imaginary roots has a positive absolute term, while the absolute term of 
x” — 1 is negative. ; 

Since all the roots of «* — 1 cannot be imaginary, and since there cannot 
be more than one positive and one negative root, if m is even the equation 
xz” — 1=0 has two real roots, one positive and one negative. 

Again, by Descartes’ rule, if n is odd there are no negative roots, and not 
more than one positive root. But since the imaginary roots enter in pairs, 
there is at least one real root. 

Hence, if n is odd, x” — 1 has only one real root, and this root is positive. 


Page 582 
2. Let f(a) = 24 — 8§ —8 274+ 52-2. 
Then, fi(@) =408 —38.227 —6245. 


The H.C. D. of f(x) and f!(x) is found to be ¢(#) =a? -2e+1. 

Put w%—2%+1=0. 

Solving, pial ly 

Therefore, 1 is a double root of f'(%)=0. 

Hence, Prin. 7, 1 is a triple root of f(#)=0. 

Removing the corresponding factor («—1)? from f(x), the other factor is 
found to be x + 2, which gives the root — 2. 

Hence, the roots of the given equation are 1, 1, 1, — 2. 


8. Let f(a) = 05 + Gat + 14.4% + 200? 4+ 24% 4+ 16. 


Then, f'(x) = 5 at + 24 a8 + 4202 + 400 4 24. 

The H.C.D. of f(«) and f(x) is found to be $(~) = 4? + 444. 
Put yt+4e+4=—0. 

Solving, e=—2, —2. 


Therefore, —2 is a double root of f’(x)=9. 
Hence, Prin.7, —2 is a triple root of f(a”) = 0. Pals 
Removing the corresponding factor (# + 2)3 from f(x), the equation Is 


depressed to the quadratic equation a? +2 = 0, whose roots are + Vv — 2. 
Hence, the roots of the given equation are — 2, —2, —2, + Waaaos 


4. Let f(a)= 2 — Tat + 1408-202 —- 15 a+ 9. 

Then, f(x) = 5 at — 28.08 + 42 a2? -— 44 — 15. A 
The H.C.D. of f(x) and f!(z) is found to be ¢(«)= ag? —4a% + 3. 
Put w2—447%4+3=0. 

Solving, Laaeo. 


Therefore, 1 and 3 are roots of f'(«)= 0. 
Hence, Prin. 7, 1 and 3 are double roots of f(«) = 0. 
Removing the corresponding factors (# — 1)2 (a — 8)? from f(@), the 
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remaining factor is found to be x + 1, which gives the root —1. Hence, the 
roots of the given equation are 1, 1, 3, 8, — 1. 


Page 585. 

1. Given ettoe+722?-8xe4—3=0, (1) 
whence et§— a3 +7474 8% —3=0 (2) 
is the equation formed by changing the signs of the roots. 

ia(@l)-Ne— Sand s7i—=15,0ec VN + 1=3, a superior limit to the positive 
roots of the given equation. ne : bee 

In (2), N= 38 andy=12 =: V/N+1=4, a superior limit to the positive 


roots of (2), whence — 4 is an inferior limit to the negative roots of the 
given equation. 

2. Given oe — 32% —622— 42 —8 =—0, (1) 
whence eo — 303 +60? —-14%7+8=0 (2) 
is the equation formed by changing the signs of the roots. 

In (1), N=14 and r=2 «. VN+1 =vV1441, which is =4 and <6. 
Hence, 5 is a superior limit to the positive roots of the given equation. 

In (2), N=l4andr=2, «. VN+1=V14 +1, which is > 4 and <5. 
Hence, 5 is a superior limit to the positive roots of (2), whence — 6 is an 
inferior limit to the negative roots of the given equation. 


8. Given a8 — 28 48 — 49 72 4+ 11224 182=—0, (1) 
whence x8 + 28 43 — 492 — 112 %+4 1382=—0 (2) 
is the equation formed by changing the signs of the roots. 

In (1), N=49 andr=3. «. VN4+1=V49 +41, which is > 4 and <5. 
Hence, 5 is a superior limit to the positive roots of the given equation. 

In (2), V=112andr=4. +. VN4+1=V112 +1, whichis >4 and <5. 


Hence, 5 is a superior limit to the positive roots of (2), whence — 5 is an 
inferior limit to the negative roots of the given equation. 

4. Given v +3 —4924+ 62 —20=0, (1) 
whence x — 28 —4272?-62-—20=0 (2) 
is the equation formed by changing the signs of the roots. 

In (1), N=20 and r=4. +. VN +1=V20 +1, which is >3 and <4. 
Hence, 4 is a superior limit to the positive roots of the given equation. 

In (2), N= 20 and r=3. », VN +1= V204 1, which is >3 and <4. 
Hence, 4 is a superior limit to the positive roots of (2), whence — 4 is an 
inferior limit to the negative roots of the given equation. 

5. Given vi — 2+ 3 at + 76 a — 243 22 + 108 = 0, (1) 
whence : x? — 25 —3 at + 76 23 + 243 22? — 108 —0 (2) 
is the equation formed by changing the signs of the roots. 

Ina); N= 243 and r=2. o VN +41 = V248 +1, which is >16 and < 17. 

Hence, 17 is a superior limit to the positive roots of the given equation. 

In (2), V= 108 and r=2. 3. VN+1=V108 +1, which is > 11 and < 12. © 

Hence, 12 is a superior limit to the positive roots of (2), whence — 12 is 
an inferior limit to the negative roots of the given equation. 


Page 589 
2. Let S(@) = 208 — 15 22 + 82 — 21, 
Then, $J'(@) =327 — 15% + 16, 


Notr.—It is legitimate to remove any positive numerical factor from f! (2), 
or from any of Sturm’s functions ; for removing a positive factor does not 
atfect the sign of any of the functions for any value of x, 
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to — 15 + 16 2— 15+ 82 —21 
11 3 
6 — 45 + 96 — 68 
6 — 30 + 32 2 
— 15 + 64 — 68 
— 15 + 75 — 80|—5 
—11417 
sis8_— 51. 
— 114 a 16 
11 
— j1-114 + 1936 
—114 — 11-114 + 1938 
| _ 74) os F3(%)=+ 


The following table shows the signs of Sturm’s functions when + takes 
various values. 


Sturm’s functions | =a) Ses 0 it 2, 3 4 5 
203 — 154% 4+ 32% —21 Sh = ae 2 (ee pee es) 
342 —15%”-+ 16 a8 eae OSE seal ae eh ae 
iWae—17 eee ecbadle enema skis | Anilet 

: eae WY SS en ee cee lect as 
Variations Bees Oates 8 bebob.| ds 4. 0 


Since Sturm’s functions lose no variations when « increases from — o to 0, 
the equation has no negative roots ; since they lose three variations when x 
increases from 0 to o, the equation has three positive roots. To locate these 
between successive integers substitute 0, 1, 2, --- successively for 2 in Sturm’s 
functions until three variations in all are lost. 

Since two variations are lost when x increases from 1 to 2, and one varia- 
tion is lost when x increases from 4 to 5, two roots lie between 1 and 2, and 
one root lies between 4 and 5. There are no imaginary roots. 


3. Let f(2) = 1628 — 4.2? — 80% + 75. 
Then, 1fl(x) =6a2?-—x—10. (See Note, Ex. 2.) 
| 6 — 1 — 10 146— 4— 80+ 75] 
482 3 | 
48 — 12 — 240 + 225| 
48— 8— 80 18 
— 4— 1604 225 
o 
— 12 — 480 + 675 
—12+ 2+4 20)/-—2 
— 482 + 655 
2892 — 482 — 4820 
6| 2892 — 3930 a. Fo( x)= 482 x — 655 
4 ) 3448 — 4820 
862 — 1205 


ato 
241 . 862 — 290405 

431| 241 . 862 — 282305 
=) 8100. Fa) = + 
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The following table-shows the signs of Sturm’s functions when «x takes 
various values. 


Sturm’s functions Oo 1 2i]0 -1 -2 -8 
16 “3 — 4a? — 80% +4 75 +/+ 4+ -{ +) — 
6“? — a” — 10 —/}/—}]+y7—-}]—-] +74 
482 x — 655 —-/}/—-}+i]}—-/-]}-]- 
at Te (eee a ne fee ea eae ae foe 
Variations et A TLD | 2 | 20 2 ee 


Since Sturm’s functions lose one variation when « increases from — o to 0 
and two variations when « increases from 0 to «0, the equation has one nega- 
tive root and two positive roots. 

Since the equation has only three roots and all of them are real, there are 
no imaginary roots. 

To locate the positive roots between successive integers, substitute 0, 1, 
2, --» successively for in Sturm’s functions until two variations are lost. 
Since two variations are lost when x increases from 1 to 2, both positive roots 
lie between 1 and 2. 

To locate the negative root between two successive integers, substitute 
0, — 1, — 2, --- until one variation is gained. Since one variation is gained 
when « decreases from — 2 to — 3, or lost when « increases from — 3 to — ys 
the negative root lies between — 2 and — 3. 


4, Let S(@) = xt — 248 — 722+ 102+ 10. 
Then, 2f'(@) = 2x8 —3a?—7Tx+5. (See Note, Ex. 2.) 
2—8-—7+5 1—2-— 7410+ 10 


17 2 
2—4—14+4 20+ 20 
2—8- 7+ 5 il 
—1l— 7415+ 20 
2 


—2-—14+4 30+ 40 


28 (iS Goer ae a 
= 174+ 28-448 
34. — Sie 119 85 2. Fo(a) = 172 — 23a — 45 
2! 34~46— 90 152 
SU wouses 
17 
— 85 — 498 + 1445 
=5 —854115+4 295 
4) — 608 + 1220 
— 152+ 305 
“. F3(@) = 152% — 305 | 17.152 — 3496 — 6840 
17 - 152 — 5185 17 
1689 — 6840 
152 


~ 152 - 1689 — 1039680 
152 - 1689 — 515145 | 1689 


— 5245385 
ve F's(x) =+ 
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The following table shows the signs of Sturm’s functions when « takes 
various values. 


Sturm’s functions \|-2 0 o]/0 1-2 3/0 -—1 —2—8 
ot — 208 —Te?+10%+10 | +) +)t+ii+]+)+}4]+] - + 
208 — 302 — Te + 5) —{+/4++}/—)—-]+4+]4+]-]- 
17 a? — 23% — 45 +)/—/4+]}}—}|-—;—/}4+}-|-—] 4+] 4 
152.2 — 805 —j|-—-/|+}—}/—|—|}4+]—-|=4.-] - 
~ Beek Web ae Lt licb ee bie |b 
Variations 4/2\ol2}/2/2]/ol/2]| 3 3] 4 


Since Sturm’s functions lose two variations when x increases from ~ oo to 
0, and two variations when x increases from 0 to o, the equation has two 
negative roots, two positive roots, and no imaginary roots. 

To locate the positive roots between successive integers, substitute 0, 1, 
2, ++» successively for x in Sturm’s functions until two variations are lost. 
Since two variations are lost when x increases from 2 to 3, both positive roots 
lie between 2 and 3. : 

To locate the negative roots between successive integers, substitute 0, — 1, 
— 2, --- successively for « in Sturm’s functions until two variations are gained. 
Since one variation is gained when x decreases from 0 to — 1, or lost when % 
increases from -- 1 to 0, one negative root lies between 0 and —1. Fora 
like reason, the other negative root lies between — 2 and — 3. 


5. Let f@) =a — 0 — 102 —4. 
Then, Af) = 2 08 — r= 5. (See Note, Ex. 2.) 
2+0 -1 —5 os niente 
2+0—2—20-8 
24+0-—1-— 5 1 
—1-—15-8 
2 92+30+ 16 . Fo(%) =a? + 15a +4 8° 
= 80 105 Py eee 438 
— 20 — 30 — 450 — 240 
433 + 235 ae 
«. F3(") = — 438 % — 235 4338 + 6495+ 938464 
433 + 235 
6260+ 3464 
433 
433 - 6260 + 1499912 
433 . 6260 + 1471100 — 6260 
+. 28812 


o Fy(@)=— | 
The following table shows the signs of Sturm’s functions when « takes 
various values. 


Sturm’s functions = 19) 0 ee) 0 1 2 3 OV A= Ib 
gt - 92 —10”"—4 + = + = — - + — + 
208 —x —5 = = + = aes qe |e ed ee 
2 +1b%+ 8 =f a Se Ar ae He ap Ae -- 
— 433 % — 235 ik es ee = oe: pa ad fe at 
Variations Cae ay ” 2 1 3 
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Since Sturm’s functions lose one variation when x increases from — oo to 
0 and another when z increases from 0 to 0, the equation has one negative 
root and one positive root. The other two roots, then, must be imaginary. 

To locate the positive root between two successive integers, substitute 0, 1, 
2, ++» successively for « in Sturm’s functions until one variation is lost. Since 
one variation is lost when x increases from 2 to 5, the positive root lies 
between 2 and 3. ‘ 

To locate the negative root between two successive integers, substitute 0, 
—1, —2, --- successively for x in Sturm’s functions until one variation is 
gained. Since one variation is gained when x decreases from 0 to —1, or 
lost when x increases from — 1 to 0, the negative root lies between 0 and — 1. 


Page 597 
1. 4 —3 1 — 14 [1.75 

4 1 2 

1 2 — 12000 

4 6 10682 

5 700 — 1318000 
SO 826 1318000 

90 1526 tv) 


28 1022 
118 254800 
28 8800 
146 263600 
28 
1740 
20 
1760 


Hence, the root is 1.75. 
Next, to test the result, multiply the roots by 4 and try 4 times 1.75, or 7, 
for a root of the transformed equation. 
Given equation, 423 — 322+ 4%—14=0. (1) 
Transformed equation, in which y = 4a, 
4y3— 12y?+ 16y— 896 =0; 
or, dividing by 4, y— 3y?+ 4y— 224-0, (2) 
Substitute 7 for y in (2). 
1-34 4-224 [7 
7+ 28 + 224 
1+4+4 32 
Hence, 7 is a root of the transformed equation (2), and consequently 3, or 
1.75, is a root of the given equation Gy 
The other two roots of the transformed equation (2) are the roots of 
yp+4y+32=0. 


Solving, y=—242V—-7. 
Therefore, since y = 4, ora = ty, the imaginary roots of the given equa- 
tion are *=3(—-14V-—7). 


_ Norz, —It is not necessary to multiply the roots by 4 in order to find the 
imaginary roots. The imaginary roots, and also the real root 1.75, may be 
found by completing the last transformation in the process, giving 4 + 1800 
+ 272500 + 0 =0. The successive equations and the relations between their 
corresponding roots will be as follows: 
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Given equation, 403 —3a2+e2-—14=0. © (1) 
_ Ast transformed eq., 4 y3 + 90 y? + 700 y — 12000 = 0, (2) 
in which y = 10(% — 1). 
; 2d transformed eq., 4 23 + 1740 22 + 254800 2 — 1318000 = 0, (3) 
in which z = 10(y — 7). 
_ 3d transformed eq., 43 + 1800 v? + 272500 vy + 0 = 0, (4) 
in which »v = z— 5. 
Solving (4), v=0, — 225 + 50V—7. (5) 
But ye=e2—5=10y — 75 = 1002 — 175. 
£OSE 175 
aes 100 
by (5), = 1.75, }(—1l4+vV—7). 
2. 8 29 — 21 |2.625 
Oe 
— 15000 
__13068 
— 1032000 
822224 


-— 209776000 
209776000 


0 


41785600 
169600 


41955200 


Hence, the root is 2.625. 
Since 2.625 = 23, to find the other roots multiply the roots by 8, remove 
the root 23 x 8, or 21, solve the depressed equation, and divide its roots by 8. 
Multiplying the roots by 8 and dividing both members by 8, 
y> — 29 y? + 282 y — 1844 = 0, 
in which y = 82. 
Depressing the equation by removing the root 21, or the factor y — 21, 
1 — 29 + 232 — 1344 | 21 
21 — 168 + 1344 
1— 8+ 64 
y2—8y+ 64=0. 
Solving, y=44+4vV—3. 
Since y = 82, a= }3(1+V-—8). 
Hence, the roots of the given equation are 2.625, (1 + Vv — 3). 
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3. First find the less positive root. 


i ay ae 3 3 1.618 
1 0 Se PAR eS! 
0 24 = 20000 
iL 1 —3 — 19824 
iz 53 — 4000 / 1760000 
1 2 696 | — 1029859 
2 — 100 — 3304 7301410000 
1 216 __ 2208 = 7272872224 
30 116 — 1096000 29037776 
6 252 __ 66141 | 
36 368 — 1029859 
6 | 66683 
42 — 963176000 
6 54129472 
48 — 909046528 
6 
540 
eel 
541 | 6722600 
el 43584 
542 6766184 
1 
548 
PE we 
5440 
8 Next, find the greater positive root.. Since this 
5448 root also lies between 1 and 2, begin with the first 
transformed equation with its roots multiplied by 10. (See above process. ) 
1 50 — 100 — 4000 20000 1.732 
at 259 Satis — 20209 
37 159 — 2887 | — 2090000 
7 308 3269 | 1903341 
tt 467 382000 — 1866590000 
bi 357 252447 1819452976 
51 82400 634447 — 47137024 
7 1749 _ 257721 
580 84149 892168000 
3 1758 17558488 
583 85907 909726488 
me Lhe Bora 
586 8767400 
ee pe 
589 8779244 
5920 
2 ee _ To find the negative roots of the given equa- 
5922 tion, change the signs of the roots and search 


for the corresponding positive roots of the transformed equation y! + y8 — 4 y2 
—38y+38=0. Since the smaller negative root of f(a”) = 0 lies between 0 and 
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— 1, first multiply the roots of the transformed equation by 10 to avoid 
decimals. 


date 0 — 400 — 3000 “30000 618 
6 96 — 1824 ~- 28944 
16 — 304 — 4824 10560000 
6 13 — 1032 — 5856059 
22 172 — 5856000 — 47039410000 
6 168 — 59 | 46840436294 
28 — 400 — 5856059 — 198973776 
6 341 283 
340 — 59 — 5855776000 
wae’ 342 NE, 
283 — 5855054528 
343 
62600 
27584 
90184 


Hence, the corresponding negative root of S@y=0 


3448 is — .618. 

The larger negative root is found in a similar manner, thus: 

1 ibe —4 —3 8 | 1.782 
1 2 =2 =6 pe 
2 —2 —5 — 20000 
au 3 1 16051 
3 1 — 4000 — 89490000 
1 4 6298 36846741 
4 500 2293 — 26432590000 
1 399 9429 | 25775788976 

899 | 11722000 — 656801024 
448 560247 
1347 12282247 
497 eexey a 
184400 12849568000 
2349 38326488 
186749 12887894488 
2358 
189107 
2367 
19147400 
15844 
19163244 


Hence, the corresponding negative root of f(z) = 0 
is —- 1,732. 
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4. Trying the factors of 4 for roots, it is found that the equation has no 
commensurable roots. oy. 

By Descartes’ rule, the equation has at most three positive roots and one 
negative root. sol 

By §§ 688, 689, the real roots, if any, lie between the limits 7 and —4. 

To find the number and location of the real roots, use Sturm’s Theorem, 

f(x) = et — 628 + 592 + 14a —4, and f(w)=423 — 184° + 10% + 14. 
Instead of f’(a), use 3 f/(x) = 24% ~ 9a? + 54 +47. 


2 — 9+ 5+ Tl Oe apts — ee 
2 
ee oe 
9 — (9. brs 7 1 
— 8+ 56421-— 8 
2 
= 6#H4 2— i6 
— 6427 — 15—21 —3 
— 17 bi +e 
ay 158+ 85+ 119)... Feo@)=17z? —d7xz—5 
BEL Ineo Si) . 152 
— 39+ 95+ 119 
17 
— 17-39 + 1615 + 2023 
— 39 = 189 == 2o2 Sry 195 
4)— 608 + 1828 
— 152+ 457 
o. F3(2)=1520— 457 
152 - 17 — 8664 — 760 
152 . 17 — 7769 17 
= S95 — 760 
152 
— 152 - 895 — 115520 
—152-8954+( +) | 895 
o. Fa(@)=+ 
Sturm’s functions —w| 0 |xo0] 0 | 1] 2/314) 0 j—1/—2 
zt — 643 + 522+ 14a —4 26 i chan ae pete ee 
228 — 9224+ 6a 47 ye aa ete See BG “ ay fe a 
Wa? — 573 — 5 Seeley) ay Nine Pimentel 
152. — 457 Be POS let Cor PR a IR Se 
St: + yt)+hy+)+)4+}4+)/4+4)+)]4+ 
Variations 41slolslelelelolslisia 


Hence, there are three positive roots, one between 0 and 1, and two be- 
tween 3 and 4; and one negative root, between —1 and —2, 


To find the least positive root, which is a deci d i roots 
seo be io, ; is a decimal, first multiply the roots 
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1 e=60 500 14000 — 40000 * |.268, near 
2 Sane 768 29536 ses 
— 58 384 14768 — 104640000 
AZ =a 544 __ 92351376 
— 56 a 15312000 — 122886240000 
2 — 108 79896 123671934976 
6400 15391896 
— 3084 61608 
15453504000 
5487872 
15458991872 


"(25600 


— 39616 

685984 
— 4960 
aes 
— 4952 


To find the other two positive roots between 3 and 4, decrease the roots of 
the given equation by 3. 
i 


~ 6 5 14 —4 (3 By this transformation the equa- 
3 -—9 = 17 6 tion has lost one variation, because 
at ony. 2 9 the least positive root 618 has been 
a) 0 So passed. Substituting .1, .2, .3, --- 
Sry ae" — 10 in the transformed equation, it is 
3 9 | found that .2 is the greatest num- 
ber of tenths that can be substi- 


tuted without causing the equation 
to lose another variation and that 
.7 is the greatest number of tenths 
that can be substituted without causing the equation to lose two more varia- 
tions. Hence, the roots between 3 and 4 are 3.2+ and 3.7+, respectively. 
Multiply the roots of the above equation by 10 to avoid decimals. 


oe 
onl « 


1 60 500 — 10000 20000 3.286 
@ 124 1248 — 17504 
62 624 — 8752 24960000 
2 128 1504 — 20929959 


64 752 — 7248000 4030041 
2 132 271347 . — 8985278 
66 88400 — 6976653 44763 
2 2049 277521 
680 — 669913 
a: 5700 
683 — 664213 
3 
686 94574 
ad ade 
689 950 
es 
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1 60 500 — 10000 ~ 20000 (3.782 
«i 469 6783 — 22519 — 
67 969 — 3217 — 25190000 
a 518 10409 - 23448441 
74 1487 7192000 — 1741559 
a 567 624147 1698198 
81 205400 7816147 — 43361 

7 2649 632121 
880 208049 8448268 
ns 2658 4272 
883 210707 849099 
8h 2687 
886 | (218874 
_3 ee 
889 | 2136 

3 
gh? 


To find the negative root between — 1 and — 2, change the signs of the 
roots of the given equation and search for the positive root, oetween | and 2, 
of the equation yt + 6y3 + 5y2?—I14y—4=0. 


1 8 5 —14 —4 [1.236 
1 nm 212 me 
7 12 29 — 60000 
1 8 20 48416 _ 
8 20 18000 — 115840000 
na 9 6208 95696841 
9 2900 24208 — 20143159 
1 204 6624 19916010 
100 3104 30832000 — 227149 
2 208 1066947 
31: 31898947 
1076721 
82975668 
21768 
3319835 


1p9? 


Hence, the negative root is — 1.236. 


5. The fifth root of 330383.69407 is the ti 
+. 330888.69407 <= 0. real root of the equation 
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First divide the roots by 10 and then proceed in the usual manner. 


Ae) 0 0 0 — 3.80383 69407 | 1.27 
1 1 1 1 Bete ir SO 
1 1 1 1 — 2 30383.69407 
1 2 3 4 1 48832 
2 3 4 50000 — 81551 69407 
1 3 6 24416 81551 69407 
as 6 10000 74416 0 
1 4 2208 29264 
4 1000 1036800000 
1 104 128224201 
50 1104 1165024201 
2 108 
52 1212 | 17280000 
=2 112 1037748 
54 1324 18317748 
"9 116 
56 144000 
e2 4249 
58 148249 

2 
600 
Sal 
607 


Since the roots were first divided by 10, the corresponding root of the 
given equation is 10 times 1.27, or 12.7. Hence, V330383.69407 = 12.7. 


Page 602 


4. 2 05 — 15 ef + 87 «8 — 87 a? + 154 —2=0. 
By grouping terms equally distant from the ends it is seen that the first 
member is divisible by x — 1. Depressing to the standard form, 
2—15487-—37415—2 (1 
2—13+4 24-1842 
2—18424—138+4 2 


Grouping terms with like coefficients and dividing by x2, 
2(a+%)-18(*+7)+24=0. 
oe x 


Substituting y for x + 1 and y? — 2 for x2 + > 
ie 
2y2—4— 137+ 24=0, or2y? — By + 20=0. 
Factoring, (2y — 5)(y —4) = 9. 


y= sor. 4, 
Ws 
that is, e+-=- or4. 
51 ve % 
Solving, a= 2, 3,2+V38, 2—v3. 


Hence, the roots of the given equation are 1, 2, 5, 2+ V3. 
Key Ady. Alg. —31 
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5. 1205 + 232+ — 135 03 — 13852? + 23%+4 12=0. 
By grouping the terms with like coefficients it is seen that the first member 
is divisible by z + 1. Depressing to the standard form, 
12 + 23 — 135 — 135 + 23+12 |—1 
—12— 114 146—11—12 
12 +11 — 146+ 11412 
Grouping terms with like coefficients and dividing by ce 


12 (w+ 3) $11 (2+2)\— Mo= 0. 
uF x : 


Substituting y for x + 1 and y? — 2 for x7 + a 
x 


12 2 — 244 lly — 146 =0. or 12y+ 1ly—170=0, 


Factoring, (By —10)4y4+17)=0. 
oe a 5 or ee 
1 
that i xe+-=— or-——: 
at is, Ae 7 
Solving, “x= 3,4, —4, —4 
Hence, the roots of the given equation are — 1, 3, 4, —4, — 3. 
6 x8 — 295 -—Tat+7227+22%—1=0. 


By grouping terms with like coefficients it is seen that both x — 1 and +1 
are factors of the first member. Depressing to the standard form, 
1—2-—74+04+742-1 |1 
ba 18 SS 
1—1—8-—8-141 |-1 
bP 6 2 a. al 
1—2-—6-—2+41 
Grouping terms with like coefficients and dividing by 2, 


w+ 7—2(2+7\-6=0. 
x2 Ri 


Substituting y for x ie and y? — 2 for @? + ee 
x a 
y? —2—2y—6=0, or y?-—2y—8=0. 


Factoring, (y+ 2)(y —4)=0. 
“y= —2or4; 
that is, x+ EA or 4, 
x 
Solving, pet, Soh BEN Sao eyo 


Hence, the roots of the given equation are 1, —1, —1, —1, 2+ v3. 

i ’ ao oh Ieot 1a — 14? +e pl = 0. 

The equation is a standard reciprocal equation. Hence, grouping terms 
equally distant from the middle term, and dividing by «3, 


(b+ 5)+ (2+ 5)-M4(x42\417=0. 
x x2 a 
Substituting y for « + i y? —2 for 2+ _ and y3 — 38y for #3 + e 
x a x 
(y§ — 3y) + (y2—-2) —14y +17 =0, 


or yYP+y—1l7y+15=0. 
Solving by trial, | 4 y=1,3, —5; 
that is, eee 3, — 5. 
x 


Solving, 2=i(1t4vV—8), 48 4V5), 4(—6 4 V21). 


602, 606] THEORY OF EQUATIONS 483 


8. etait 578 + 45°44 9¢t4 493 4+ 5224+ 27+4+1=0. 
The equation is a standard reciprocal equation. -Hence, grouping terms 
equally distant from the middle term, and dividing by <}, 


(era)tera)re(erg)re{er) tome 
x 


Substituting y for x Yar , y? —2 for a+ > ete:, 
“a 


pier h Maes el pe ap) +5 (y—2) +4y¥+9=0, 
or Gaede Oe 
This equation also is a standard reciprocal equation. Hence, grouping 
terms equally distant from the middle term, and dividing by y?, 


(v+3)+(y+i\t1=0. 
y y 


Substituting 2 for y ao and 2? —2 for 9? + Le 
y y? 


(2 —2)+24+1=0, or 2 +2-1=0, 
in which paytta(e+))4 PE a, LU ta ae © 
y 7 aera w+ x 
x 
Page 606 
2. ae edt BG = a8 fe et+b= 
Hence, —2=- 28, 7 B* = 784, and = =(e\'as 512. 
| eT = BT = 
and k = V — 28 — V512 + 784 = V— 28 — 36 =— 4. 


Hence, the roots are 
h+k=2—-—4=—2, oes 
hap hg = EA) HO 4 8 = Bi 43/8, 


and hot + ko =— 1 -V—84+2=—2V=8=1-8V-8. 
3. 8x3 — 20424 14%4-8=0. 
Dividing by 8 and multiplying the roots by 2 x 3, or 6, 
ye — 15 y? + 63 y — 81 =0, 
in which y=6-z. Decreasing the roots by 5, 
1 —15 + 63 —81[5 
5 — 50 + 65 
— 10 + 15 — 16 
5 — 26 
—5 | — 12 
5 
0 
gives 23 — 12z—16=0, in which z= 64-5. 
This equation has the form 23+ az +b=0. 
b b? e 
—£=8, — = 64, and —=(-] = 4)8 = — 64, 
Hence, ; x =($)'= (— 4) 


ie Sagar =, 


and ee reste H+ 64 = 2. 
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Hence, the roots of 2 — 12z — 16 = 0 are 
hw + kw? = 2(o + w) =— 
and hw? + kw = 2(w? + w) =— 2. 
Since z=6x%—45, x= 4(2+ 5). 
Hence, the roots of the given equation are $, 4, 3. 


4. 27 «3 + 117 #2 4+ 1052 + 49 = 0. 
Dividing by 27, and multiplying the roots by 9, 
yp — 39? + 316 y + 13823 = 0, 
in which y=9a. Decreasing the roots by 18, 
1— 39 + 315 + 1823 [18 


13 — 338 — 299 
— 26 — 23 + 1024 
13 — 169 
— 138 — 192 
18 
0 


gives 23 — 192 z + 1024 = 0, in which z = 9a — 18. 
This equation has the form z* + az+b=0. 
b2 


[606 


: : 
Hence, — : =~ 512, © = 262144, and 2 = ($) = (—64)8 = — 262144, 
21 S) 


3 = 
hav ~— 512 4+-V— 262144 + 262144 = V/— 512 =— 8, 
3 3 
and k=V — 612 —V— 262144 + 262144 — Y— 512 =~ 8, 
Hence, the roots of z? — 1922+ 1024=0 are 
h4tk=—8—8=-— 16, 
ho + kw? =— 8(w + w®) = 8, 
and ho + kw = — 8(w? + w) = 8. 
Since 2=92 — 18, x=t(2+ 18). 


Hence, the roots of the given equation are — 4, 4, 


5. Ta + 1502+ 124+4=0. 
Dividing by 7, and multiplying the roots by 7 
y+ 1b y? 4+ 84y +196 =0, 
in which y=7% Decreasing the roots by — 5, 


1 cee + 84 + 196 [—5 


5 — 50 — 170 
10 + 34 + 26 
-— 5 — 25 
5 | + 9 
a 
0 


gives 28 + 92 + 26 =0, in which z= 72% —(—5)=7445. 
This equation has the form 23 + az +b =—0. 
b b? 3 
Hence, —-=— 138, —=169, and a eae a: 
3 rn Boehm by : 3 27. 
x/ 3 
.h=V—18+4+V27+ 169 =V— 134 14=1, 


3 = i 
and kav — 18 VT 4 109 Hh 18 
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Hence, the roots of z3 + 9z + 26 =0 are 
h+k=1—8=-2, 
ho + kw = ¥(—-14+V—3)- $(—1-V—8)=142V_3, 
and hw + kw = 3(—1—-V—3)~ #(—-14V—3)=1-2V=3, 
SINcee2—=11 9, x = 4(2—5). 
Hence, the roots of the given equation are — 1, #(— 2+ V—8). 


Page 608 
2 et— 20? 84% —3=aet4 ge? +rz4+s=0. 
“ ¢=—2, r=— 8, s =— 3, and (4) becomes 
A’ — 4 At+ 16 A? — 64=0. 


Factoring, At(A? — 4) + 16(42 — 4)=(A4 + 16) (A + 2)(A — 2)=0. 
Hence, A = 2 is one root of this equation. 
Substituting 2 for A, — 2 for g, — 8 for r, and — 3 for s in (3), 
B+ C=2, 2C0—2B=—8, and BC =— 3. 
Solving, Bis ream Op 
*. et — 20? —- 8% —3 =(02 + 2x4 3)(@?-24—1)=0. 
Equating the quadratic factors to zero and solving, 
eed tN teary) 


3. et—4e?—8e 435 =e 4 qa2?+rxa+5=0. 

“. ¢=—4, r=— 8, s = 35, and (4) becomes 

A® — 8 At — 124 A? -— 64=0. 
Substitute 4; for A?. 
Then, Aj? — 8 A? — 124 A; — 64=0. 
By trial, A; = 16 is found to be one root of this equation. 
.. A?— 16, whence A = 4. 

Substituting 4 for A, — 4 for g, — 8 for 7, and 35 for s in (8), 

B+ C=12,4C—4B=-— 8, and BC = 35. 
Solving, Band Clo 

“, @— 49? 82+ 385=@?44e+4+7)(@?—44+5)=0. 

Equating the quadratic factors to zero and solving, 


Ga DWAR) Oe Sa. 


4. vt — 1243+ 55a? — 1024+ 124=0. 
Decreasing the roots by 42, or by 3, 
yt + y? + 124 + 70 = 0, in which y = x — 3. 
Since this equation is in the form y* + gy? + ry +s=0, 
q=1, r= 12, and s=70, and (4) becomes 
A’ + 2 At — 279 A2 — 144 = 0. 
Substitute A, for A2. 
Then, A; + 2 Ay? — 279 Ay — 144=0. 
By trial, A,; = 16 is found to be a root of this equation. 
.. A? = 16, whence A = 4. 
Substituting 4 for A, 1 for g, 12 for r, and 70 for s in (8), 
B+ C=17,4C—4B=12, and BC=70. 
Solving, Bi ands Cra 0) 
wt yt 274+ 0=7? 4+ 474+ Dy?—4y4 10)=0. 
Equating the quadratic factors to zero and solving, 
fe Da VSB EV 
Since y =a — 3, e=y +3. 
Beetle 3. be VAL: 
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5. et — 622 + ll 2?—10%4+2=0. 
Multiplying the roots by 2, 
yt — 12 y3 + 44 y? — 80 y + 32 = 0, in which y= 20. 
Decreasing the roots of the last equation by 47, or by 3, 
zt — 10 22 — 322 —55=0, in which z=2a%-— 3, 
Since this equation is in the form 2* + q@t+rz+s=0, 
q=— 10, r=— 32, and s =— 55, and (4) becomes 

A’ — 20 At + 320 A? — 1024= 0. 
Substitute A; for A’. 
Then, A,? — 20 Aj? + 820 A; — 1024 = 0. 
By trial, A, = 4 is found to be a root of this equation. 

.. A? = 4, whence A = 2. 
Substituting 2 for A, — 10 for g, — 32 for r, and — 55 for s in (8), 
BYLCG=—6, 2C0—]2 8 =——22, BC] — so: 
Solving, B=5 and C=—-11. 
~. gt— 102 — 822 — 55 = (22 +2245) (2 —22-—)=0. 
Equating the quadratic factors to zero and solving, 
Boe le oN Tee VO: 
Since z=2x”—-—38, w=}(2+ 3). 
ay eg=1l+tv-l, 2+ V3. 


6. wt—2e3— 15224 1624 14=0. 
Multiplying the roots by 2, 
yt — 4 y® — 60 y2 + 128 y + 224 = 0, in which y= 22. 
Decreasing the roots of the last equation by 1, 
z* — 66 z2 + 289 = 0, in which z= 2a”-—1. 


If 24 — 66 22 + 289 = 2#4 gz? + 72+ 8, 
qg=— 66, r=0, and s = 289, 
and (4) becomes A’ — 132 A* + 3200 A? = 0. 
Solving for A?, A? = 0, 100, 32. 


It is most convenient to use the second root, giving A = 10. 
Substituting 10 for A, — 66 for g, 0 for r, and 289 for s in (8), 
B+C=3, 100-10 B=0, BC= 289. 
Solving, Boalt and C= ii. 
_ oe @ — 66 2? + 289 = (2? + 102 + 17)(22— 1024 17)=0. 
Equating the quadratic factors to zero and solving, 
2=—542V2, 542Vv2. 
Since z=2%—-1, %=4(2+1). 
° B=—2+V2, 34 v2- 7 
Norn. — The solution may be abbreviated, if desired, by solving the trans- 


formed equation, zt — 66 2? + 289 = 0, 
by quadratic methods instead of by Descartes’ method. 
Solving for 22, 22 = 33 + V800. 


2 2=+(542V2). 
“%=3(@+1) 
eSive, —84 v2 
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